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Abstract

Given a topological space X, a thickening kernel is a monoidal presheaf on (R>q, +)
with values in the monoidal category of derived kernels on X. A bi-thickening kernel is
defined on (R, +). To such a thickening kernel, one naturally associates an interleaving
distance on the derived category of sheaves on X. We prove that a thickening kernel
exists and is unique as soon as it is defined on an interval containing 0, allowing us
to construct (bi-)thickenings in two different situations. First, when X is a “good”
metric space, starting with small usual thickenings of the diagonal. The associated
interleaving distance satisfies the stability property and Lipschitz kernels give rise to
Lipschitz maps. Second, by using (Guillermou et al. in Duke Math J 161:201-245,
2012), when X is a manifold and one is given a non-positive Hamiltonian isotopy on
the cotangent bundle. In case X is a complete Riemannian manifold having a strictly
positive convexity radius, we prove that it is a good metric space and that the two
bi-thickening kernels of the diagonal, one associated with the distance, the other with
the geodesic flow, coincide.
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Introduction

The aim of this paper is to construct (and then to study) a kernel associated with a small
thickening of the diagonal of a space X and, as a byproduct, an interleaving distance
on the derived category of sheaves on X. Such a kernel is constructed in essentially
two rather different situations: first when X is a metric space by using the distance,
second when X is a manifold and one is given a non-positive Hamiltonian isotopy of
the cotangent bundle. When X is a Riemannian manifold and the isotopy is associated
with the geodesic flow, we prove that the two kernels coincide.

The interleaving distance introduced by Chazal et al. [9] has become a central
element of TDA and has been actively studied since then [3—6]. It was generalised
to multi-persistence modules by M. Lesnick in [23, 24]. Categorical frameworks for
the interleaving distance have then been proposed in [7, 14]. In his thesis [12], J.
Curry proposed an approach of persistence homology via sheaf theory. In [22], the
author developed derived sheaf-technics for persistent homology and defined a new
interleaving distance for the category of derived sheaves on a real normed vector space
by considering thickenings associated with the convolution by closed balls of radius
a > 0. This distance is sometimes called the convolution distance for sheaves and has
recently been applied to question of symplectic topology (see for instance [1]). For
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a survey of the links between the (1-dimensional) interleaving distance, sheaf theory
and symplectic topology, see the book by J. Zhang [32].

Let X be a “good” topological space and denote as usual by D°(ky) the bounded
derived category of sheaves of k-modules on X, for a commutative unital ring of
finite global dimension k. We define a thickening kernel on X as a monoidal presheaf
R defined on the monoidal category (R>o, 4+) with values in the monoidal category
(DP(Kx xx), o) of kernels on X (see Definition 1.2.2). When this presheaf extends as
a monoidal presheaf on (R, 4), we call it a bi-thickening kernel of the diagonal.

To a thickening kernel, one naturally associates an interleaving distance disty on
D®(kx).

Our first result (Theorem 1.2.3) asserts that a thickening kernel exists and is unique
(up toisomorphism) as soon as itis constructed on some interval [0, ax ] (Withay > 0).

This theorem allows us to construct a (bi-)thickening kernel in two different sit-
uations. First in Sect. 2, when X is what we call here a good metric space (see
Definition 2.1.1). Second in Sect. 3, when X is a real manifold and one is given a
non-positive C®-function : 7*X — R, where T*X is the cotangent bundle with
the zero-section removed.

(1) Assume that (X, dy) is a good metric space and denote by A, the closed
thickening of radius a > 0 of the diagonal. The hypothesis that (X, dx) is good
implies in particular that ka, oka, >~ Kka, , for a, b sufficiently small (see (1.2)
for the definition of o). Applying our first theorem, we get a thickening kernel & on
(R0, +) or, under mild extra-hypotheses, a bi-thickening. In this case, for a < 0
small, R, is, up to a shift and an orientation, the kernel associated with an open
thickening of the diagonal.

We obtain several results on the associated interleaving distance, some of them
generalizing those of [22]. We prove in particular a stability theorem (Theorem 2.4.1)
which asserts that given two kernels K and K> on ¥ x X and a sheaf F on X,
then disty (Kj o F, K> o F) < distyxx/x (K1, K2) where disty x x,x is a relative dis-
tance. We also introduce the notion of a §-Lipschitz kernel on Y x X and show that
such a kernel induces a Lipschitz map for the interleaving distances (Theorem 2.5.4).
In both cases (stability and Lipschitz) we also obtain similar results for non proper
composition, but then we need to assume that our spaces are manifolds and the differ-
ential of the distance does not vanish. Indeed, in this situation, our proofs are based
on Theorem 1.1.6 which asserts that under some microlocal hypotheses, non proper
composition becomes associative.

(2) Assume now that X is a real manifold and one is given a C°-function
h: T*X — R, homogeneous of degree 1 in the fiber such that the flow ® of the
Hamiltonian vector field of 4 is an Hamiltonian isotopy defined on 7*X x I for
some open interval / containing 0. This flow gives rise to a Lagrangian manifold
A C T*X x T*X x T*I. Thanks to the main theorem of [17], there exists a unique
kernel K" € D"’(kxX X x 1) micro-supported by A and whose restriction to t = 0 is

k. Moreover, since £ is not time depending, this kernel satisfies K 5 oK Ii‘ ~ K L’; b
for a, b small. Assuming % is non-positive, there are natural morphisms K Z —- K (i’

for a < b and using our first theorem we get a bi-thickening kernel &”.

) Birkhauser



70  Page4of42 F. Petit, P. Schapira

When X is a complete Riemannian manifold having a strictly positive convexity
radius, we prove (Theorem 3.2.3) that it is a good metric space and the associated
thickening kernel is a bi-thickening, denoted here 45!, We have thus two bi-thickening
kernels in this case, Rdist and Rh, the last one being associated with the geodesic flow
(corresponding to h(x,&) = —||&]|x). We prove in Theorem 3.3.7 that these two
kernels coincide.

In the course of the paper, we treat some easy examples and in particular we prove
that the Fourier-Sato transform, an equivalence of categories for sheaves on a sphere
and the dual sphere, is an isometry when endowing these spheres with their natural
Riemannian metric. Indeed, the Fourier-Sato transform is nothing but the value at 7 /2
of the thickening kernel of the Riemannian sphere.

1 Sheaves and the interleaving distance
1.1 Sheaves

In the sequel, we denote by pt the topological space with a single element. For a
topological space X, we denote by ay: X — pt the unique map from X to pt. We
denote by Ay, or simply A, the diagonal of X x X and by §x or simply § the diagonal
embedding. If X is a C°°-manifold, we denote by nx: T*X — X its cotangent
bundle and by T*X the cotangent bundle with the zero-section removed. Recall that
a topological space X is good if it is Hausdorff, locally compact, countable at infinity
and of finite flabby dimension.

We consider a commutative unital ring of finite global dimension k and a good
topological space X. We denote by D(ky) the derived category of sheaves of k-
modules on X and simply call an object of this category “a sheaf”. We shall almost
always work in the bounded derived category D (kx) but we shall also need to consider
the full subcategory D'® (kx) of D(ky) consisting of locally bounded objects, that is,
objects whose restriction to any relatively compact open subset U of X belong to
DP(ky) (see [17, Def. 1.12]).

We shall freely make use of the six Grothendieck operations on sheaves and refer
to [20]. In particular, we denote by wy the dualizing complex and we use the duality
functors

Dy = R#om (+,kx), Dx =R#om(+,wx).

For a locally closed subset A C X, we denote by ks the sheaf on X which is the
constant sheaf with stalk k on A and O elsewhere. If F is a sheaf on X, one sets
Fa:=F ®k4. We also often simply denote by ' ® L the derived tensor product when
L is of the type k4 up to a shift or an orientation. As usual, we denote by RI"(X; ¢) and
RI'.(X; ) the derived functors of global sections and global sections with compact
supports.

When X is a C°°-manifold, we shall make use of the microlocal theory of sheaves,
following [20, Ch. V-VI]. Recall that the micro-support SS(F') of a sheaf F is a closed
R*-conic subset of T*X, co-isotropic for the homogeneous symplectic structure of
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T*X (we shall not use here this property). We shall also use the notation SS(F) :=
SS(F) N T*X. We shall also encounter cohomologically constructible sheaves for
which we refer to loc. cit. § 3.4. Recall that, on a real analytic manifold, R-constructible
sheaves (see loc. cit. Ch. VIII) are cohomologically constructible.

Kernels

Given topological spaces X; (i = 1,2,3)weset X;; = X; x X, X123 = X1 x X2 x X3.
We denote by ¢;: X;; — X; and g;;: X123 — X;; the projections.

We shall often write for short D; instead of Dy;, as well as for similar notations
such as for example D/ or D;;.

For A C X2 and B C X3 onesets Ao B = ql3(q1_2]A N q2_313)2

X123
" J{q.& (1.1)
X2 X13 X23.

When the spaces X;’s are real manifolds, one denotes by p;;: T*X123 — T*X;; the
projection and we also define

piaj: T* X123 = T*X;5,  (x1,x2,x3; 61, 62, 8) = (xi, xj; =&, &))

the composition of p;; with the antipodal map of T*X;.
For A C T*X1» and B C T*X>3 one sets

a _ _
AoB = P13(I7121A N PzalgB)

For good topological spaces X;’s as above, one often calls an object K;; € DP(k Xij)
a kernel. One defines as usual the composition of kernels

L
King K 1= Rq13:(q15 K12 ® g3 K23). (1.2)

If there is no risk of confusion, we write o instead of g

Itis sometimes natural to permute the roles of X; and X ;. We introduce the notation

v: X12 = X1, (x1,x2) > (x2, X1),

(1.3)
v: X123 = X321, (X1, X2, x3) > (X3, X2, X1).
Since v and v are involutions, one has
-1 ! -1 !
Ve XU, U XU, VXV, Vv XV, (1.4)

Using (1.4), one immediately obtains:

) Birkhauser
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Proposition 1.1.1 Let K;j € D°(ky,,),i = 1,2, j = i+ 1 and set K j; == v K. Then

vy (K12 9 K»3) ~ K3 9 K.

In the sequel, we shall need to control the micro-support of the composition. Let
X;and K;j beasabovei = 1,2, j =i+ 1.Let A;; = SS(K;;) C T*Xij and assume
that

(i) q13 is proper on g;,' supp(K12) N ¢33 supp(K23),

i (1.5)
(il) pry) A12 N pray Az N (Tg X1 x T*Xa x T§, X3) C T3, X123.
Proposition 1.1.2 Assume (1.5). Then
SS(K129 K23) C A0 Ao, (1.6)

Proof This follows from the classical bounds to the micro-supports of proper direct
images and non-characteristic inverse images of [20, § 5.4]. O

The next lemma will be useful.
Lemma 1.1.3 Let A C X2 and B C X3 be two closed subsets.

