Algebraic structures on modules of diagrams

by P. Vogel!

Abstract.

There exists a graded algebra A acting in a natural way on many modules of 3-
valent diagrams. Every simple Lie superalgebra with a nonsingular invariant bilinear
form induces a character on A. The classical and exceptional Lie algebras and the Lie
superalgebra D(2, 1, ) produce eight distinct characters on A and eight distinct fam-
ilies of weight functions on chord diagrams. As a consequence we prove that weight
functions coming from semisimple Lie superalgebras do not detect every element in
the module A of chord diagrams. A precise description of A is conjectured.

Introduction.

V. Vassiliev [Va] has recently defined a new family of knot invariants. Actually
every knot invariant with values in an abelian group may be seen as a linear map
from the free Z-module Z[/] generated by isomorphism classes of knots. This module
is a Hopf algebra and has a natural filtration Z[K] = Iy D I; D ... defined in terms
of singular knots, and a Vassiliev invariant of order n is an invariant which is trivial
on I, 1. The coefficients of Jones [J], HOMFLY [H], Kauffman [Ka] polynomials are
Vassiliev invariants.

The associated graded Hopf algebra GrZ[K] =® I,,/I,,41 is finitely generated over

Z in each degree but its rank is completely unknown. Actually GrZ[K] is a certain
quotient of the graded Hopf algebra A of chord diagrams [BN]. Every Vassiliev invari-
ants of order n induces a weight function of degree n, (i.e. a linear form of degree n on
A). Conversely every weight function can be integrated (via the Kontsevich integral)
to a knot invariant. Very few things are known about the algebra A. Rationally, A
is the symmetric algebra on a graded module P, and the so-called Adams operations
split A and P in a direct sum of modules defined in terms of unitrivalent diagrams.
The rank of P is known in degree < 10.

Every Lie algebra equipped with a nonsingular invariant bilinear form and a finite
dimensional representation induces a weight function on A. It was conjectured in [BN]
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that the weight functions corresponding to the classical simple Lie algebras detect
every nontrivial element in A.

In this paper?, we define a graded algebra A acting on many modules of diagrams
like P and every Lie algebra equipped with a nonsingular invariant bilinear form
induces a character on A. With this procedure, we construct eight characters from
A to a polynomial algebra of two variables for three of them, and to Q[t] for the
others. These eight characters are algebraically independent. As a consequence, we
construct a primitive element in 4 which is rationally nontrivial and killed by every
semisimple Lie algebra and Lie superalgebra equipped with a nonsingular invariant
bilinear form and a finite-dimensional representation.

In the first section many modules of diagrams are defined.

In Section 2, we construct a transformation t of degree 1 acting on some of these
modules.

In Section 3, we construct the algebra A. This algebra contains the element ¢.

In Section 4, some modules of diagrams are completely described in term of A.

In Section 5, we define many elements in A and construct a graded algebra ho-
momorphism from Ry to A, where Ry is a subalgebra of a polynomial algebra R with
three variables of degree 1, 2 and 3.

In Section 6, we construct many weight functions and show that every simple
quadratic Lie superalgebra induces a well-defined character on A

In Section 7, we construct the eight characters.

Using these characters, many results on A are proven in the last section. In
particular the morphism Ry — A factors through a quotient Ry/I where I is an
ideal in R generated by a polynomial P € Ry of degree 16 and the induced morphism
Ry/I — A is conjectured to be an isomorphism.

1. Modules of diagrams.

Denote by 3-valent graph a graph where every vertex is 1-valent or 3-valent. A
3-valent graph is defined by local conditions. So in such a graph an edge may be a
loop and two distinct egdes may have common boundary points. The set of 1-valent
vertices of a 3-valent graph K will be called its boundary and denoted by 0K.

Let I' be a curve, i.e. a compact 1-dimensional manifold and X be a finite set. A
(I, X)-diagram is a finite 3-valent graph D equipped with the following data:

— an isomorphism from the disjoint union of I' and X to a subgraph of D sending
JI' U X bijectively to 9D

— for every 3-valent vertex x of D, a cyclic ordering of the set of oriented edges
ending at x.

The class of (I', X )-diagrams will be denoted by D(I", X).

Usually, a (I', X)-diagram will be represented by a 3-valent graph immersed in
the plane in such a way that, at every 3-valent vertex, the cyclic ordering is given by
the orientation of the plane.

2This is an expanded and updated version of a 1995 preprint.



Example of a (', X)-diagram where I' has two closed components and X has two
elements:

Let C be a subclass of D(I', X) which is closed under changing cyclic ordering.
Let k be a commutative ring. Denote by Ax(C) the quotient of the free k-module
generated by the isomorphism classes of (I, X')-diagrams in C by the following rela-
tions:

— if D is a (I', X)-diagram in C, and D’ is obtained from K by changing the
cyclic ordering at one vertex, we have:

(AS) D'=-D

—if D, D', D" are three (I', X)-diagrams in C which differ only near an edge a
in the following way:

Di DH DX

(IHX) D=D -D"

we have:

Remark: If the edge meets the curve I' the relation (IHX) is called (STU) in [BN]:
X+ -1
+ =

The module A(C) is a graded k-module. The degree 0°D of a (I, X)-diagram D
is —x (D) where x is the Euler characteristic.

By considering different classes of diagrams, we get the following examples of
graded modules:

— the module A, (T", X), if C is the class D'(I", X) of (I', X')-diagrams D such that
every connected component of D meets I or X

— the module A{ (T, X), if C is the class D(T", X) of (I', X)-diagrams D such that
D\ T is connected and nonempty (connected case)

— the module A;(T", X), if C is the class D*(I', X) of (I', X)-diagrams D such
that D \ I" is connected and has at least one 3-valent vertex (special case)

— the module A,(T") = A.(T, D)



— the module A§(T") = A5(T, 0)

— the module Fi(X) = A{(0, X). If X is the set [n] = {1,...,n}, the module
Fi(X) will be denoted by Fy(n)

— the module xAgy, where X and Y are finite sets and C is the class of all

(0, X JTY)-diagrams.

The most interesting case is k = Q. So the modules Aq(C), Aq(T', X), AG(T, X),
AQ(, X) ... will be simply denoted by A(C), A(T', X), A%, X), A*(T', X) ....

The module Ag(I") is strongly related to the theory of links. In the case of
knots, the Kontsevich integral provides a universal Vassiliev invariant with values in
a completion of the quotient of the module A = Aq(S') = A(S!) by some submodule
I [BN]. The module A is actually a commutative and cocommutative Hopf algebra
(the product corresponds to the connected sum of knots) and [ is the ideal generated

by the following diagram of degree 1:

Remark: The definition of the module A (T") is slightly different from the classical
one. The classical definition needs an orientation of I', but cyclic orderings near
vertices in I" are not part of the data. The relationship between these two definitions
come from the fact that, if I' is oriented, there is a canonical choice for the cyclic
ordering of edges ending at each vertex in I'.

Let Py, = A$(S') and Ag = Ax(S'). The inclusion D¢(S, 0) € D(S*,0) induces
a linear map from Py to Ay and a morphism of Hopf algebras from S(Py) to Ay.