(a) Assume that qi3 is proper on A X x, B := ql_zlA N q2_313. Then there is a natural
morphismksop — K okp.

(b) Assume moreover that the fibers of the map qi13: A xx, B — Ao B are con-
tractible. Then k4o p —> k4 okp.

Proof

(a) SetC = g, ANgs; B. Then ¢13(C) = Ao B and ke =~ g;,'ka ® a5 kp. By the
hypothesis, the set qglqm(C) is closed and contains C. Therefore, the morphism
qf; K, 5(c) — Kc defines by adjunction the morphism k4,3 — Rq13*(qf2] ks ®
q2_31k3) <= k4 okp (recall that ¢;3 is proper on C).

(b) is clear. O

It is easily checked, and well-known, that the composition of kernels is associative,
namely given three kernels K;; € Db(kx,,j), i =1,2,3, j =i+ 1 one has an

isomorphism

(K12<2>K23)2K34 >~ Ko <2>(K232K34), (1.7)

this isomorphism satisfying natural compatibility conditions that we shall not make
here explicit.
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Of course, this construction applies in the particular cases where X; = pt for some
i. For example, if K € Db(kxlz) and F € Db(kxz), one usually sets ®x (F) = Ko F.
Hence

L
O (F)=KoF =Rqn(K ® ¢, 'F). (1.8)

It is natural to consider the right adjoint functor Wx of the functor ®x (see [20,
Prop. 3.6.2]) given by

Wk (G) = Ry, RHom (K, g G). (1.9

Given three spaces X; (i = 1,2, 3) and kernels K| on X1 and K> on X33, one has
(by (1.7) or [20, Prop. 3.6.4])

g, 0o bk, = Pg,0k;, Yk, oVk, 2 VYK,0k- (1.10)

Proposition 1.1.4 Let K € DP(kxyxx) and F € DP(kx). Then Dx(®k (F)) =~
W,k (Dx F).

Proof One has the sequence of isomorphisms

Dy (Pk (F)) ~ RAom Rq1,(K ® g5 F), )

L
~ Rq1, R A om (K © g5 'F, wxxx)
~ Rq1, R Aom (K, RAom (g5 ' F, g3 wx))
~ Rqi RHAom (K, q; Dx F).

Also note that when X, = pt, thatis, F, K € Db(kx), then
L
FoK >~RI'.(X; F® K). (1.11D)

Non proper composition

In many situations, the non proper composition is useful. For K; € D" (kx,,) and
K; e Db(kX23), one sets

np —1 L _1
K1 0o Ky =Rqi3,(q, K1 ® qx K>). (1.12)

One shall be aware that in general, this composition is not associative. However, under
suitable hypotheses, it becomes associative.

) Birkhauser
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Consider the diagram of good topological spaces

Xi23

12/ L x%
S0y

X113 X273 (1.13)
2

o
LN T

X X5 X3

X2
1

Note that the squares (X12, X2, X23, X123), (X12, X1, X13, X123) and (X3, X3, X023,
X123) are Cartesian.

Lemma1.1.5 Let X; (i = 1,2,3) be three C*™°-manifolds. Let K| € Db(an) and
K, e Db(kx23). Assume that K1 is cohomologically constructible and SS(K1) N
(T;]Xl x T*X5) C T;llez. Then

L L
Rq12.(q1; K1 ® g33 K2) ~ K1 ® Rq12,95; Ko.
Proof Applying [20, Prop. 5.4.1], we have

SS(¢53'K2) C T, X1 x T* X3,
SS(‘IZ! Rri4K3) C T;lxl x T*X,.

Since Rg12,¢5; K2 ~ q5 Rr1, K2 and SS(Rq12,45; K2) = SS(Rq12,455 K2), we get:
SS(Rq12,955 K2) C T§ X1 x T*X». (1.14)
Applying [20, Cor. 6.4.3] we get by the hypothesis and (1.14)
K é@ RQ12*q2_31K2 ~ RA#om (D}, K1, RQ12*QZ_31K2)- (1.15)
Moreover, the hypothesis implies SS(D}, K1) N (T;;IXI x T*X»5) C T;lzXlz, hence
SS(qpa' Do K1) N T3 X1 x T* X3 C T, X123.

The sheaf K| being cohomologically constructible on X2, the sheaf c]l_zl Ki~K X
kyx, is cohomologically constructible on X123. Applying again [20, Cor. 6.4.3], we
get

— — — L —
RAom (q121D/12K1ﬂ 4231K2) = D/12361121D/12K1 ® 612311(2
1, Lo
=4 K ®CI23 K.

W Birkhauser
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To conclude, note that

R #om (D, K1, Rq12,95 K2) ~ Rqi2,RHAom (91, D), K1. 455 K2)
L
~ R12. (47, K1 ® ¢33 K2).
Using (1.15), the proof is complete. O

Theorem 1.1.6 Let X; (i = 1,2, 3, 4) be four C*°-manifolds and let K; € Db(kx,-'m)
(i = 1,2,3). Assume that K1 is cohomologically constructible, q| is proper on
supp(K1) and SS(K1) N (T;le x T*X,) C T;(“lzXlz. Then

K Ig)(Kzlg)Kg,) ~ (K Ig)Kz)I:Dng,.
2 3 2 3
Proof We shall assume for simplicity that X4 = pt. Consider Diagram 1.13. Then:

np __ np L np
K (2)(K2 g K3) =qu*(K] ® q, 1(K2 o K3))

L L 4
= Rq1, (K1 ® ¢, Rri (K2 ® ;) K3))

L ~1 L
~ Rq1, (K1 ® Rq12,453 (K2 @ 15 K3))
~ Rq;.R K g K ® grlr K
= Rqg14 qu*(CI12 1®q23 2®q23 ) ’;)
~Rp;.R Sl 0 Ky ® gl pr K
= RPl1x ‘113*(‘112 1® 4y K2®q3 Py 3)
- 1, L o L
~ Rp1,(Rq13,(q1, K1 ® 455 K2) ® p; ' K3)

L np L

ZRm*((Kngz)@pz K3) >~ Rpi,((K; ¢ K2) ® p K3).

In the first isomorphism, we have used g, erl* ~ RCIIZ*612_31» which follows from
the isomorphism 92! Rri, >~ quz*q2!3 . In the second isomorphism, we have used
Lemma 1.1.5. In the fourth isomorphism, we have used the fact that g3 is proper on
supp(ql_le 1). Finally, in the sixth isomorphism we have again used the fact that g3
is proper on supp q]_21 (K1).

Note that the same proof holds without assuming X4 = pt. In this case replace
X;, Xij and X3 with X;4, X;;4 and X234, respectively. |

1.2 Monoidal presheaves

We shall use the theory of monoidal categories and refer to [19] and [21, Ch. IV]. Note
that

e monoidal categories are called tensor categories in [21],

) Birkhauser
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e to a monoidal category (¢, ®) is naturally attached an isomorphism of functors
([21,Def. 421D a(X, Y, Z2): (X®Y)®Z = X ® (Y ® Z) satisfying the usual
compatibility conditions,

e to a monoidal category with unit (¥, ®, 1) are naturally attached two functorial
isomorphismsr: X ® 1 — X and1l: 1 ® X — X, denoted respectively o and
in [21, Lem. 4.2.6].

Example 1.2.1

(i) We regard the ordered set (R, <) as a category that we simply denote by R and
we regard R as a full subcategory. The categories R and R>( endowed with the
addition map + are monoidal categories with unit, denoted (R, +) and (R>¢, +),
respectively.

(ii) Let X be a good topological space. The category (DP(kxxx), o) is a monoidal
category with unit the sheaf ka .

(iii) If .o/ is a category, then the category (Fct(«7, &7), o) is a monoidal category with
unit the object id .

Let I be a closed interval of R. We assume
either I = [0, o] or I = [—a, «] for some « > 0. (1.16)

We consider I as an ordered set and we denote by /< or simply / the associated
category, a full subcategory of (R, <). Hence, Ob(/<) = I and Hom;_(a, b) = pt or
= @& according whether a < b or not. Although it has not been precisely defined, we
shall look at /< as a “partially monoidal subcategory of (R, +)”.

Let (¢, ®) be a monoidal category and consider a presheaf K on /< with values in
%.Fora € I, we write K, instead of K (a). Hence, we have “restriction” morphisms
pab: Ky — K, fora,b € I,a < b satisfying the usual compatibility relations
Pa.b © Pb.c = Pa.c fora <b <cand p,, =1id.

Definition 1.2.2 Let (¥, ®, 1) be a monoidal category with unit.
(a) A monoidal presheaf (K, ¢, ¢2) on I< with values in ¥ is the data of:

(1) apresheaf K on /< with value in ¢,

(2) anisomorphism ¢p: 1 = Ky,

(3) anisomorphism ¢»(a, b): K, ® Kp => K,1p,fora, b suchthata, b,a+b €
I, these data satisfy the following conditions:

(i) the diagram below commutes for all a, b, a’, b’ € I suchthata < a’,b < b/,
a,b,a',b',a+b,a +b el:

$2(a’,b")
Ka’®Kh/ — Ka’-i—b’

pa,a/®ph,b’ l \Lpu-%—b.a’-%—b/

b
Ko® Ky 290

Katp.
Here, the vertical arrows are induced by the restriction morphisms.

W Birkhauser
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(i) Foralla,b,c € I suchthata +b,b + c,a + b + c € I, the diagram below

commutes
(Ko ® Kp) ® Ko —e 08 g @ (K @ Ke)
¢72(a,b)®idl \Lid ®ep2(b,c)
Katp @ K Ka @ Kpe
¢72(a+b,c‘)l \L¢2(d,h+0)
Katbte Katpte -

The notationa(K,, Kp, K.) is defined in the second item above Example 1.2.1.
(iii) For all @ € I, the diagrams below commute

lKa thz
1K, —— K, K, ®1—K,
¢0®idk,,l idg, ®¢0l
0, ,0
Ko® K, $2(0,a) K, K, ® Ko ¢2(a,0) K.

(b) Let K and K’ be two monoidal presheaves on /<. A morphism of monoidal
presheaves n: K — K’ is a morphism such that for every a, b € I such that
a + b € I the following diagram commutes

a®
Ki®K,—"" - K ® K}
$2(a.b) lqs;(a,b)
Na+b
Ka+b - Kc/¢+b‘

(c) We denote by Fun®(/°P, %) the category whose objects are the monoidal
presheaves on /< with values in ¢ and the morphisms are the morphisms of
monoidal presheaves.

Assuming that / = [0, «], the inclusion functor iy : /< < R> induces a functor

e ® (P
i, : Fun (RZO,

%) — Fun®(I°?,¢), F — Foi,. (1.17)

Similarly, if / = [—«, «], the inclusion functor j, : /< < R induces a functor
j¥: Fun®(RP, %) — Fun®(I°P, 6), F > F o j,. (1.18)

Theorem 1.2.3 Assuming that I = [0, a], the functor i in (1.17) is an equivalence

of categories. Similarly, assuming that I = [—a, a], the functor j} in (1.18) is an
equivalence of categories.

) Birkhauser
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Proof (A) Let us first treat the case I = [0, «].

It follows from [19, Ch XI.5] that we can assume that % is a strict monoidal category.
We set A = 3.

(i) We start by showing that i is essentially surjective. For that purpose, given a
monoidal presheaf K on 7, we will construct a monoidal presheaf K: R>o — % such
that iy R ~ K.

(i)—(a) For a > 0 we write a = n) + r, with 0 < r, < A. Then, one sets

Ri =K, ® - @K, ®K,,. (1.19)
—_—

n

(1)—(b) We now construct the restriction morphisms p, . Fora < b < A, p, p is given
by the definition of the presheaf K. Letus writta = m -A+roandb =n- A+ rp
with O < r,,rp < A.Since 0 <a < b,m < n.Ilf m = n, then r, < r, and we set

Pap = (idg;,)°™ © Pry.r-
Now assume m > n. Notice that

Ry = (K)°" 0 Ky o(Kp)°" " Vo Ky,

Ry~ (K3)°™ o K,, o(Kg)*" ™D o K.
Hence, we set pq  := (idk;)°" © pr,.1 0(p0,)°" "1 0 po.r,-
(i)—(c) Let us construct the isomorphisms ¢z (a1, a2): Ry ® Ruy = Ray4ay, fOr
ai, az € R>q. Write

a=n;-a+r;, 0<ri<AX, i=1,2.

. $2(ri. ) ¢3! i)
Sincer; + X <o, K, @K, =~ K, =~ K,Q®K,. Weset

si =y (1) 0 $ari, 2)
Let n € N and consider the map
Vin =1 @si) 0.0 (S @5 @idG )0 . o (s @Y.
We now define the map ¢»(ay, a2): Ry ® Ray, = Ray+4, DY setting
pa(ar, az) == (id o +m) @P2(r1,12)) 0 (id%Zl QV1,n, ®idk,,).
s

By construction, ¢»(ay, az) is an isomorphism.

Itis straightforward to check that £ is amonoidal presheaf on R~ and that i} & >~ K.
(ii)-(a) Let us prove that i} is faithful. Let f, g: & — & be two monoidal morphisms
between monoidal presheaves on R>¢. Assume that i} (f) = i} (g). Hence, for every
0 <a <ua, f, = g, and it follows from the definition of a monoidal morphism that
forevery b € Rxo, fp = 8p.
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(ii)-(b) Let us show that i, is full. Let &, & € Fun®(RY), ¥) and let f: il & — i3 &
be a monoidal morphism. For a € Rxq, we write a = nA +r, with0 <r, < A. We
define the morphism f, as the composition

~ a®n ffan@fra /Qn /o~ @
R >R @R, — = R @R, ~ R,

The family of morphisms (f4)seRr., defines a monoidal morphism § : £ — £’ such
that io () = f. B

(B) Assume now that / = [—«, «]. Part (A) of the proof applies when replacing the
interval [0, o] and R with the interval [—«, 0] and R<o. Then combine these two
cases. O

1.3 Thickening kernels and interleaving distance

Let us first recall that a categorical axiomatic for interleaving distances was developed
in [7, 14]. Here, we do not work in an abstract categorical setting but restrict ourselves
to the study of kernels for sheaves, a natural framework for applications.

Definition 1.3.1 Let X be a good topological space.

(a) A thickening kernel is a monoidal presheaf & on (R, +) with values in the
monoidal category (DP(Ky xx), o).

(b) The thickening kernel R is a bi-thickening kernel if it extends as a monoidal
presheaf on (R, +).

In the sequel, for a thickening (resp. a bi-thickening) kernel &, one sets R, = R(a)
for a > 0 (resp. for a € R).
In other words, a thickening kernel is a family of kernels &, € DP(kyx x) satisfying

RuoRp = Ryyp, RoxkaforaeRyg
and the compatibility conditions of Definition 1.2.2.

We shall often simply write “a thickening” instead of “a thickening kernel ™.

Remark 1.3.2 Let I = [0, «] with « > 0. Note that if the thickening (or the bi-
thickening) K exists, then it is uniquely defined by its restriction to [0, «], up to
isomorphism. More precisely, given two thickenings 1 and R, and an isomorphism
of monoidal presheaves

0: Rl = Ralr,

then there exists a unique isomorphism of monoidal presheaves A: 8] —> £, such
that A|; = 6.

Example 1.3.3

(1) The constant presheaf a — kp is a thickening kernel called the constant thick-
ening on X and simply denoted ka (or ka , if necessary).
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(i) Let X; (i = 1,2) be two good topological spaces and let £; be a thickening
kernel on X;. Then K] X R, is a thickening kernel on X x X5. This applies in
particular when £; is the constant thickening on X or X».

(iii) Let (X, dx) be a metric space. We shall prove in Theorem 2.1.6 below that,
under suitable hypotheses, there exists a thickening kernel & with 8, = ka,, for
0 < a < ayx. For § a good topological space, we sometimes denote by Rsx x/s
the thickening kernel ka ; X £.

(iv) Another example of a thickening kernel will be given in Sect. 3.1 in which we
use the kernel of [17] associated with a Hamiltonian isotopy.

The next definition is mimicking [22, Def. 2.2].

Definition 1.3.4 Let 8 be a thickening kernel on X, let F, G € Db (ky) and leta > 0.

(a) One says that F and G are a-isomorphic if there are morphisms f: R0 F — G
and g: 8, 0G — F which satisfy the following compatibility conditions: the

composition

Ruo0
fogoF 2220, a 0G5 F

and the composition
Raog

fogoG 2% a oF L
coincide with the morphisms induced by the canonical morphism pg 2, : R24 —
Ro.
(b) One sets

distg(F, G) = inf<{+oo} U{a € R>p; Fand G are a—isomorphic})

and calls distg(*, *) the interleaving distance (associated with K).

Note that if F" and G are a-isomorphic, then they are b-isomorphic for any b > a.
The next result show that the interleaving distance distg is a pseudo-distance on
D°(kx).

Proposition 1.3.5 Let R be a thickening kernel on X andlet F, G, H € D°(ky). Then

(1) F and G are O-isomorphic if and only if F ~ G,
(i) distg(F, G) = distg(G, F),
(iii) distg(F, G) < distg(F, H) + distg(H, G).

The proof is straightforward.

Remark 1.3.6 Itisprovedin [27]thatif X o is a b-analytic manifold (see [30]) endowed
with a good distance, then, under suitable hypotheses, the pseudo-distance distg
becomes a distance when restricted to the category D%l’{_ - (kx,,) of sheaves constructible
up to infinity. In particular, on any real analytic manifold X, distg becomes a distance
when restricted to constructible sheaves with compact support. Let us also mention
the paper [11] in which the completeness of the category D°(kg») is discussed in the
case of the convolution distance.
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2 The interleaving distance on metric spaces

From now on and until the end of this section, unless otherwise stated, we assume that
X is a good topological space and that k is either a field or k = Z.

2.1 Thickening of the diagonal

Let (X, dx) be a metric space. For a > 0, xo € X and some ay to be defined in
Definition 2.1.1, set

Ba(xo) = {x € X;dx(xo, x) < a},

Bj(xo) = {x € X;dx(x0,x) < a}, (here,a > 0),

Ay ={(x1,x2) € X x X;dx(x1,x2) < a},

Ap = {(x1,x2) € X x X;dx(x1,x2) < a}, (here,a > 0),

Z ={(x1,x2,1) € X x X X Rx0;dx(x1,x2) <t, t <ax},
QF ={(x1,x2,1) € X x X xRog;dx(x1,x2) <1, t <ax).

2.1

Definition 2.1.1 A metric space (X, dx) is good if the underlying topological space
is good and moreover there exists some ay > 0 such that for all 0 < a, b with
a+ b < ay, one has

(i) for any x1, xp € X, B,(x1) N Bp(x2) is contractible or empty (in par-
ticular, for any x € X, B,(x) is contractible),

.. . 2.2)
(i1) the two projections g1 and g, are proper on A,
(i) Ago Ap = Ag4p.

Clearly, in this definition, ay is not unique. In the sequel, if we want to mention
which oy we choose, we denote the good metric space by (X, dx, ax).

Let U be an open subset of a real CY-manifold M. Recall (see [20, Exe. I11.4])
that U is locally cohomologically trivial (l.c.t. for short) in M if for each x € U\U,
(RI'z(kp))x = 0 and (RIy (kyr))x = k.

We shall say that U is locally topologically convex (l.t.c. for short) in M if each x €
M admits an open neighborhood W such that there exists a topological isomorphism
¢: W = V, with V open in a real vector space, such that ¢(W N U) is convex.
Clearly, if U is L.t.c. then it is L.c.t.

The natural morphism ky — Ky, defines a section of Hom (ky/, k) >~ Hom (ky ®
kg7, Ky), hence defines the morphisms:

kU — D;WkU’ kU — D;WkU-

When U is l.c.t., then these morphisms are isomorphisms. If moreover, U is l.t.c., then
these sheaves are cohomologically constructible.
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We shall also encounter the hypotheses:

The good metric space X is a C’-manifold and

forx € X and 0 < a < ay, the set B;(x) is l.t.c.in X,
for0 <a < ayx,theset Aj isltc.in X x X,

the set Q1 is Lt.c.in X x X x] — oo, ax|.

For x,y € X, setting Z,(x,y) = B,(x) N B;(y), one has
RI'(X:; Kz, (x,y)) @0forx #yand0 < a < ay.

2.3)

o op

Lemma 2.1.2 Let (X, dx) be a good metric space satisfying (2.3) andlet0 < a < ay.

(a) Forx € X, the sheaves Kp,(x) and Kpz(x) are cohomologically constructible and
dual one to each other for the duality functor Dy.

(b) The sheaves ka, and kps are cohomologically constructible and dual one to each
other for the duality functor D'y _ .

(¢) The sheaves kz and Kq+ are cohomologically constructible and dual one to each
other for the duality functor D/X><X><R'

(d) For x € X one has the isomorphism k —> RT¢(BS(x); wx)

Proof (a)—(b)—(c) follow immediately from the hypothses.
(d) denote by (-)* the duality functor RHom (-, k). By Poincaré duality (see e.g., [20,
(3.1.8)]) one has

RT:(B;(x); wx)* ~ RHom (Kpe(x), kx)
~ RI'(X; kB,,(x)) ~ k.