1.1 Proposition: The morphism S(Pz) — Agz is surjective with finite kernel in
each degree.

Proof: For n > 0, denote by &, the submodule of Az generated by the diagrams D
such that D\ S! has at most n components. Because of relation STU, it is easy to see
that, mod &,, £,41 is generated by connected sums K 1K, ... 1K, where K; \ S*
are connected. That proves, by induction, that the canonical map from S(Pz) to Az
is surjective. Because S(Pz) and Az are finitely generated over Z in each degree,
it’s enough to prove that the map from S(Pz) to Az is a rational isomorphism,
and because S(Pz) and Az are commutative and cocommutative Hopf algebras, it is
enough to prove that the map from P = Pq to A = Agq is an isomorphism from P
to the module of primitives of A.

Consider the module C, of 3-valent diagrams with p univalent vertices and the
module C; of connected 3-valent diagrams with p univalent vertices. In [BN] Bar

Natan constructs a rational isomorphism from A to the direct sum @ C, which
p>0

respects the comultiplication. In the same way we have a rational isomorphism from
Pto & Cp.
p>0
Therefore P is isomorphic to the module of primitives of A. O
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Very few things are known about A and P. They are finitely generated modules
in each degree. The rank is known in degree < 9. For P, this rank is: 1, 1, 1, 2, 3,
5, 8,12, 18 [BN]. Some linear forms (called weight functions) on A (coming from Lie
algebras) are known. Rationally the module P splits in a direct sum of modules of
connected 3-valent diagrams C¢ [BN]. Actually the module C¢ is defined in the same
way as F'(n) = Fq(n) except that the bijection from [n] to the set of 1-valent vertices
is forgotten. Hence this splitting may be written in the following manner:

1.2 Proposition: There is an isomorphism:

® Ho(S,, F(n)) — P.

n>0

The last module xAgy defined above will be used later. Actually these modules
define a k-linear monoidal category Ay. The objects of Ay are finite sets, and the set
of morphisms Hom(X,Y") is the module y Ay x. The composition from xAgy @ yAgy
to xAy is obtained by gluing. In particular, for every finite set X, xArx is a
k-algebra.

The monoidal structure is the disjoint union of finite sets or diagrams.

For technical reasons we’ll use a modified degree for modules Fy(X) and xAyy-:

— the degree of an element u € Fj,(X) represented by a diagram D is 1 — x(D).
So the degree of a tree is zero.

— the degree of an element u € y Ay x represented by a diagram D is —x (D, X).
This degree is compatible with the structure of k-linear monoidal category.

2. The transformation ¢.

Let I' be a curve and X be a finite set. We have three graded modules Ax(T", X),
Af (T, X) and A (T, X), and A% (T, X) is isomorphic to Aj(I", X) except maybe in
small degrees.

Let D be a (I', X)-diagram in the class Dj(I", X'). Take a 3-valent vertex outside
of I'. Then it is possible to modify D near this vertex in the following way:

— - e

2.1 Theorem: This transformation induces a well-defined endomorphism t of the

module A (", X).



Proof: Let D be a diagram in the class Dj(I', X'). Let a be an edge of D disjoint
from the curve I'. Denote vertices of a by x and y. Relations IHX imply the following;:

Then transformations of D at z and y produce the same element in the module
A3(T, X). Since the complement of I' in a diagram in D(I", X) is connected, the
transformation ¢ is well defined from the class Dy (T, X) to A (T, X).

It is easy to see that t is compatible with the AS relation. Consider an THX
relation:

D=D -D"

where D, D' and D" differ only near an edge a. If there is a 3-valent vertex in D
which is not in @ and not in the curve T', it is possible to define tD, tD" and tD" by
using this vertex, and the relation

tD =tD' —tD"

becomes obvious.
Suppose now I' U X U a contains every vertex in D. Then the edge a is not
contained in I, and that is true also for D’ and D”. Therefore a doesn’t meet I', and




M+\ BN

2.2 Proposition: If I' is nonempty the transformation t extends in a natural way
to the module A (I", X).

Proof: Let D be a diagram in the class Df(I', X). Let = be a 3-valent vertex of D
contained in I". This vertex in contained in an edge a in D \ I". If the diagram D
lies in the class Dj(I", X'), D has a vertex which is not in I". Therefore a has a vertex
outside of I' and we have:

. / ) ) ) \’/

Hence t extends to the module A{(I", X') by setting:

O

O
Example: The module P, = A¢(S') = A§(S*,0) which is the module of primitives
of the algebra of diagrams A has, in degree < 4 the following basis:



Corollary: Let D be a planar (S',())-diagram of degree n such that the complement
of S' in D is a tree. Then the class of D in the module A%(S') is exactly t"'a.

Proof: The conditions satisfied by D imply that D contains a triangle ryz with an
edge zy in the circle. By taking off the edge xz we get a new diagram D’ such that
the complement of the circle in D’ is still a planar tree. By induction, the class of D’
in A$(S1) is t" 2 and the result follows.

O

3. The algebra A.

In this section we construct an algebra of diagrams acting on many modules of
diagrams. In particular this algebra acts in a natural way on the modules A (T", X).
Actually the element ¢ is a particular element of A of degree 1.

The module Fi(X) is equipped with an action of the symmetric group &(X). But
we can also define natural maps from F(X) to Fi(Y) in the following way:

Let D be a (0, X [[Y)-diagram such that every connected component of D meets
X and Y. Then the gluing map along X induces a graded linear map ¢p from
Fi(X) to F(Y). Actually the class C of (), X [[Y)-diagrams satisfying this property
induces a graded module xAf, = A;(C) and these modules give rise to a monoidal
subcategory A of the category Ay. For every finite set X and Y the gluing map is
a map from Fj(X) ® xAf, to Fi(Y).

In particular we have two maps ¢ and ¢’ from Fi(3) to Fj(4) induced by the
following diagrams:

)i —

—_

I —

3.1 Definition: Ay is the set of elements u € Fy(3) satisfying the following condi-
tions:

Vo € 63, o(u) =c(o)u



where € is the signature homomorphism.
The module Aq will be denoted by A.

3.2 Proposition: The module Ay is a graded k-algebra acting on each module
AT, X).

Proof: Let I" be a curve and X be a finite set. Let D be a (I', X)-diagram such that
D\ T is connected and has some 3-valent vertex z. If u is an element of Ay, we can
insert u in D near x and we get a linear combination of diagrams and therefore an

element uD in A3 (T, X).

\

X — u

/

Since u is completely antisymmetric with respect to the Gs-action, uD doesn’t
depend on the given bijection from [3] = {1,2,3} to the set of edges ending at z,
but only on the cyclic ordering. Moreover, if this cyclic ordering is changed, uK is
multiplied by —1. The first condition satisfied by u implies that the elements uK
constructed by two consecutive vertices are the same. Since the complement of I" in
D is connected, uD doesn’t depend on the choice of the vertex x, and uD is well
defined.

By construction, the rule v — uD is a linear map from Ay to Aj(I", X) of degree
0°D. Since the transformation D — uD is compatible with the AS relations, the
only thing to check is to prove that this transformation is compatible with the IHX
relations.

Consider an THX relation: D = D" — D” corresponding to an edge a in D. If D
has a 3-valent vertex outside of a and I', it is possible to make the transformation
? +— u? by using a vertex which is not in a, and we get the equality: uD = uD’'—uD".
Otherwise a is outside of [' and we have:

-l

This last expression is trivial, because of Lemma 3.3 and the formula uD =
uD" —uD" is always true.