The last isomorphism follows from the fact that B, (x) is contractible. This completes
the proof when K is a field. Otherwise, when k = Z, use [20, Exe. [ 31]. O

The next hypothesis will be used in order to apply Theorem 1.1.6 and we shall give
in Lemma 2.1.3 below a natural criterion in order that it is satisfied.

The good metric space X is a C*-manifold and, for 0 < a < ay, 4
SS(ka,) N (TEX x T*X) C TE, X x X. 24

Lemma 2.1.3 Let (X, dx) be a good metric space. Assume that X is a C°°-manifold,
the distance function f:=dx: X x X — Ris of class C' on W := A \A fora < ax
and the partial differentials d f and dy f do not vanish on W. Then (2.4) is satisfied.

Proof Apply [20, Prop. 5.3.3]. O

We shall obtain in Theorems 2.6.1 and 3.2.3 large classes of examples in which
hypotheses (2.2), (2.3) and (2.4) are satisfied.

Lemma 2.1.4 Let (X, dx) be a good metric space.

(a) Foreverya,b > 0,kp, oka, = kp, okp,.
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(b) Forany 0 <a,bwitha +b < ay,
kAa OkAb >~ kAa+b’ (25)

and the correspondence a — Kpa, defines a monoidal presheaf on [0, ax] with
values in the monoidal category (DP(Kx x x), ).

Proof

(a) Recall notations (1.3). Since v*]kAa ~K,-1(a,) = Ka,, the result follows.
(b) We shall follow the notations of (1.1) (with X; = X for all ). Setting A, X Ap =
41_21 Ag N q2_31 Ap, we have

L
-1 -1 -
41> ka, ® 43 ka, = Kka,xon,-

The map q13: Ay X2 Ap — Ay 1S proper, surjective and has contractible fibers
by Hypothesis (2.2). Therefore, Rg13ka,x,4, = Ka,,, by Lemma 1.1.3. The
other conditions in Definition 1.2.2 are easily checked. O

We shall refine Definition 1.3.1.
Definition 2.1.5 Let (X, dx, ax) be a good metric space.

(a) A metric thickening kernel of the diagonal is a thickening kernel whose restriction
to [0, ax] is isomorphic to the monoidal presheaf a — ka, on [0, ax].

(b) A metric bi-thickening kernel is a bi-thickening kernel whose restriction to Rxg
is a metric thickening kernel.

When there is no risk of confusion, (that is, almost always) we shall simply call a
metric thickening kernel, “a thickening”.

Note that if the metric thickening (or bi-thickening) exists, then it is unique up to
isomorphism. This last isomorphism is unique in the sense of Remark 1.3.2.

Theorem 2.1.6 Let (X, dx, ax) be a good metric space. There exists a metric thicken-
ing R of the diagonal. Moreover;, for each a > 0, the two projections q1, q2: X x X —
X are proper on supp Rg.

Proof The first part of the statement follows from Lemma 2.1.4 and Theorem 1.2.3.
The properness of g1 and g, on supp K, for 0 < a < « follows from Hypothesis (2.2).
The general case follows from the construction of the kernel. O

Corollary 2.1.7 In the preceding situation, let Y be a good topological space and let
L € D°(Kxxy). Then

RaoLl)ﬁaIg)LforaZO.

(See (1.12) for the notation Ig).)
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Non proper composition for the distance kernels

Proposition 2.1.8 Ler (X, dx, ax) be a good metric space satisfying (2.3) and (2.4).
Then for a > 0, and for smooth real manifolds X; (i = 2, 3) setting X = X1, we have
forany L; € Db(kxl.j) withi =1,2, j =i+1,

np np
Rao(LyoLy) ~(RgoLy) o L.

Proof

(i) Assume first that 0 < a < ay. In this case, &, = ka, is cohomologically
constructible and g is proper on its support. Using hypothesis (2.4), we may
apply Theorem 1.1.6.

(i1) Assume that the result has been proved for £ (for any kernels L and L;) for
some b > 0 and let us prove that it is true for K4, as soonas 0 < a < ay. We
have

np np np
Rptao(Ly 0 Ly) = Rpo(Rgo(Ly o L)) = Kpo((RaoLy) o L)

np np
>~ (Rpo(RqoLy)) oLy = (RaypoLy)o Ly

Thickening and convolution
In [22], the space X is the Euclidian space R” and the composition ka, o is replaced

by the convolution kg, where B, is the closed ball of center 0. One can proceed
similarly if the good metric space (X, dx) is a topological group.

Definition 2.1.9 A good metric group (X, dx, m, e), or simply (X, dx) for short, is a
good metric space (X, dx) which is a topological group for the topology induced by
the distance, with multiplication m and neutral element e, and such that the distance
18 bi-invariant. In other words,
dx (x1, x2) = dx(x1x3, x2x3) = dx (x3x1, x3x2) for x1, x2, x3 € X.
One defines the convolution of F, G € DP(ky) by
FxG := Rm|(F X G).

Proposition 2.1.10 Assume that X is a good metric group. Let B, be the closed ball
of radius a centered at the unit e. There is a canonical isomorphism of functor

ka, o @ kp, *.
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Proof Consider the map v: X x X — X X X, (x1,x2) (xlxz_l,xz). One has
Ay = v_lql_l(Ba), vt 06]2_1 o~ ‘12_1 and m o v = ¢1. Therefore, for F € D°(ky),
kBa*F = Rn’lg(kBa X F)
~ RmRv (v g 'kp, ® ;' F) ~kn, o F.

We have used Rvi(v™q; 'kp, ®q, ' F) =~ q; 'kp, ®Ruig; ' F ~ kg, Kg5 ' F which
follows from v o v~! ~ id. O

2.2 Bi-thickening of the diagonal

In this subsection, (X, dx, ax) isa good metric space satisfying (2.3). When necessary,
we denote by X; (i =1, 2, ...) various copies of X.
For a > 0, we define the functors £, and ‘R, by

L
Lo =g, =R0=Rq,(Ra®q; ' (+)), My = Vg, =Rq2,RAom (8, ] (+)).
(2.6)

Recall that the functor R, is right adjoint to the functor £, (see [20, Proposition

3.6.2]).

Lemma 2.2.1 Let (X, dx, ax) be a good metric space satisfying (2.3). For 0 < a <
ax, ka, o(kas ® g5 'wx) > ka.

Proof Set S, = ‘11_21 Ay N q2_31 AY. We have
kp, okas = RCI133(6]1_21kAa ®q2_31kAg) =~ Rqi3 ks, -

Let (x1,x3) € X1 x X3 and set Z, = g3 (x1, %3) N Sg. Then Z, = B, (x1) N BS(x3)
and it follows from the hypothesis that (Rg13,ks, )y, x;) = RI'(X2;kz,) 2 0 for
x1 # x3. Therefore, Rq13 ks, is supported by A C X3 and we get

Rq13,(ks, ® g5 'wx) =~ Rq13,((ks, ® ¢15'ka) ® g5 'wx)
~ RqB!(kSaﬁquA ®q2_160X) = Kka.

The last morphism is associated with the morphism k Sangla ® qz—lwx — ql!3 ka

which is deduced from the morphism k —q 1}1 ka. (Recall that S, Ng BI Ais

SaNgp3 A
open in q1_31 A.) It is an isomorphism by Lemma 2.1.2 (d). O

For0 <a <ay,set R; =ka, andfor0 < a < ay,set Ri_, = kao ®q2_1wx.

Lemma 2.2.2 Let (X, dx, ax) be a good metric space satisfying (2.3). The map a +—
Ry defines a monoidal presheaf on [—ay, ax] with values in the monoidal category
(D"(Kxxx), ©)-
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Proof

(i) For0 < b < a,ka, O(kAZ ®q2_1a)X) >~ Kka,_,. This follows from Lemmas 2.1.4
and 2.2.1 and kAa OkAz ~ kAa—b o kAb o kA‘b’-

@ii) For0 < a,b,a + b < ay, kA;; o(kas ® qz_la)x) ~ kAZ+b' This follows from
L
(i), Lemma 2.1.4 and (ka? ® g5 ' @x) o(kas ® g5 'wx) ® ka,,, =~ Ka.

L
(iii) For0 < b < a < ay, kps okp, kAfth' Indeed, apply kAsz & qz_la)x o to
both sides of (ii). O

Applying Theorem 1.2.3, we get:

Proposition 2.2.3 Ler (X, dx, ax) be a good metric space satisfying (2.3). Then R
extends as a metric bi-thickening kernel and, for 0 < a < ay, one has R_, =~
kas ®q2_1a)x. Moreover, R, ~ R_, o fora > 0.

There is indeed a better result. Set

I = (—ay, ayx). 2.7

Theorem 2.2.4 Let (X, dyx, ax) be a good metric space satisfying (2.3). There exists
an object K% e DP (Kx x xx1) and a distinguished triangle

_ +1
Ky (ry)<—1) ® 45 ' ox = K = Kigy(xp=r) 7 . (2.8)

In particular, Kd|{,:a} ~ R, fora e I.

Proof We shall mimick the construction in [17, Exa. 3.10]. We have the isomorphism
RAom (Kax (=0}, Kxxxx®) = Kax(=0) ®¢; 'oF ' [-11.  (29)

Indeed, kaxy=0y =~ ka X ki —p and it follows from [20, Prop. 3.4.4] that

Dy vz ka®K(=0}) =~ Dy,  KaKDLK{ o). Moreover, Dy yka = 8x185 Kxxx =

ka ® g5 'wy and DiK(—o) = K=oy [—1].
By Lemma 2.1.2, we also have the isomorphism

Rom (Kiay (x,y)<—1}> KxxxxR) = Kiay(x,y)<—1} t € (—a,0). (2.10)

These isomorphisms together with the morphism K4y (x,y)<—1} = Kax =0} induce

the morphism Ka x (=0} ® q{lwﬁ_l[—l] — Ky (x,y)<—1)- Hence, we obtain

Kay(r.y)=r) = Kax(i=0) = Kidy(ryy<—r) ® 43 ox[+1]

Denoting by 1 the composition, we get the distinguished triangle (2.8). O
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Remark 2.2.5 1t would be possible to extend K 4 to a sheaf RISt € DP(ky x«R) by
using Theorem 1.2.3 and using the monoidal category (Db (KxxxxR), g), where g is

an operation adapted from [31], composition with respect to X and convolution with
respect to R.

2.3 Properties of the interleaving distance

We shall extend to metric spaces a few results of [22, § 2.2]. In this section, (X, dx)
is a good metric space and R is the metric thickening of the diagonal. Recall the
interleaving distance distg of Definition 1.3.4. We set

disty = distg. (2.11)
Lemma 2.3.1 Ler F € D°(ky) and let a > 0. Then
RI(X; R0 F) =5 RI(X: F) and RT.(X: R,0F) =5 RI.(X; F).

Proof 1t follows from the definition of the functor &, that is it enough to check these
isomorphisms for 0 < a < ay, thus replacing K, with ka,. Consider the Cartesian
diagram

q1 XXXQZ
/ \
X X

Using the fact that ¢ and ¢ are proper on A, we get the isomorphisms

L L

RI(X; ka, o F) ~ Rg5,Rq1 (ka, ® g5 ' F) ~ Rg},Rq1,(ka, ® g5 ' F)
L L

~ Rq|,Rq2.(ka, ® ¢; ' F) = Rq|,Rq2(ka, @ ¢5 ' F)

L
~ Rq|,(Rg2ka, ® F)
~ Rq|,F ~RI(X; F).

Here we use the isomorphism Rgo ka, =~ ky which follows from the fact that the
fibers of g»: A, — X are compact and contractible.
A similar proof holds for RI'.(X; F). |

Proposition 2.3.2 Letr F, G € D°(ky). If disty(F, G) < o0, then R['(X; F) ~
RI(X; G) and RT(X; F) ~ RT(X; G).

Proof This follows immediately from the definition of the distance and Lemma 2.3.1.
O
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Proposition 2.3.3 Let F € D(ky) and assume that supp(F) C B(xo, a) witha < ay.
Set M = RI'(X; F) and denote by My, the sky-scraper sheaf at {xo} with stalk M.
Then disty (F', My,) < a.

We shall mimick the proof of [22, Exa. 2.4].

Proof We have
ka, o My, = MB(xp.a)

the constant sheaf on B(xq, @) with stalk M extended by 0 outside of B(xq, a).
Denoteby ax : X — pt the unique map from X to pt. The morphisma, 'Ray . F —
F defines the map Mx — F and F being supported in B(xo, a), we get the morphism
g kA“ OMX() ~ MB(xo,a) — F.
On the other hand, we have

L
(ka, 0 F)yy = RT(q; ' (x0); kn, ® g5 ' F)

L
~ RT (fxo} X X; {x0} X Kp(xg.a) ® 5 ' F)
~ RI'(B(xp,a); F) > M

(2.12)

which defines f: ka, o F' — M,,. One easily checks that f and g satisty the com-
patibility conditions in Definition 1.3.4. Therefore disty (F, M,,) < a. O

In particular, a non-zero object can be a-isomorphic (see Definition 1.3.4) to the zero
object.

Corollary 2.3.4 Let F, G € DP(kx) and assume that there exists a ball By, (a) with
a < ax which contains the supports of F and G. Then distx (F, G) < oo if and only
if R[(X; F) @ RI'(X; G).

Proof

(i) Assume M :=RI'(X; F) >~ RI'(X; G). Then
disty (F, G) < distx (F, My,) + distx (G, My,)

and it remains to apply Proposition 2.3.3.
(i) The converse assertion is nothing but Proposition 2.3.2. O

Corollary 2.3.5 Consider two distinguished triangles F| — F) — F3 *, and G| —

Gy, — G3 +—1> in DP(kx). Assume that there exists a ball By, (a) with a < ax
which contains the supports of all sheaves F;, G; (i = 1,2,3) and also assume that
disty (Fi, G;) < oo fori = 1,2. Then disty (F3, G3) < oc.

Proof 1t follows from Corollary 2.3.4 that R['(X; F;) >~ RI'(X; G;) fori = 1, 2.
Since the functor RI"(X; ¢) is triangulated, this isomorphism still holds for i = 3.
Then the result follows again from Corollary 2.3.4. O
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Locally constant sheaves

Recall that an object L € D®(ky) is locally constant (resp. constant) if, for all j € Z,
H/ (L) is a locally constant (resp. constant) sheaf.

Lemma 2.3.6 Let L € D°(ky) and assume that L is locally constant. Let a > 0. Then
RgoL = L.

Proof We may choose a such that @ < ax and replace &, with ka,. It is then enough
to prove that, for x € X, the natural morphism (ka, o L)y — L, is an isomorphism.
We may also assume that L is a constant sheaf in a neighborhood of B,(x). Then
by (2.12), we get

(ka, o L)y ~ RI'(B,(x); L) ~ L,.
O

Proposition 2.3.7 Let F,G € Db(kx). Assume that F is locally constant and that
distx (F, G) is finite. Then F is a direct summand of G. In particular, if both F and
G are locally constant, then F >~ G.

Proof By the hypothesis and Lemma 2.3.6 we have morphisms F — G — F such
that the composition is an isomorphism. O

It follows that the interleaving distance is not really interesting when considering

locally constant sheaves.

2.4 The stability theorem

Let X be a good topological space and let (Y, dy) be a good metric space. We denote
by ﬁg the kernel on Y x Y. It defines an endofunctor of D° (kxxy), K +— Ko ﬁg . We
then get a pseudo-distance on DP(kx . y) that we call a relative distance and denote by
distxxy,/x (see Example 1.3.3).

Theorem 2.4.1 (The stability theorem) Let X be a good topological space and let
(Y, dy) be a good metric space. Let K1, K> € Db(kyxx) and let F € Db(kx). Then

(a) disty(Kjo F, Ky o F) < distyx x/x (K1, K2).
(b) Assume moreover that X and Y are C*°-manifolds and that (Y, dy) satisfies (2.3)

and (2.4). Then disty (K Ig) F, K> nC? F) < diStyXX/X(Kl , K»).

Proof

(a) We have
RV o(KioF)~ (RY oKi)oF, i=1,2.
Then the result follows immediately from Definition 1.3.4.

) Birkhauser



70  Page 24 of 42 F. Petit, P. Schapira

(b) The proofis the same as in (a) after replacing o with T and using Proposition 2.1.8.
O

Let X and Y be as above and let f1, fo: X — Y be two continuous maps. As usual,
one sets

dist( f1, f2) = sup dy (f1(x), f2(x)).

xeX

Corollary 2.4.2 ((The metric stability theorem, see [22, Th. 2.7])) Let X be a good
topological space and let Y be a ( real, finite dimensional) normed vector space, dy
the associated distance. Then disty (R f1,F, R fo F) < dist(fi, f2). If X is a C*°-
manifold and Y is an Euclidian vector space, the same result holds with R f replaced
with R fi.

Proof Leta = dist(f], f2). Of course, we may assume that @ < oco. Denote by I'; the
graph of f; in Y x X. Then
Ty CAY oDy, i, je(l,2). (2.13)

Moreover, for f = fi or f = f, one has

kay okr, >~ Kuror,. (2.14)

Set K; = krf[_ (i =1,2). By (2.13) and (2.14), we get morphisms kAZ oKy — Ky,
andkpy o K, — K satistying the conditions of Definition 1.3.4. Therefore,

disty s x/x (K, Kp) < a =dist(f1, f2). (2.15)

Since Rf;)F >~ K; o F and Rf; . F >~ K; S F, the result follows from Theorem 2.4.1
since hypotheses (2.3) and (2.4) are satisfied if Y is an Euclidian vector space. O
Remark 2.4.3 In [22, Th. 2.7] the proof for R f, and R f; is almost the same and X is
only assumed to be a good topological space. The reason why the non proper case is
easier in the situation of [22] is that these authors use the convolution functor kg, *
instead of ka, o.

More precisely, consider the diagram in which Y is a real finite dimensional normed
vector space, Y1 and Y, are two copies of Y and s is the map (y1, y2) — y1 + 2, 513
is the map (y1, x, y2) = (y1 + y2, x):

YIxX xYs
12 P23
’ l%

Yio Y x X X xY,

S e e

Y.
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Let F € Db(kX), K e Db(ky2X x) and denote by B, the closed ball of Y with center
0 and radius a > 0. Set for short kg :=kp,. Then

Kpx(K % F) ~ Rs,(kp K Rg, (K & g F))
~ Rs,Rp1a, (ks B (K & g F))
~ Rp1,Rs13, (ks B (K & g7 F))
~ Rp1,Rs13, (ks K K) & 5331 py | F)

L np
~ Rp1,(Rs13,(kp X K) ® py ' F) =~ (kpxK) o F.

Here, the 2nd isomorphism follows from the fact that kp being cohomologically
constructible, the functor kg X « commutes with (non proper) direct images thanks
to [20, Prop. 3.4.4]. The 5th isomorphism follows from the fact that s is proper on
supp(kp X K).

2.5 Lipschitz kernels
A general setting
We consider two good metric spaces (X, dy) and (Y, dy). To avoid confusion, we

denote by ax and ey the constants appearing in (2.2), by AX and A the thickenings
of the diagonals, by R‘ff and ﬁ}f the associated thickening kernels and by ,03{ ,and p 5 b

the restriction functors. Recall the notation for F € D°(ky)
Pg(F)=KoF.

Definition 2.5.1 Let § > O and let K € Db(kyxx). We say that K is a é-Lipschitz
kernel from X to Y if there exists p > 0 such that p < ay and §p < ay and there are
morphisms of sheaves oy, : ﬁg{a oK — KoRXfor0 < a < p satisfying the following
compatibility relations:

(i) for 0 <a < b < p, the diagram of sheaves commutes:

ﬁgh ok -2 >Ko ﬁ,)f
p{a,&bl lpib (2.16)

ﬁaYaoKLKoﬁfl(,

) Birkhauser



70  Page 26 of 42 F. Petit, P. Schapira

@ii) for0 <a, band a + b < p, the diagram of sheaves commutes:

ﬁaY]ocra op 0 RX
oK —2 — - gy oKoﬁZ(%a-KoﬁX

Y
R 8b a+b* (2.17)

§(a+b)

Oa+b

A Lipschitz kernel is a §-Lipschitz kernel for some § > 0.

Note that thanks to the hypothesis that a < ax, we could have written k 5 x instead of

£X and similarly with Y instead of X. We have chosen to use the notation £ thanks to
the next lemma.

Remark 2.5.2 Of course, a Lipschitz kernel from X to Y is not necessarily a Lipschitz
kernel from Y to X. However, when there is no risk of confusion, we shall simply call
K “a Lipschitz kernel”.

Lemma 2.5.3 If K is a Lipschitz kernel, then for all a > 0 there are morphisms of
sheaves o, : ﬁsYa oK - Ko ﬁ§ and moreover (2.16) and (2.17) are satisfied for all
a,b>0.

Sketch of proof Assume we have constructed the morphisms o, for a < A and let
0 < b < p. One defines the morphism
Outb: RéY(a+b) oK ~ kA}s/h oﬁ}a oK
g kAgzb oKo ﬁz(
— KokA’)’( oﬁfj ~ Koﬁz(_,,_b.