Therefore the transformation ? +— wu? is compatible with the ITHX relation and
induces a well-defined transformation from A (I", X) to itself. In particular, Ay acts
on itself. Therefore this module is a k-algebra and A3(I", X) is a Ag-module. O
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3.3 Lemma: Let X be a finite set and Y be the set X with one extra point
added. Let D be a connected (), X)-diagram. For every x € X denote by D, the
(0,Y')-diagram obtained by adding to D an extra edge from yq to a point in D near
x, the cyclic ordering near the new vertex being given by taking the edge ending at
Yo first, the edge ending at x after and the last edge at the end.

Then the element %} D, is trivial in the module F(Y).

Mo —[‘ Yo /‘ Yo - ‘ Y%

l R T

Proof: For every oriented edge a in D from a vertex u to a vertex v, we can connect
yo to K by adding an extra edge from g, to a new vertex xq in a and we get a (0, Y)-
diagram D, where the cyclic ordering between edges ending at x¢ is (zou, Zoyo, Tov).

Zo
U Yo

It is clear that the expression D, + Dy is trivial if b is the edge a with the opposite
orientation. Moreover if a, b and ¢ are the three edges starting from a 3-valent vertex
of K, the sum D, + D, + D, is also trivial. Therefore the sum D, for all oriented
edge a in D is trivial and is equal to the sum 3D, for all oriented edge a starting
from a vertex in X. That proves the lemma. O

In degree less to 4, the module Ay is freely generated by the following diagrams:

4. Structure of modules F(n) for small values of n.

The module Fj(n) is a Ap-module except for n = 0,2. But the submodule F(n) =
A (0, [n]) of Fi(n) generated by diagrams having at least one 3-valent vertex is a Ay-
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module. For n # 0,2, F/(n) is equal to Fi(n) and for n = 0,2, Fi(n) is isomorphic
to k ® Fj(n).

4.1 Proposition: Connecting the elements of [2] by an edge induces an isomorphism
from Fy(2) to Fy(0).

Proof: This map is clearly surjective.
Let D be a connected (1, [O]) diagram Let a be an oriented edge of D. We can
cut off a part of a and we get a (0, [2])-diagram ¢(D, a).

%
j/

Let a and b be consecutive edges in D. Because of Lemma 3.3, we have:
L4
p(D,a)= = j%: ©(D,b)

Therefore (K, a) is independent of the choice of a and induces a well-defined map
from F(0) to Fj(2) which is obviously the inverse of the map above. O

4.2 Corollary: The action of the symmetric group Sy on Fi(2) is trivial.

4.3 Proposition: The module Fi(1) is isomorphic to k/2 and generated by the

following diagram:

Proof: The diagram above is clearly a generator of Fj(1) in degree 1, and the
antisymmetric relation implies that this element is of order 2. Let D be a (0, [1])-
diagram of degree > 1. We have:

D = ?b — ?)_D

o - P - bo =




O

4.4 Proposition: The quotient map from [3] to a point induces a surjective map
from Fy(3) ® k= to F'(0) and its kernel is a k/2-module.
S3

Proof: Here the group G35 acts on k = k~ via the signature. Actually, the module
Fi(3) ® k™ is isomorphic to the module M generated by connected 3-valent diagrams
Ss

without univalent vertex, pointed by a vertex and equipped with a cyclic ordering
near every vertex and where the relations are the AS relation everywhere and the
[HS relation outside of the special vertex.

Because of Lemma 3.3, we have in M:

Actually we have for every n > 0 a module ﬁ(n) generated by connected diagrams
K with 0K = [n] and pointed by a 3-valent vertex. The relations are the antisym-
metric relation AS everywhere and the relation THX outside of the special vertex and

the relation above.
If {a,b,c,d} = [4], we can set:

¢<a7 b7 C7 d) =

b c

This diagram belongs to 15(4) and is antisymmetric with respect to the transpositions
a < band ¢ « d. Let k= be the maximal exterior power of the module generated
by the elements of [4]. Define the element v (a,b,c,d) in k=~ @ F(4) by: ¥(a,b, c,d) =
anbrend @ @(a, b, ¢, d). By construction 1 (a, b, ¢,d) depends only on the subset {c,d}
of [4]. So we set: ¥(a,b,c,d) = f(c,d).

The relation obtained by Lemma 3.3 is:

Zf(a,x) =0

r#a

for every a in [4].
For {a,b,c,d} = [4], set: g(a,b) = f(a,b) — f(c,d). We have:

f(avb) +f<avc>+f(a7d> =0= f(bva) —|—f<b,C) +f<b7d)
= g(avc) = g<b7 C)
Then u = g(a, b) doesn’t depend on {a,b} and we have:

u=g(a,b) = f(a,b) — f(c,d) = —g(c,d) = —u.

12



Therefore the diagram

is killed by 2 and invariant under the action of G,.

Let a be an element in F}(0) represented by a 3-valent diagram D. Take a
vertex xo in D. The pair (K, zg) represents a well-defined element /3 in the module
M ~ Fi(3) é@ k™ and 20 doesn’t depend on the choice of the vertex xy. Hence the

3

rule a — 20 is a well-defined map A from F}(0) to F(3) ® k~. Denote by u the
G3
canonical map from Fy(3) ® k£~ to F'(0). We have:
S3
pA =2 and Ap=2
and Proposition 4.4 follows. O
4.5 Proposition: Let Fj(3)~ be the submodule of Fy(3) defined by:

Vu € Fi(3), ue F,(3)” & NVoe6;, o(u)=clo)u)

where ¢ is the signature homomorphism. Then Ay is a submodule of F'(3), and the
quotient F'(3), /Ay is a k/2-module.

Proof: Let u be an element of F'(3),. If v is an element of Fy,(4) represented by a
diagram D equipped with a special vertex xg, we can insert v in K near zy and we
get a well-defined element f(v) in the module Fy(4).

>F u_

But we have in Fk 4):

and that implies in F}(4):

/
\
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Therefore 2u lies in Ay. O

4.6 Corollary: Suppose 6 in invertible in k. Then the modules F{(0) and F},(2) are
free Ap-modules of rank one generated by:

@ and  —{ )—

respectively.
Proof: Since &3 is a group of order 6, the identity induces an isomorphism from

Fi(3)™ to Fr(3) ® k~ and the corollary follows easily. O
G3

4.7 Corollary: Let u be the primitive element of A = A(S*, () represented by the
diagram:

Then the map A — Au from A to the module P of primitives of A is injective.
Proof: That’s a consequence of the fact that P = Pq contains the module F'(2) ®
(G}

Q= F'(2). O

It is not clear that A, is commutative, but it’s almost the case. If o and ( are
elements in Ay, and u an element of a module A;(I", X') represented by a diagram
with at least two 3-valent vertices outside of I', we may construct afu by using «
and ( modifications near two different vertices. Therefore: afu = Sau.

4.8 Proposition: The algebra A, has the following properties:
va)ﬁa’YEAka 807>0:>aﬁ7:/8a77
Ya, 3 € Ay, 12a8 = 120a.

Proof: The first formula is a special case of the property explained above. For the
second one, just use that property where u is represented by the diagram

o- @

in F/(0) and remark that the composite: Ay — Fy(3) ® k= — F/(0) has a kernel
S3
annihilated by 6 x 2 = 12. O
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4.9 Corollary: The algebra A is commutative.

4.10 Proposition: Let A be the algebra A completed by the degree (i.e. A = ILA).
Let M be a 3-dimensional homology sphere. Then there is a unique element (M) in
A such that the LMO invariant of M is the exponential of the element 6(M)®©.