The fact that o, is well-defined and the verification of the compatibility relations (2.16)
and (2.17) are left to the reader. O

The next result is essentially a reformulation in the language of kernels of [14,
Th. 4.3].

Theorem 2.5.4 (The functorial Lipschitz theorem) Let (X, dx) and (Y, dy) be good
metric spaces and let K € DP(kyxx) bea 8-Lipschitz kernel from X to Y. Let Fy, F> €
D (k).

(a) One has disty (K o F1, K o F») < § - disty (F, F»).
(b) Assume moreover that X and Y are C*°-manifolds satisfying (2.3) and (2.4).

Then disty (K & Fi, K & Fy) <& - distx (Fy, Fa).

Proof

(a) Let F1, I € Db(kx) and assume that F| and F, are a-isomorphic. Hence, there
are morphisms

f:ﬁ;(OFl — F, glﬁffon—)F]
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satisfying the conditions of Definition 1.3.4. Applying the functor K o we get the
morphisms given by the dotted arrows

P O]
Kof¥oFi X ko, Kof¥oF XL kor

7 7
‘TaT v OaT L

ﬁaYaoKoFl RSYaoKon

Now consider the diagram

KOR§a0F1 Ok (La /) KO.Q;(OF2MKOF].
7
Sé%aa)T GaT o
ﬁ(SYaoKoﬁ;(oF1M,ﬁg(aoKofz
s{mT -

.@g&loKOF]

The two diagrams with dotted arrows commute by the definition of the dotted

arrows and the square diagram commutes by Definition 2.5.1 (i). The composition

of the two vertical arrows is given by o7, by Definition 2.5.1 (ii). The composition

of the two horizontal arrows is given by Pé{z - Therefore, the composition of the

two dotted arrows is given by ,08{2&0214 = ,o({ 25q- The same result holds when
interchanging the roles of F; and F>.

(b) The proofis the same as in (a) after replacing o with 3 and using Proposition 2.1.8.

O

In particular, we get:

Corollary 2.5.5 Assume that K € DP(kyxx) is a 8-Lipschitz kernel from X to Y
and that there exists a S_I—Lipschitz kernel L € DP(Kyxyy) from Y to X such that
Do idDb(kX). Then for Fi1, F» € Db(kx), one has disty (K o F1, K o Fp) =
8 - disty (F1, F?).

If X and Y are C*°-manifolds satisfying (2.3) and (2.4), then the same result holds

for K o F replaced with K TF.

Lipschitz correspondences

As above, we denote by X; and Y; (i = 1,2) two copies of X or Y. We keep the
assumptions and notations of the beginning of this section.
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We assume to be given a subset S of ¥ x X and consider the diagram

Y12 x X1 Y> XX12 (2.18)
AYCY12 P13 S CY x X q13 AXCX]2
Y1 x X, Yo x X5

We set

Ab xy 8= pi (A} N py (S) C Yia x Xy,
S xx AX = g5 () NgyR (AN c 12 x Xa.
Note that Ai’ oS = p13(AZ Xy S) and So Agf = q13(S xx Af) are contained in

Y1 x X1 = Y2 x X, =Y x X. We shall consider one of the hypotheses (2.19) or (2.20)
below for some constants p, § > 0 such that p < ayx and §p < ay.

(a) Sis aclosed subset of ¥ x X,
(b) the fibers of the projection p13: AZ Xy § — AZ o S are contractible or empty
(2.19)
for0 < b < ay,
(©)SoAX Cc AL oS fora < p.

(a) S is a closed subset of ¥ x X,
(b) there a closed embedding ¢: ¥» x X3 <> Yi2 x Xj such that pj3 0t = ¢q13, (2.20)
(©) (S xx AX) C AL xy Sfora < p.

Theorem 2.5.6 Let S C Y x X and consider constants p,§ > 0 such that p < ay
and §p < ay. One makes either hypothesis (2.19) or hypothesis (2.20). Then kg €
Db (Ky «x) is a §-Lipschitz kernel from X to Y.

Proof (i) It is enough to construct a natural morphism of sheaves

kAay oks — kg okAi( for a < p (which implies da < ay). 2.21)

(ii)—(a) Assume (2.19). Since the closed set A , © S contains the closed set S o AX
we have a morphism of sheaves

kAayaoS — Kgoax. (2.22)
By Lemma 1.1.3 and the hypothesis, there is an isomorphism and a morphism
kAgaoS ~ kAga okg, kSoAé( — kg OkAg‘-
Together with (2.22), this defines (2.21).

W Birkhauser



Thickening of the diagonal and interleaving distance Page 29 of 42 70

(i1) —(b) Assume (2.20). By this hypothesis, there is a natural morphism
kAgaXYS — [*kSXXAz(. (2.23)

Now remark that
k ~ g5,k g Ak k ~ pk g 2k
SxxAX = g1 Ks @ gr3 Kpx, Al xys = P12 AX ® py3 Ks.

By (2.23), we get the morphisms

kur oks = Rpin(piakax ® piks) = Rpiskar o g
— Rpi3ptakgyax = Rpi31L(qp ks QL@ qglkAg)
~ Rq13,(q;, ks <§L§ ng'kAg) ~kgokpx.
We have thus constructed the morphism (2.21). O

Let f: X — Y be a continuous map. We set I' y = {(f(x),x) € ¥ x X}.

Corollary 2.5.7 Let f: (X,dx) — (Y,dy) be a §-Lipschitz map. Then Ky, is a -
Lipschitz kernel from X to Y.
Proof

(i) We shall check (2.19) with § = T" . Of course, this setis closedin ¥ x X.
(i) Let us check (2.19) (b). One has

Al xy S ={(y1,y2,x) €Y x Y x X;dy(y1,y2) < b, y2 = f(x)}.

For (y1,x) € A oS, gi5'(vi,x) N A} xy S is the set (yi, y2 = f(x),x) if
dy (y1, y2) < b and is empty otherwise.
(iii) Let us check (2.19) (c). One has

AloS={(y.x)eY x X;3y €Y, dy(y.y) <ba, y = f(0)},
SoAX. ={(r,x) e Y x X;3x € X, dx(x,x') <a, y= f(x)}.

Let (y,x) € SoAX and let x’ € X be such that dx(x,x') < a, y = f(x'). Set
y' = f(x).Thendy(y, y’) < da since f is §-Lipschitz and therefore (y, x) € A;’a oS.

O
Example2.5.8 Let X = S!, Y = R? and denote by S the graph of the embedding
j: Sl < R% Then kg € D°(kyyx) is a 8-Lipschitz kernel from X to ¥ with § = Z-

V2
and defines a fully faithful functor.

Corollary 2.5.9 Let (X, dx) and (Y, dy) be good metric spaces and let f: X — Y be
a 8-Lipschitz map. Let Fy, F> € D°(ky).
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(a) One has disty (R fiF1, R fiFy) < § - distx (F1, F?).

(b) If moreover, X and Y are C*°-manifolds satisfying hypotheses (2.3) and (2.4),
then
disty R fi F1, Rfi F2) < 8 - distx (Fy, F2).

Proof First remark that for every F € DP(ky), RAF ~ kr joF and RfuF =~
kr, S F. Then apply Corollary 2.5.7 and Theorem 2.5.4. O

2.6 Some elementary examples
Vector spaces

The interleaving distance for sheaves on a (finite dimensional) real normed vector
space has been studied with great details in [22] and in fact this paper is a special case
and a guide for the present one. In loc. cit. the composition ka, o was replaced by
the convolution kg, » which is equivalent (see Proposition 2.1.10). When the norm
is not Euclidian, we get an example where the whole theory developed here applies
although the metric space is not associated with a Riemannian manifold.

The next result is obvious.

Proposition 2.6.1 Let X =V be a real n-dimensional Euclidian vector space and let
dx be the associated distance. Then (X, dx) satisfies hypotheses (2.2), (2.3) and (2.4).

In the situation of Proposition 2.6.1, the bi-thickening kernel is given by

_ )ka,ifa >0,
o kAga [n]ifa < O.

a
More precisely, in this situation, the sheaf A4st ig described, up to isomorphism, in
[17, Exa. 3.11] by the distinguished triangle in D (Kg» x g7 xR):

- +1
K{x—y|<—njln] — /A K{jx—yj<ty —

Thereal line

Let X = R be the real line. Recall that, k being a field, one has an isomorphism

F >~ HI(F)[-j]for F € D’(ky). (2.24)
j

Hence, the study of objects of Db(kx) is reduced to that of objects of Mod(ky). But,
as it is well-known, there exist non zero morphisms between objects concentrated in
different degrees.

Constructible sheaves with compact support on R (over a field) are classified via
the famous theorem of Crawley-Boevey [10]. See also [16] for a formulation in the
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language of constructible sheaves and see [22, Th. 1.17] for the case of not necessarily
compactly supported sheaves. Distances on such sheaves are studied with great details
in [3]. Recall that in this setting the thickening of the identity is provided by the
following family of endofunctors of Db (kr), kp,*, a > 0, where B, = [—a, a].

2.7 Example: the Fourier-Sato transform

Consider first the topological n-sphere (n > 0) defined as follows. Let V be a real
vector space of dimension n + 1, set V. = V\{0} and S := V/R* where R is the
multiplicative group R. . Define similarly the dual sphere S*, starting with V*. The
sets

P={(y,x)eS" x8;(y,x) =0}, I={(yx)eS x8§;(y, x)>0},
(2.25)

are well-defined. We define the kernel

L
K; =k; ® (ws+ M Kkg). (2.26)

Note that K; >~ RsZom (kp, ws+ X Kg), which is in accordance with [17, eq (1.21)].
Moreover, K; >~ Kk; [n] up to the choice of an orientation on S*.
The Fourier-Sato transform §” and its inverse §" are the functors

§" :=kpo:DP(ks) == DP(ks:): o K;:=F" (2.27)

Theorem 2.7.1 (see [29]) The functor §" and the functor §¥ are equivalences of
categories quasi-inverse to each other.

We shall give a proof of this result at the same time as we shall prove Theorem 2.7.4
below.

Now, we consider the n-sphere S” of radius 1 embedded in the Euclidian space R"*!
and endowed with its canonical Riemannian metric. Denoting by || - || the Euclidian
norm on R"*!, the map

RN\ {0) > 8", x> x/lIx]]
identifies the topological sphere " = (R"*1\ {0})/R™* and the Euclidian sphere S".
The isomorphism R” >~ R™ induces the isomorphism S” ~ §"* and we shall
identify these two spaces. When there is no risk of confusion, we write for short
S :=S". Recall that (using the notations defined in (3.8)):
rinj(Sn) =7, reon(S") =m/2.