Proof: Let u be the LMO-invariant of M constructed by Le-Murakami-Ohtsuki
[LMO]. Then u is a group-like element in the completion of the module generated by
3-valent diagrams. Therefore its logarithm is primitive and lies in the completion of
the module F’(0). Since this module is a free A-module generated by © the result
follows. O

5. Constructing elements in A.

Let T" be a curve and Z be a finite set. Let D be a (I', Z)-diagram. Let X be a
finite set in D outside the set of vertices of D. Suppose that D is oriented near X.
For each x # y in X we have a diagram D,, obtained from D by adding an edge u
joining x and y in D. Cyclic orderings near x and y are chosen by an immersion from
D,, to the plane which is injective on a neighborhood of « and sends neighborhoods
of x and y in K to horizontal lines with the same orientation and u to a vertical
segment. This diagram D,, depends only on the subset {z,y} in X.

u

)
The sum of the diagrams D, for all subsets {z,y} C X will be denoted by Dx.

5.1 Lemma: Let I' and I'" be closed curves. Let X, Y and Z be finite disjoint sets.
Let D be a (I'; X UY')-diagram and D' be a (I', X UY U Z) diagram. Suppose that
the union H of D and D" over X UY lies in D*(I'UI", Z). The diagram H is oriented
near X and Y by going from D' to D near X and from D to D' near Y. Then we
have the following formula in A (I’ UT", Z):

where p = #X, g = #Y.

Proof: Set I'y = 'UI". Let u be a point in H which is not a vertex. By adding one
edge to H near u we get a new diagram H,:

The class [H,] of H, in Aj(I'1, Z) will be denoted by ¢(u). If w is not in I'y, p(u) is
equal to 2t[H]. Otherwise ¢(u) depends only on the component of I'; which contains
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=) _ Jan + T _ ‘ =)

Consider a map f from H to the circle ST = R U {oo} satisfying the following:

— f is smooth and generic on I'; and on each edge of K

— every singular value of f is the image of a unique critical point in an open edge
of H\ T'; or a unique vertex of H

— a vertex in H is never a local extremum of f

— each critical point of f|I'; is not a vertex of H

— S0 =X, =Y,  fH01])=D.

Let v be a regular value of f and V be the set f~!(v). The map f induces an
orientation of H near each point of V. So [H]y is well defined in A;(I';, Z) and we

can set:
g(v) = (] = 1723 ().
ueV
This expression is well defined because V meets every component of I'; in a even
number of points.

By construction we have: g(v) = [Hx|—pt[H]if v is near 0 and g(v) = [Hy|—qt[H]|
if v is near 1. Then the last thing to do is to prove that g has no jump on the critical
values of f.

If v is the image of a critical point in an open edge in H, the jump of f in v is
0 because of the AS relations. If v is the image of a vertex in H, the jump is also
0 because of the IHX relations. Therefore the map ¢ is constant and the lemma is
proven. (|

A special case of this lemma is the following equality:

D1 D _D=D__DI1D in A$(T, Z).

5.2 Corollary: The element t is central in Ay.

Proof: For every u € Ay, we have:
ut = j;u — =tu.

Let I'y be the normal subgroup of order 4 of &4. Consider the element 6 € 3A;,
represented by the following diagram:

O

A
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By gluing from the left or the right, we get a map u +— ud from Fi(3) to Fy(4) or
a map u — ou from Fj(4) to Fi(3). Denote by E the submodule of Fi(4) of all
elements u € F(4) satisfying the following conditions:

Vo € 6y, dou € Ay and VYo el'y, ou=u.

For every u € Fi(4), define elements xu, yu, zu by:

U = U yu =

I

u ZUu = u

5.3 Proposition: The module FE is a graded A[S,])-submodule of Fy(4) and for
every u € F we have:

U, yu, 2u € F, Tu + yu + zu = 2tu.

Proof: The fact that E is a graded Ay[&4]-submodule of Fj(4) is obvious. Let u be
an element of Fj(4). Because of Lemma 5.1, we have:

U = u = U
yu = u = U
2u = U = u

Hence, if o is a permutation in &4, there exists an element 6 € {x,y, z} such that
oxu = Bou. More precisely &, acts on the set {x,y, z} via an epimorphism o +— &
from G4 to &3, and we have:

oxu = o(z)ou, oyu = o(y)ou, ozu = o(z)ou.

The kernel of this epimorphism is I'y.

We have:
S I
TU + Yu + 2u = u-+ u+ ___|___u.
Because of Lemma 3.3, we have:
U

U+ Yu + 2u = u = 2tu.
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Moreover, if u € Fi(4) is I'y-invariant, zu, yu, zu are I'y-invariant too, and the
last thing to do is to prove that dxou, dyou, dzou are in Ay, for every u € E.

We have:
—G:au =tdou € Ay

dxou =

dyou = 2tdou — dxou — dzou

and it is enough to prove that dzou belongs to A,. Because of Lemma 5.1 we have:
520t = o= —ou=

Let s, 7, 7/, 6 be the permutations in &4 or &3 represented by the following
diagrams:

ru= "=

HH \

<

We have:

Tozo0U = T":au = 4l:7’ ou = :ET’JU

and then:
Tézou = 27 ou = 26z0u = 6277 0.

But 72 lies in 'y and 720z0u = dzou. Therefore dzou is invariant under cyclic
permutations. We have also:

sézou = S:Eau: - :Eﬁau = — :Eﬁau.

Since 6 lies in I'y also, sézou = —dzou and dzou belongs to the submodule Fj(3)~
of Fy(3). Consider the following diagrams:

We have to prove the last equality: 6’6zou = 6”6z0u. Denote by o;; the transpo-
sition ¢ <= j. We have:

§ozou = Z_E ou = —C zou = (1 — o13)xzou
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and similarly:

0"0zou = ;_E ou= (1 — o34)xz0U.

But 015 and o034 are the same modulo I'y and induce the transposition y <+ z. Then
we have:
0"dz0u = xzou — YOI 0U = TZOU — TYT190U = & dz0U
3

and that finishes the proof. O

Consider the following element of Fj(4):

-3

For every p > 0 set: z, = 627 'a. Because of the last result, z, is an element of
degree p in Ay. It is not difficult to check the following:

rL =2t  xy =1t 3z4 = Atzs + t
and Ay is freely generated in degree < 6 by:

teg —t* tPrs —t° x5+ 24
3 3 2

17 t7 t27 t37 t47 t57 z3,

Let 7 be a permutation in &, inducing the cyclic permutation z +— y +— 2z +— .
Set: 21 =T, 20 =Y, 23 = 2, ] = a, Gy = Ta, a3 = 72a. The group &3 acts on F and
for every o € &3, every i € {1,2,3} and every u € F we have:

0(ziu) = zo()0 (1)

o(0;) = €(0) )

where £(0) is the signature of . Denote also by f; the morphism u +— du from E to
Ay. If o is the transposition keeping 1 fixed, on has for every u € E:

filo(u) = = fi(u).

Therefore there are unique morphisms f, and f3 from E to A, such that:

foiy(o(u)) = e(0) fi(w)

for every u € E, 0 € 63 and i € {1,2,3}. Moreover, if ¢ is the transposition keeping
1 fixed we have:

zi(u — o(u)) = fi(u)oy

for every u € E.