The next result is obvious and is also a corollary of Theorem 3.2.3.
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Proposition 2.7.2 The metric space S satisfies (2.2), (2.3) and (2.4) when choosing
as < /2.

In particular, S” admits a bi-thickening {£}pcR.
Lemma2.7.3 For0 <a < b < m/2, one has kas okp, [n] >~ Kka,_,-

Proof Consider the diagram

SxSxS

q12 ‘ q23
q13

A CSxS SxS SxSD A
For x1, x3 € S, set for short
Pl = AN (Sx {x3), I& =A;N({x1} x9).
Denote by g3 the restriction of 13 to A xs Ap. Then
I (x1,x3) = {x2 € Sids(x1, x2) < a,ds(x2, x3) < b}.

In other words, 57131 (x1, x3) is the intersection of an open ball of radius a and a closed
ball of radius b with a < b. It follows that

k[—-n] ifds(x1,x3) <b—a,
RT(I¢ x5 Pl ksusxs) = .
- 0 otherwise.

Theorem 2.7.4 The equivalence " given by Theorem 2.7.1 induces an isometry
(D°(ks), dists) = (DP(ks:), distsx).

Proof of both Theorems 2.7.1 and 2.7.4. Let us identify S” and the dual sphere S"*.
Then the sets P and [ of (2.25) may be also defined as:

P={(x,y) e SxS8;ds(x,y) <m/2}, I={(x,y)eSxS;ds(x,y) <m/2}.
(2.28)

Since kAm ~ kAﬂ/4 okA”/4 we have kp >~ R;/;. (It was not possible to deduce
directly this result form (2.28) since ag < m/2.) Therefore kp o is an isometry and
the inverse of K p is given by &> which is isomorphic to K. O

Remark 2.7.5 A similar result holds for the Radon transform on real projective spaces.
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3 The interleaving distance associated with a Hamiltonian isotopy
3.1 General case

Let us briefly recall the main result of [17] § 3. Consider a real C°°-manifold X, its
cotangent bundle 7y : T*X — X endowed with the Liouville form ax and an open
interval I of R containing 0. Set as above T*X = T*X \ T¢ X, where T{X is the
zero-section, and still denote by 7 : T*X — X the projection. When there is no risk
of confusion, we may write  instead of .

Assume to be given a real C®°-function 1: 7*X x I — R homogeneous of degree
1 with respect to the fiber variable. Let ®;, denote the flow associated with the Hamil-
tonian vector field Hy,. We assume that @, is well-defined on the open interval I C R.
Hence,

Oy T*X x I — T*X (3.1

and [17, hypothesis (3.1)] is satisfied, .that is, setting ¢p ; = Pp(-, 1), ¢, is a homo-
geneous symplectic isomorphism of 7*X for each t € I and ¢ 0 = idj«y. To Py,
one associates

I, . .
Vo, = — " TEX x [ — TT*X.
g ot

One recovers h by h ='(ax, vd’h)'
Denote by A, C T*X x T*X x T*I the smooth conic Lagrangian manifold
associated with @, (see [17, Lem. A.2]):

Ah - {(q)h(-xv é:i t)v ()C, _s)v (_h(q)h(-xa $7 t)v t)))v (-xs g) € T*th € 1}
3.2)

The main result of loc. cit. (see [17, Th. 3.7]) is the existence of an object K h e
p'b (Kxxxx1) (denoted K therein) characterized by the two properties:

SS(K") € ApUTS, v, (X x X x I) and K"|;—0) = ka. (3.3)

Now we assume that

[h is not time-depending, homogeneous of degree 1 with respect to the fiber (3.4)
variable and the hamiltonian flow © is well-defined on 7*X x R. ’

Note that since /4 is not time-depending, the hamiltonian flow @ is well-defined on
T*X x R as soon as it is well-defined on 7* X x I for some open interval I containing
0.

One has

Ph,a © Prb = Pn,atb- (3.5)
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Therefore the object K h belongs to Db (KxxxxR)-
For a € R, we set K(’} = Kh|,=a.

Lemma 3.1.1 Assuming (3.4), we have the isomorphisms
h h ~ gh
K oK, ~K;,,fora,beR. 3.6)

Proof By (3.5), the two isotopies {®} 4 o Pp }rer and {Pp 44¢}rer coincide. Their
associated kernels are respectively K Zj o K" and T, (K"), where T, is the translation
(x,x',1) = (x,x’,t + a). These two kernels are micro-supported by A and their
restriction at + = —a are isomorphic to ka. They are thus isomorphic by the unicity
of kernels satisfying (3.3) and restricting to t = b, we get (3.6). O

Now we assume:
the function % is non-positive. (3.7

Ip the sequel, we denote by (¢; 7) the coordinates on T*R. Therefore, A; C T*X x
T*X x T*ZOR and it follows from [17, Prop. 4.8] that for @ < b € R there are natural

T
morphisms

.l h
Pa.b: Kbl — K,

satisfying the compatibility conditions of Theorem 1.2.2. Therefore we have:

Theorem 3.1.2 Assume to be given a real non-positive C*°-function h: T*X -> R
homogeneous of degree 1 in the fiber variable such that the associated flow ®y, is
defined on T*X x I for an open interval I containing 0. Then the family {Kg }aeR
defines a monoidal presheafﬁh on (R, +) with values in (DP(Kx xx), o).

(Recall that for a monoidal presheaf & on (R, +) one sets &, := R(a).)

Remark 3.1.3 One shall not confuse the monoidal presheaf &”, a presheaf on the
monoidal ordered set (R, +) with values in DP(kxxx) and K", an object of
D™®(kxxxRr). The object K" is explicitly calculated in [17, Exa. 3.10, 3.11] for
the cases of the Euclidean space and the Euclidian sphere.

Definition 3.1.4 Let: 7*X — R be a real non-positive C*°-function homogeneous
of degree 1 in the fiber variable such that the associated flow @y, is defined on 7*X x [
for an open interval / containing 0. We denote by dist;, the pseudo-distance on DP (k)
associated with the monoidal presheaf £ (see Definition 1.3.4).

Remark 3.1.5 The notion of non-positive isotopy is due to [15]. Let us also mention
that several distances naturally appear in symplectic topology (see for example the
recent paper [28]). As far as we know, the pseudo-distance dist;, on sheaves on X is
new.
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3.2 The case of Riemannian manifolds

In this Section, we shall use some classical results of Riemannian geometry, referring
to [8, 13].

Consider a Riemannian manifold (X, g) of class C*° and denote by d its associated
distance. We assume

(X, g) is complete and has a strictly positive convexity radius rcony, hence strictly 3.8)
positive injectivity radius rip;. ’

Recall that reony < 50 (see [2]).

For (X, g) satisfying (3.8), we choose 0 < ax < 7cony- (3.9)

Note that a compact Riemannian manifold satisfies hypothesis (3.8).

Consider the cotangent bundle 7*X and its zero-section 7y X. The isomorphism
TX = T*X endows T*X with a metric and we denote by ||£||, the norm of the
vector £ € T)X.

For the reader’s convenience, we recall some of the notations (2.1) and introduce
some new ones:

Bq(xo) = {x € X;dx(x0,x) < a},

B (x0) = {x € X;dx(xq,x) < a},

Ay ={(x1,x2) € X x X;dx(x1,x2) < a},

A2 = {(x1,x2) € X x X;dx(x1,x2) < al, (3.10)
Sa(x0) = {x € X; dx(x0,x) = a},

By (r) ={(x;:§) e T*X: ||&]lx <7},

Sy(r) ={(x; &) e T*X; |&||x =r}.

We also introduce the sets:

I =] = rinj, rinl, 17 =10, rig[, I~ = 1—rinj, OL,
J=XxXxI, JEF=XxXxI%,
Z=A{(x,y,1) € Jydx(x,y) <t < rij},

QF = (¥, y.1) € Jidy(x.y) <1}, G-1D
Q7 ={(x,y,1) € Jidx(x,y) < —t},
A={((x;6),0) € T*X x I; |[§|lx <1 < rinj}
Let us recall the construction of the exponential map. Consider the function
1
[iT°X >R, f(x,8) = —Elléllf- (3.12)

Denote by X s the Hamiltonian vector fields of f and by @ s the flows associated to
this vector fields. In the literature (see e.g., [25, Exa. 1.1.23], [26, p. 15]), the flow & ,
is known (via the isomorphism 7 X >~ T*X) as the geodesic flow of the Riemannian
manifold (X, g).
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The exponential map ey, given by

er(x,§, 1) =mxo®r(x,&,1),

is well-defined for ¢ € R. The well-known theorem (see loc. cit.) which asserts that the
geodesic flow coincides with the Hamiltonian flow of the function f may be translated
as follows.

Lemma 3.2.1 The map

Ep:T*X xI—>J=XxXxI, Ef(x,§1)=(es(x,&1),x,1)
(3.13)

is well-defined and induces C°°-isomorphisms
By (r) x {t} =~ A} x {t} forr < ripjand all t.

The proof of the next lemma is due to Stéphane Guillermou. It is much simpler
than an earlier proof of ours.

Lemma3.2.2 Let (X, g) be a Riemannian manifold satisfying (3.8) and let ax be as
in (3.9). Let x and y in X with x # y and set Z,(x,y) = B;(x) N By(y). Then
RI'(X; Kz, (x,y)) = 0. In other words, (2.3)(d) is satisfied.

Proof
(i) We may assume

for any x1, x2 in W with x; # x2, there exists a unique geodesic /(x1, x2) C W

with x1, xo € [(x1, x2), (314)

for x1, xo, x3in W, if d(x1, x3) = d(x1, x2) + d(x2, x3) then xp € [(x1, x3).

Let us introduce some notations:

Z, = Za(xv y),
M = {z;d(x,z) =d(y, 2},
MXZ{Z;d(xvz) <d(yaz)}a MyZ{Z;d(xvz) >d(y’z)}7
Z'=M:NB,(y), Z'=B(x)NM,.

Note that Z, = Z' 1 Z"”, Z"is open in Z, and Z" is closed in Z,,.
(i) It follows from (3.14) that

:for any geodesic /(x, z), [(x, z) N M has at most one point, and similarly with (3.15)
I(y, 2). '

Indeed, let z1,z0 € [(x,z) N M. Then d(x,z1) = d(x,z2) + d(z2,z1) or
d(x,z2) = d(x,z1) +d(z1,22) or d(z1,22) = d(z1,x) + d(x, z2). Assume
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for example the first equality. Since z1, 22 € M, we get d(y, z1) = d(y, z2) +
d(z2, z1) which implies that the geodesic (y, z1) contains z,. Since there is at
most one geodesic containing both z; and zp, we find that y € [(x, z) which
implies z1 = 23.