The set {1, 2,3} in canonically oriented and for every i, j and k distinct in {1, 2, 3},
there is a sign injak in {£1}: the signature of the permutation 1 +— 7, 2 — j, 3 — k.
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5.4 Proposition: Suppose 6 is invertible in k. Then there exist unique elements
e, e, and (3;, in E, fori € {1,2,3} and p > 0 and unique elements w, (p > 0) in Ay
such that the following holds for every o € &3, every i, j, k distinct in {1,2,3} and
every p > 0:

Brp+ Bop+ B3, =0

ole) =e, olep) =¢p, 0(Bip) =(0)Boq)p
filei) =2t,  fi(Bip) = 2wy
filag) ==t fi(Bjp) = —wp
file) = fi(ep) =0

ziog = tay, 2B, = wpoy

t
2y = iAj/\k e+ g(Oéj - Oéi)
2t o 1082 1
zie=ze + mmk(—g (oj — ag) — 5(5]',0 — ﬁmo))

oo 2t
zifjp = injnk €p + g(ﬁjvp — Brp) + wpaiy

2t o AP 1 2tw
Zi€p = ggp + ZA]Ak(?(@',p — Brp) — §<ﬁj,p+1 — Brpy1) + Tp@‘j - O‘k))-

Proof:  Consider formal elements w, for p > 0 of degree 3 + 2p. Then R =
k[t,w), wl,...] is a graded algebra. Let E’ be the R-module generated by elements
o, B, € and g, (for p > 0 and 7 € {1,2,3}) with the following relations:

i\p)
Y ai=0,  Yp=0 ) 8,=0
This module is graded by:

°a; =0, 0°F,=2+2p, 0% =1, 0%,=3+2p

The symmetric group &3 acts on E’ by:

o(eg) = e(0)agy,  0(Bj,) =€(0)Bsp, ole) =€, alg,) =g,

and E' is a graded R[&3]-module.

Using relations above we have well-defined maps u +— z;u from E’ to E’ and the
sum of these maps is 2¢. We have also linear maps f; from E’ to R sending ¢’ and ¢,
to 0 and defined on the other generators by:

fileg) =2t fi(B;,) = 2w,
file) ==t fi(B,) = —w,
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It is not difficult to check the formula:
Vu € E', zi(u—o(u)) = fi(u)a,

where o is the transposition keeping ¢ fixed. The last thing to do is to construct an
algebra homomorphism ¢ from R to Ay and a morphism ¢ from E’ to F which is
linear over 1 sending o} to «o; and z; to z;.

Consider the elements u(i, j, k) = z;o,; — t/3a; +t/3c; in E (for 4, j, k distinct).
One has:

u(i, g, k) —u(y, k,i) = ziaj — zjoy, — t/3(a; — 0 — ap + @) = 2,04 — zjay, — tay

= zioj + (2 + 2z — 2t) oy, — tay = zi(oj + ag) + zpay — 2tay — tay
= —z;a; + zray, + ta; —tay, = 0.

Then u(i, j, k) is invariant under cyclic permutations. One has also:
u(i, j, k) +ulk,j,i) = (zi + zx)o; — 2t /30 + t/3(a; + ou) = (2t — 2)a; — ta; = 0.

Therefore u(i, j, k) is totally antisymmetric in 4, j, k and irnjak (i, j, k) is invariant
under the action of &5. So one can set:

e =@(e) =injrk u(i, g, k).

The element v(i, j, k) = injak(zje — zxe) is clearly symmetric under the transposition
J <> k. So it depends only on ¢ and we can set:

20t2 2
Bio = TO@' + gv(ivja k).
Hence we have:
1 2t YYIN3
se =525 — 2 — @+ 2)e = Te+ i (o(kii,g) — V(i k)

2t . 108 1
= ge + Z/\j/\k(T(Oéj —ag) — 5(5]',0 — @c,o))-

It is easy to see that the sum of the 3;¢ vanishes and we can set: ©(3;,) = B0
On the other hand we have:

fi<_ﬁk,0) = _fi(ﬁjﬂ)

and f;(8;0) depends only on i. But we have: fi(8;0) = fj(Oko) and fi(5;0) doesn’t
depend on i. So we can set: wy = —f;(B,0). Since F; 0+ Bj0 + Bio is trivial, we have
also: fi(Bio) = 2wy and we can set: ¥(w]) = wp.

Set: w(i, j, k) = 2850 — %(ﬁm — Bro) — wooy,. One has:

2t

w(i, g, k) —w(j, k, 1) = 2850 — 2jBr0 — ?(_3@@,0) — wolo — )
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= 2.0 — (2t — 2; — 2k) B0 + 2P0 — wolou, — ;)
= 2(Bj0 + Bro) + 260k0 — wolow — )
= fi(Bj0)ou + 1/2 fi(Bro)or — wo(ou — a;) = 0.

Then w(i, j, k) is invariant under cyclic permutations. One has also:

.. . 2t
w(i,j, k) +w(k,j,i) = ziBj0 + 2850 — 3(35]',0) — wol(ag + o)

= (Qt — Zj)ﬁj,o — Qtﬁjp + woozj = —Z]’ﬁj70 + woozj =0.
Therefore w(i, j, k) is totally antisymmetric in ¢, j, k and injak w(i, j, k) is invariant
under the action of &5. So one can set:
g0 = ¢(gg) = injrk w(i, j, k).

Let p > 0 be en integer. Suppose that 3;, and ¢, are constructed for ¢ < p
and ¢ and 1) are constructed in degree < 3 + 2p. Consider the element u(i, j, k) =
ingnk(zj — zi)ep + % Bip + 2twpoy. This element is invariant under the transposition
j <> k and depends only on i. So we can set:

2 .
ﬁi,erl = §U<Z7.77 k)

It is easy to check the following:

Bipr1 + Bopr1 + Bapr1 =0

1 2tw
S Bt = Bepin) + =20y — o))

3
and we can set: ©(; ,,1) = Bips1- On the other hand we have:

fi(—ﬁk,pﬂ) = —fz‘(ﬁj,pﬂ)

and f;(5;,+1) depends only on i. But we have: fi(8;,+1) = fj(Brpt+1) and fi(Bjp+1)
doesn’t depend on i. So we can set: wyi1 = —fi(5)p+1). Since B pr1 + Bjpr1 + Brpt1
is trivial, we have also: f;(8ip11) = 2wpy1 and we can set: (w), 1) = wpy1.

Set: w(i,j, k) = ziﬁj,erl — %(/Bj7p+1 — ﬁk,erl) — Wpt+10k. One has:

2t At
2iEp = ?EP + ZA]/\]{/‘(?(ﬁj,p - ﬁk,p) -

2t

w(i,j, k) —w(j, k,1) = 2ifjpr1 — 2 Brpr1 — ?(_3/8]6,])—1—1) — w1 (o — ;)

= Zifljpr1 — (2t = 2 — 2) Bppr + 20 0ppr1 — Wpaa (e — )
= 2i(Bjpt1 + Brp+1) + 260k pr1 — wpr1 (g — )
= [ilBjp+1)ei + 1/2fi(Brp1) ok — wpsr (e — ;) = 0.
Then w(i, j, k) is invariant under cyclic permutations. One has also:

2t

w(iaja k) + w(kaja Z) = Ziﬁj,l’-‘rl + Zk/ngH—l - 3(3/8]',]24-1) - wp—i—l(ak; + al)
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= (2t — 2j)Bjp11 — 2B pi1 + wWpi10 = =2 Fip11 + wpra; = 0.

Therefore w(i, j, k) is totally antisymmetric in ¢, j, k and injak w(i, j, k) is invariant
under the action of &5. So one can set:

Ept1 = go(&t;H) = injrk w(i, j, k).
So ¢ and v are defined by induction and the result follows. O
Remark: The subalgebra A’ of A, generated by the z;’s is generated by z1, x3, x5, . ..

and also by ¢,wp,w1,.... Then every z; can be expressed in term of ¢ and the wj’s.
In low degree we get:

3
T = Zt, To — t2, T3 — 4t3 — iu)(], T4 = 5t4 — Qtwo,
17 3 3
Ty — 12t5 — 7152(,00 + 5(,(}1, T — 21t6 — 17t3W0 + 5tw1 — 50&)8,
91 7 37 3
Ty = 44t7 — 7154&)0 — §twg + 7152&)1 — 5(,(.)2.

Suppose that a; € F is represented by:

0>

Then we set:

These diagrams are well defined in F(4) if 6 is invertible in k. By gluing we are
able to define new (I', X')-diagrams represented by a graph D containing I" such that:

— the set 0D of 1-valent vertices of D is the disjoint union of 0" and X

— each vertex of D in I' \ OI" is 3-valent

— each vertex of D is 1-valent, 3-valent, or 4-valent

— each 3-valent vertex of K is oriented (by a cyclic ordering)

— some 4-valent vertex is marked by a bullet and labeled by a nonnegative integer

— some edge is marked by a bullet and labeled by a nonnegative integer

— each marked edge is outside of I' and its boundary has two 3-valent vertices

— the marked edges are pairwise disjoint.

Such a diagram will be called an extended (I', X')-diagram. Each extended (I, X)-
diagram is a linear combination of usual (I', X')-diagrams. A marked diagram D is
an extended diagram with at least one marqued vertex. The sum of the markings is
called the total marking of D.
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5.5 Proposition: Suppose 6 is invertible in k. Then we have the following formulas:

for every p > 0.
Proof: This is essentially a graphical version of Proposition 5.4. O

There are many relations in the algebra A. Kneissler [Kn] founded relations in
term if the z;’s. In term of the w;’s Kneissler’s result becomes the following:

5.6 Theorem: The following relations hold in A:

Vp,q >0, wpwy = Wowpiq-

5.7 Theorem: Let I be a closed curve and X be a finite set. Let u be an element
of A*(T", X)) represented by a marked diagram D with total marking p. Let Dy be
the diagram D where each marking is replaced by 0. Then u depends only on p and
Dy. Moreover w,u depends only on p + q and Dj.

Proof: Here we are working over the rationals (k = Q).

5.7.1 Lemma: The following relation holds in F(6):
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Proof: Let E, be the component of F'(6) of degree n. These modules can be deter-
mined by computer for n < 6. In this range the dimensions are:

24 60 120 199 309 439 594

The desired relation lies in the module Fg and can be checked directly. More precisely,
FE,, has a decomposition in a direct sum of pieces corresponding to the Young diagrams
of size 6. Using this decomposition and formulas in Proposition 5.5 we get:

LD =A@ + 402,22 + 40(3,1,1,1)

L A+ aG2

Ll A 2) 4+ 40(2,2,2) 1+ 4031, 1,1) + An(3,2, 1)

N — A5(4,2) + A5(3,2,1) + Ay (5, 1)

Lol — A2+ 4222 1 A3 1)+ Au3,2,1)

o
\g\\g = A5(4,2) + A5(5,1) + A5(3,2, 1)
\g E\ — A6(4,2) + A6(2,2,2) + Ag(3,1,1, 1) + Ag(3,2, 1).

It is not difficult to see that the symmetry o along a vertical axis acts trivially on
As(4,2), Ag(2,2,2), Ag(3,1,1,1), Ag(3,2,1) and then on the last diagram. So we

have:
0 1 0 1 1 0
and that proves the lemma. O

5.7.2 Lemma: For every p and q we have the following relations in F(6):

P q - P’ q
p q - P q
p ¢ P |q

withp' =p+1andq =q+ 1.
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Proof: Consider the following diagrams:

Alp,q) =

q

p

NN

p

p,q)z\ £
A N

These diagrams are morphisms in the category A.
Consider the following morphisms in this category:

NS, T

C

o

T =

Then we set:

2 2 2
¢:§fo(ﬁ—a)+§92+§u

wzg(ﬁ—a)og—l—%ﬁz—i—gv

Because of Proposition 5.5 we can check the following:
Alp.q)o f=Blp.q) A, g)ov=Alp,q+1)

goB(p,q) =Clp,q)  YoAlp,q) =Alp+19)
Because of Lemma 5.7.1 we have: A(0,1) = A(1,0). Therefore we get:

A(p,q+1) =90 A(0,1) o p? =P 0 A(1,0) 0 0 = A(p +1,q)

B(p,q+1)=A({p,q+1)of=Alp+1,q)of=B({p+1,4q)
C(p,q+1)=goB(p,q+1)=goB(p+1,q) =C(p+1,q)

and that proves the lemma.
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Then diagrams A(p, q), B(p,q), C(p,q) depend only on p 4+ ¢ and we can set:

Alp,q) = Alp+4q), Blp,g)=Bp+q), Cp,q=Clp+aq).

Let ug be the diagram represented in F'(3) by 1 € A C F(3). By gluing ug on the
diagram A(p, q) we get the following diagram v in F'(3):

SN

p

q

depending only on p + ¢q. Because of Proposition 5.5, we get:

U:WPL.L :2wpwq¢

q

Therefore wyw, depend only on p + ¢ and Theorem 5.6 follows.

Let D be a marked diagram representing an element U in A*(I", X). Then D\ T’
is connected. Let Z be the set of all marked vertices or edges of D. We'll said that
two elements v and v in Z are related if there is a path v in D connecting v and v
such that v doesn’t meet I' and meets Z only in v and v. This relation generates an
equivalence relation =. Since D \ I' is connected, Z has only one equivalence class
modulo =. Therefore in order to prove the first part of Theorem 5.7 it is enough to
prove the following: if u and v in Z are related the class of D in A*(I", X) depends
only on the sum of the marking of u and v.

Consider the following diagrams in F'(6 + n), for some integers p, ¢, n:

A= L -]

Bn(p,q) = % “ ‘2

If w and v in Z are related D contains a subdiagram isomorphic to A, (p, q),

Bn(p,q) or Cy(p,q). Then it is enough to prove that A, (p,q), B.(p,q) and C,(p,q)
depend only on n and p+¢. Let X be one of the symbol A, B, C'. Because of Lemma
3.3, we can push away all strands in the middle of X,,(p, ¢) through the marked edge
(or the marked vertex) in the right part of the diagram and X,,(p, ¢) is equivalent in
F(6 4+ n) to a linear combination of diagrams containing X (p, q). Then, because of
Lemma 5.7.2, X,,(p, q) depends only on n and p+ ¢ and the first part of Theorem 5.6
is proven.

The element w,U is represented by a diagram D’ obtained from D by adding a
new marked edge with marking ¢. Therefore w,U depends only on D, and the sum
of ¢ and the total marking of D. O

Remark: Consider the commutative Q-algebra R’ defined by the following presen-
tation:

27



— generators: ¢, wg, wi,. ..

— relations: wyw, = wowyt4, for every p, q.