(iii) Let us prove that R['(X; k) >~ 0. Let p: B,(y) \ {y} = S4(y) be the map
which sends z € B, (y) \{y}to p(z) € I(y, 2) NS (y). It follows from (3.15) that
the fibers of p intersect Z’ along a unique interval and this interval is half-open.
Since y ¢ 7/, we have R["'(X; k7)) ~ RT' (B, (y); kz/) =~ RI['(B,())\{»}; kz).
Moreover, RT'(B,(y)\{y}; kz/) = RT(S,(»); Rpikz/) = 0.

(iv) Let us prove that RT'(X; kz/) >~ 0. Let g: B,(x) \ {x} — Ss(x) be the map
which sends z € B, (x) \{y} to p(z) € I(x, 2) NS, (x). It follows from (3.15) that
the fibers of ¢ intersect Z” along a unique interval and this interval is half-open.
Since x ¢ 7”, we have RI'(X;kz/) >~ RI'(B,(x);kzr) >~ RI(B,(x) \
{x}; kz»). Moreover, RI"(B, (x) \ {x}; kz») =~ RI'(S,(x); Rg1kz») >~ 0.

(v) The result then follows from the distinguished triangle ks — kz, — kz» +—1>

O

Theorem 3.2.3 Let (X, g) be a real Riemannian manifold satisfying (3.8) and let ax
be as in (3.9). Then hypotheses (2.2), (2.3) and (2.4) are satisfied.

Proof (A) Let us prove (2.2).

(a)—(i) Let x; and x» in X. Since a,b < ax < Feony, the ball B,(x1) and B, (x2)
are geodesically convex. Hence, their intersection is either empty or also geodesically
convex and geodesically convex sets are contractible.

(a)—(ii) The closed and bounded subsets are compact by the Hopf—Rinow Theorem.
Therefore, condition (ii) is satisfied.

(a)—(iii) Let us prove that for (x1,x3) € Ag4p, there exists x € X such that
dx(x1,x2) < a and dx(x2, x3) < b. Without loss of generality we can assume that
dx(x1,x3) = a + b. Since X is complete, it follows from the Hopf—-Rinow Theorem
that x and x3 can be joined by a minimal geodesic y : [0, 1] — X. Then d(x1, y (¢))
will take all values between 0 and a + b. Let 1, € [0, 1] such that d(x1, y(t2)) = a.
Since y is also minimal on every subinterval of [0, 1] it is minimal on [#,, 1]. Then,
dx(x2,x3) = b.

(B) Let us prove (2.3)(c). The set Q7 is, in a neighborhood of A x {0} and locally in
X x X xR, C*°-isomorphic to the open set {(x, &, t); ||€||x < t}. By the Morse lemma
with parameters (see [ 18, Lem. C.6.1 and its proof]) this last set is locally topologically
convex since, in a local chart, it is isomorphic to a constant cone {((x; &), 1); ||&|] < t}
associated with the standart Euclidian metric.

(C) Let us prove (2.3)(a) and (b). By Lemma 3.2.1, we are reduced to prove the result
after replacing A, with B (a) in which case the proof is similar to (B).

(D) The hypothesis (2.3)(d) is satisfied thanks to Lemma 3.2.2.

(E) The hypothesis (2.4) follows from Lemma 2.1.3. Indeed, the distance function
fi=dx: X xX — Risofclass C* on W := AJ\ A for a < ax and we are reduced
tocheck thatfor any given y € X, the differential of the functionx +— g(x) = dx (y, x)
does not vanish for 0 < dx(x, y) < ax. By composing with the exponential map, we
are reduced to prove the same result on T;‘X in which case it is clear. O
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Notation 3.2.4 We shall denote by a — ﬁgi“, a € R the bithickening of the diagonal
given by Theorems 3.2.3 and Proposition 2.2.3.

3.3 Comparison of the two kernels on Riemannian manifolds

In this subsection, (X, g) denotes a Riemannian manifold with associated distance
dx. We shall always assume (3.8).
Recall the function f and the flow ® s defined in (3.12), and consider the function

h: T*X > R, h(x,&) = —||€]|x. (3.16)

Denote by X, the Hamiltonian vector fields of ~# and by &;, the flow associated to

this vector fields. Since % is homogeneous of degree 1 in & and f is homogeneous of

degree 2 in &, we have for A > 0
Dp(x,1;08) = A - Op(x, 1;§), (3.17)
Dr(x,t;08) = A Dr(x, At &). ’

(Of course, in the formula above, A acts on the fiber variables.)

Since f = —%hz, the Hamiltonian vector fields of f and & are related by X y =
—hXp = [|€]|X). In particular, we see that X  and X, are tangent to the unit co-
sphere S}"( (r) and their restrictions to S;}(l) coincide. It follows that ®,(x,t; &) =
®s(x,t; &) if [|&]] = 1 and, by homogeneity, using (3.17)

Dp(x,t;8) = |§llx - Dy (x,t; ﬁ) = [&]lx - Py (x, 1; L%) for& # 0.

111
(3.18)

By the hypothesis (3.8), we get
Lemma 3.3.1 Hypothesis (3.4) is satisfied for h.

Denote as above by Ay, the Lagrangian manifold given by (3.2). One has
Ap = {(Pp(x, &, 1), (x, —6), (¢, |IE][); (x.§) € T*X,t € R} (3.19)
Denote by K the quantization of A and by 8" the monoidal presheaf on (R, +) with
values in DP(kxx, o) associated with K" constructed in Theorem 3.1.2 and denote
by A4St the monoidal presheaf associated with the good metric space (X, dx) (see
Theorem 3.2.3 and Notation 3.2.4).
With Notations (3.11), the distinguished triangle (2.8) reads as

ko- ®q; 'ox —> K4 > ky 25 . (3.20)
Lemma 3.3.2 Assume (3.8). One has A, N T*JT = SS(kz) N T*JT.
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Proof

(i) Recall that

A/’l = {((Dh(x, é’ t)v (-xv _é)v (ta _h(th(x’Ev [))v (x, 5)) € T*X’t € I}
(3.21)

In particular,
(A N T ) = Ep({lI5]lx < 1)) = 3Q7.

(i) The set QT is a smooth hypersurface of J* and it follows from [20, Prop. 8.3.10]

that A, N T*J7 is one half of T8*9+J+. Since A, C {t > 0}, Ay, is the interior

conormal to Q. O

Denote by j: J* < J the open embedding.
Lemma 3.3.3 One hasky ~ Rj,j " 'ky.

Proof One has kg+ ~ jij ~'kq+. Applying the duality functor DYy, yy g We get the
result by Lemma 2.1.2. (Recall that, setting M = X x X x R, D), o ji @ Rj, oD),.)
O

In the proof of the next lemma, we shall use the operation ¥ defined in [20, § 6.2].
Lemma 3.3.4 One has

(@) SS(kz) N7 H(X x X x {0}) C {(x,x,0;§, —£.7): 7 > [|§]Ix},
(b) One has SS(kg-) N1 (X x X x {0}) C {(x,x,0; &, —£,7); T

= 1§11}
Proof

(a) Recall (3.19). We have in a neighborhood of ¢t = 0

t

1111
—&,|1E]10); (x, &) € T*X, 1 € R}.

Ap = {(x— E41%e(x,1,6), x, 1. E+1n(x, 1, ),

This implies
(A NT*T)F{(x,5,050,0,7 = 0)} C {(x,x,0; §, =&, 7); T = [|§][+}.
To conclude, apply [20, Th. 6.3.1] together with Lemmas 3.3.2 and 3.3.3.

(b) follows from (a) by applying the duality functor (using Lemma 2.1.2) together
with v, where v is the map (x, y, f) — (x, y, —1). O

Lemma3.3.5 Let p = (x,x,0; &, =&, ) witht > ||§||x. Then

(a) the natural morphism Kz — Kax oy is an isomorphism in DP(k;; p).

) Birkhauser



70  Page 40 of 42 F. Petit, P. Schapira

(b) the natural morphism Kax1—0) ® qz_la)ﬁ_l[—l] — Ky (x,y)<—1) 1s an isomor-
phism in D°(k;; p).

Proof

(a) Similarly asin part (C) of the proof of Theorem 3.2.3, the set Z is, in a neighborhood
of A x {0} and locally on X x X x R, C*-isomorphic to the set A of (3.11). We
are thus reduced to prove a similar result with Z and A x {0} replaced with A and
T X x {0}. In this case, the result follows from Lemma 3.3.6 below.

(b) follows from (a) by applying the duality functor, using Lemma 2.1.2. O

Lemma 3.3.6 Let E be a vector bundle over X and let y C E be a closed convex
proper cone containing the zero-section X. Let p € T*E xg X with p € Int(y°).
Then the natural morphism k,, — Kx is an isomorphism in D°(kg; D).

Proof We may assume that E = X x V for a real vector space V. Let us choose
local coordinates on X and identify 7*V with V x V*. Then p = ((x; §), (0, 7)) €
T*X x V x V*. By [20, Lem. 3.7.10], the Fourier-Sato transform interchanges the
two objects k, and kx o of D?(k ) with the two objects Kyniy and kg« of DP(kg+).
Hence, applying Theorem 5.5.5 and formula (5.5.6) of loc. cit., we are reduced to
prove that the natural morphism Kyp¢(,c) — K is an isomorphism in DP(kg+; ¢) with
qg = ((x;&),(n,0)) € T*X x V* x V, which is obvious since the two sheaves are
isomorphic in a neighborhood of any point (x, n) € X x Int(y°). O

Recall the sheaf K¢ constructed in Theorem 2.2.4 and the monoidal presheaf 4.

Theorem 3.3.7 Let (X, g) be a complete Riemannian manifold satisfying (3.8). Then

(a) One has the isomorphism K"|; ~ K9] J-
(b) the two monoidal presheaves 8" and KISt are isomorphic.

Proof

(i) Of course, (b) follows from (a). By the unicity result in [17, Prop. 3.2 (iii)], it
remains to prove that

SS(K?) c Ay. (3.22)

(ii) It follows from the distinguished triangle (3.20) that K| ;+ ~ k|, + and it then
follows from Lemma 3.3.2 that (3.22) is true on J+. Moreover, S'S(K d| J-) =
U(S'S(Kd|.]+)) where v is the map (x, y, t; &€, n,7) — (v, x, —t; n, &, ). Since
v(Ajp) = Ajp, we get that (3.22) is true on J .

(iii) Onehas SS(KH) N7~ 1 (X x X x {0}) C {(x, x,0; &, —&, T); T > ||£]],) thanks
to Lemma 3.3.5. The natural morphism ¢ : kz — kg- ® q{la)x[—i—l] is an
isomorphism by Lemma 3.3.5. This implies (3.22). O
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