We have a canonical morphism from R’ to A. On the other hand there is a
morphism f : R — Q[t,0,w] sending ¢ to ¢ and each w, to wo?. Is is easy to
see that this morphism is injective with image Ry = Q[t] ® wQlt,o,w]. Then the
morphism R’ — Aj induces a morphism from Ry to A:

5.8 Proposition: Let R be the polynomial algebra Q[t,o,w| where t, 0 and w
are formal variables of degree 1, 2 and 3 respectively and R, be the subalgebra
Q[t]®wQ[t,0,w] of R. Then there is a unique graded algebra homomorphism ¢ from
Ry to A sending t to t and each wo? to wy.

6. Detecting elements in A.

In this section we’ll construct weight functions on modules of diagrams and char-
acters on A using Lie superalgebras.

Let L be a finite dimensional Lie superalgebra over a field K equipped with a
nonsingular supersymmetric bilinear form < , > invariant under the adjoint repre-
sentation. Such a data will be called a quadratic Lie superalgebra and the bilinear
form is called the inner form. Take a homogeneous basis (e;) of L and its dual basis
(¢}). The Casimir element 2 = . e; ® ¢; € L ® L is independent of the choice of
the basis and its degree is zero.

Let ' be an closed oriented curve and X = [n] be a finite set. Suppose that a L-
representation F; is chosen for each component I'; of I'. We will say that I' is colored
by L-representations. Then it is possible to construct a linear map from A(T', X) to
L®" in the following way:

Let D be a (I', X)-diagram. Up to some changes of cyclic ordering we may as well
suppose that, at each vertex x in I' the cyclic ordering is given by («, [3,7) where a
is the edge which is not contained in I' and f is the edge in I" ending at = (with the
orientation of I).

~

For each component I'; we can take a basis (e;;) of E; and its dual basis (e;) of
the dual E} of E; and we get a Casimir element w; = Yje;; ® ¢}; € E; ® Ej. This
element is of degree zero and is independent of the choice of the basis.

For each oriented edge « in D denote by V(«) the module L if « is not contained
in I" and E; (resp. E}) if v is contained in the component I'; of I' with a compatible
(resp. not compatible) orientation. If « is an oriented edge in D denote by W («) the
module V(a)®@V (—a) where —a is the edge a equipped with the opposite orientation.

Let a be an edge in D. Take an orientation of a compatible with the orientation

of T if a is contained in I'. Denote also by w(a) the Casimir element w if a is not

28



contained in I' and the element wj if a is contained in I';. This element belongs to the
module W (a) and is independent on the orientation of a. If a numbering of the set
of edges is chosen the tensor product W =® W (a) is well defined and the element

) =® w(a) is a well-defined element in W.

Let z be a 3-valent vertex in D. There are three oriented edges «, 3 and v ending
at = (the ordering («, 3,7) is chosen to be compatible with the cyclic ordering given
at x and, if z is in I', «v is supposed to be outside of T").

AR

Then we get a module H(x) = V(a) ® V(8) ® V(7). If a numbering of the set of
3-valent vertices of D is chosen, the module ® H(x) is well defined. We can permute

(in the super sense) the big tensor product W and we get an isomorphism ¢ from W
to the module:
H=L1L°"® ® H(x)

and () is an element of H.

Suppose that x is not contained in I". Then the rule u ® v @ w —< [u,v],w >
induces a map f, from H(z) to K. If zisin ' the rule u®e® f + (—1)9°f0°@&e) £(ye)
is a map f, from H(z) to K. Hence the image of ©(£2) under the tensor product
of all f, is an element @ (D) € L®". Since elements w and w; and maps f, are of
degree zero, this element doesn’t depend on these numberings.

Since the map u®@vRw +—< [u,v],w > from LOLKRL to K is totally antisymmetric
(in the super sense), ®(D) is multiplied by —1 if one cyclic ordering is changed in D.
Moreover, the Jacobi identity and the property of the L-action on modules FE; imply
that the correspondence D +— & (D) is compatible with the IHX relation. Therefore
this correspondence induces a well-defined linear map ®;, from A(T', X) to L®".

Definition: A Lie superalgebra L over a field K will be called quasisimple if it
satisfies the two conditions:

— L is not abelian

— every endomorphism of L of degree 0 is the multiplication by a scalar.

Remark: Every simple Lie superalgebra is quasisimple but the converse is not true.

Lemma: A quasisimple quadratic Lie superalgebra has a trivial center and a surjec-
tive Lie bracket.

Proof: Let L be a quasisimple quadratic Lie superalgebra over a field K. Let f
be a morphism from L to K. By duality we get a morphism ¢ from K to L. The
composite g o f is an endomorphism of L and there is a scalar A € K such that:

go f=Md.
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Suppose f # 0. Then f is surjective, g is injective, g o f is not trivial and X\ # 0.
Therefore go f is bijective and f is bijective also. But that’s impossible because L is
not abelian.

Then every morphism from L to K is zero and (by duality) every morphism from
K to L is zero too. The result follows. O

6.1 Theorem: Let K be a field and a k-algebra and L be a quasisimple quadratic
Lie superalgebra over K. Then there is a well-defined character x, : A\, — K such
that:

for every closed oriented curve I' colored by L-representations and every finite set
X, the map ®y, satisfies the following property:

Va e Ay, Yue AT, X), Pp(au) = xr(a)Pr(u).

Let A be a k-subalgebra of K. Suppose K is the fraction field of A and A is
a unique factorization domain. Suppose also that L contains a finitely generated
A-submodule L4 such that the Lie bracket and its dual are defined on L 4. Then
takes values in A.

Proof: First of all, it is possible to extend the map ®; to a functor between two
categories Diag(L) and C(L). The objects of these categories are the sets [p],p > 0.
For p,q > 0 the set of morphisms in C(L) from [p] to [¢] is the set of L-linear
homomorphisms from L®P to L%, and the set of morphisms in Diag(L) from [p] to
[q] is the k-module generated by the isomorphism classes of (T, [p] U [g])-diagrams
where I' is any L-colored oriented curve and where the relations are the AS and IHX
relations.

These two categories are monoidal and Diag(L) contains Ay as a subcategory.
Moreover Diag(L) is generated (as a monoidal category) by the following morphisms:

C > < > X [E

The last morphism is a morphism in Diag(L) from [p] to [0] depending on an integer
p > 0 and a L-representation F.

The map ¥, associates to each L-colored (T, [p] U [¢])-diagram D an element
O (K) in L® @ L®1. But L®P is isomorphic to its dual and @, (K) may be seen as
a linear map from L®P to L®1.

It is not difficult to see that the image under @, of the generators above are:

— the inner form from L®? to L®° = K,

— the Casimir element consider as a morphism from K = L®° to L®?,

— the Lie bracket from L®? to L,

— the dual of the Lie bracket (the Lie cobracket) from L to L®?

— the map * @ y — (—1)2°*"Yy @ x from L®? to itself,

— the map 71 ® ... ® x, +— 7g(z1 ... x,) from L to L® = K,
where 7g(zy ... x,) is the supertrace of the endomorphism z ...z, of E.

All these maps are L-linear. Therefore ®; induces a functor still denoted by &,
from Diag(L) to the category C(L).
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Let T' be a L-colored oriented curve and X = [n]| be a finite set. Consider an
element & € Ay and an element u € A°(I', X) represented by a (I, X)-diagram D.
Take a 3-valent vertex x in D and a bijection from [3] to the set of edges ending at z.
By taking off a neighborhood of x in D, we get a diagram H inducing a morphism v
in Diag(L) from [3] to [n].

On the other hand, a induces a morphism 3 in Diag(L) from [0] to [3], and 1 € A
induces an element (3, from [0] to [3]. Let % and au be the morphisms from [0] to [n]
induced by u and au. We have:

u=wvo [, au=vof.

Hence:
O (u) = Pr(v) o dr(fHo), Oy (au) = dp(v) o Pr(B).

The elements a € Ay, and 1 € Ay also induce morphisms 7 and 7, from [2] to [1].
Denote by ¢ and ¢y the morphisms ®(y) and @1 (o). The morphism ¢y is the Lie
bracket and ¢ is L-linear and antisymmetric. Since « belongs to Ay, we have the
following;:

Ve

and, for every x,y, 2z in L, we have: [p(x ® y), 2] = o([z,y] ® 2).

Denote by u ~— [u] the Lie bracket from L®? to L. For every u € L®? and every
z € L we have: [p(u),z] = ¢([u] ® 2).

Suppose [u] = 0 then [p(u), z] vanishes for every z € L and ¢(u) lies in the center
of L. Since this center is trivial, ¢(u) is trivial too. Therefore ¢(u) depends only on
the image [u] of u. Since the Lie bracket is surjective, there is a unique morphism 1)
from L to L such that:

Vu € L%, plu) = ¥([u])

and there is a unique A € K such that:
Vu € L¥% o(u) = \u]
and we have:
Pr(B) = APL(fo), P (au) = A (), P (au) =A@ (u).

Now it is easy to see that o — A is a character depending only on L and the
Casimir element ).

Suppose now that L contains a finitely generated A-submodule L4 such that the
Lie bracket and the Lie cobracket (the dual of the Lie bracket) are defined on L 4. Let
« be an element in Ay represented by a (0, [3])-diagram D and u € K be its image
under Y. Because this diagram is connected there exists a continuous map f from
D to [0, 1] such that:

— ) =72)=0 fB3) =1
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— f is affine and injective on each edge of D

— [ is injective on the set of 3-valent vertices of D

— f has no local extremum.

Such a map can be constructed by induction on the number of edges of D. Using
this map, the map from [2] to [1] represented by D can be described by composition,
tensor product, Lie bracket and Lie cobracket and we have:

Ve, y € La, ul[z,y] € La.

Let w be a nonzero element in the image of the Lie bracket Ly ® Ly — L. By
applying the formula above for each power of o, we get:

Vp >0, wPw € Ly.

Since L4 is finitely generated the A-submodule of K generated by the powers of u
is also finitely generated. Then u lies in the integral closure of A in K. Since A is
a unique factorization domain, A is integrally closed and u belongs to A. Therefore
xr(a) lies in A for every o € Ay. O

Remark: If every endomorphism of L is the multiplication by a scalar, every invari-
ant bilinear form of L is a multiple of the given inner form. If we divide the inner
form par some ¢ € K, we multiply the Casimir element €2 by ¢ and for every a € Ay
of degree n, xr(«) is multiplied by ¢".

6.2 Proposition: Let L be the Lie algebra sly (defined over K ). Then the functor
&, satisfies the following properties:

0 = i) wO =

Moreover there is a unique graded algebra homomorphism x g2 from Ay, to k[t] sending
t tot and each w, to 0 such that the character xp, is the composite:

Ap X5 k[t 5 K
where 7 is a k-algebra homomorphism. If the inner form on L send a® (3 to the trace
of af3, v sends t to 2.

Proof: Since L is defined over Q it is enough to consider the case k = K = Q. Set:

U= > =t 4t >

The element @ (U) is a map from L®? = A?(L) & S?*(L) to itself. Since U is an-
tisymmetric on the source and the target, @ (U) is trivial on S?(L) and its image
is contained in A%*(L). Since L is 3-dimensional, the Lie bracket A*(L) — L is
bijective. But U composed with this bracket is zero. Therefore U is killed by ®;.
The fact that ®; sends the circle to 3 come from the fact that L is 3-dimensional.
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Denote by = the following relation:
a=b<= dp(a) = DL(b)

So we have:

>—< tX—tX and OE?)

and it is easy to see by induction that every element « in Ay is equivalent to some
polynomial P(t) € k[t]. Let ¢ be the scalar x(t). Then we have: ®;(a) = P(c). If
a is homogeneous of degree n, we have: P(t) = at™ and: ®,(«) = ac”. Then P(t)
is completely determined by ®(a). Therefore a +— P(t) is a well-defined algebra
homomorhism Yo from Ay to k[t] such that x; is the composite v o xg2 where
sends t to c¢. If the inner form is @ ® § +— 7(«f3), we have ¢ = 2 and ~ sends t to
2.
A direct computation gives the following:

X=50 (XX
Xzo.

Then by induction we get the following for every p > 0:

><Eo, >’-’<zo, w,=0.

Therefore each wy, is killed by x4 and that finishes the proof. O

Let L be a quasisimple quadratic Lie superalgebra over a field K. Let X be the
kernel of the Lie bracket: A*(L) — L and Y be the quotient of S?(L) by the Casimir
element €2 of L. So we have exact sequences of L-modules:

0— X — A*(L) — L —0

0— KQ— S*(L) —Y —0
Let ¥, be the endomorphism of L®? represented by the diagram:

Since this diagram is symmetric, ¥y respects the decomposition: L®? = S?(L) @
A?(L). But ¥y, respects the exact sequences also and ¥y acts on X and Y. If o is a
eigenvalue of ¥, acting on Y, the corresponding eigenspace will be denoted by Y.

6.3 Theorem: Let L be a quasisimple quadratic Lie superalgebra over a field K
which is not sly. Let Q, X, Y and V; defined as above. Let P be the minimal
polynomial of ¥V, acting on Y.
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Suppose the following conditions hold:

— 6 is invertible in K,

— W, acts bijectively on Y,

— Xz Is nontrivial on some w, or 9°P < 3.

Then the degree of P is 2 or 3 and there exist three elements t, o, w in K such
that:

— xc(t) =t Vp 20, x1(wp) = wo?,

— Wy is the multiplication by 0, t and 2t on X, A*(L)/X ~ L and K,

— for every p > 0 we have the following:

(1) q)L>p*<:qu)L>*O< (I)LX:UPCI)L>O<

(2) ¢L>2<=0(I>L>—<+(w—ta)q>L<x_X>
(3) (I)LX:O'(I)L><+(W—UT>%(I)L(> <_|_X_'_\\>

If P is of degree 2 (exceptional case), P has 2 nonzero roots a and [3 in some
algebraic extension of K and we have:

t=3(a+p), o= (4da+505)(46 + ba), w=>5(a+ 0)(Ba+45)(36 + 4a)

smm@):_2@a+@2§ﬁ+6@
sdim(x) = 54+ AT 40150+ 09)(37 1 o)
(o + B)*(6a + 55)(3a + 40)

a#f = sdim(Yy) = —90 a?B(a — )

If P is of degree 3 (regular case), P has 3 nonzero roots «, 3, vy in some algebraic
extension of K and we have:

t=a+0+v, o=af+By+ya+22  w=(t+a)t+P6)(t+7)

w(2t —a) (2t — B)(2t — 7)
a2ﬁ272

t(2t = B)(2t =)t + B)(t +7)(2t = 3a)
2By(a — B)(a — ) '

sdim(X) =

a# B,y = sdim(Y,) =
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Remark: In the exceptional case, we may add formally a new root v = 2¢/3 and
a trivial corresponding eigenspace Y,. Then the formulas of the superdimensions are
exactly the same in the exceptional case or the regular case except that ~ is possibly
equal to 0.

Proof: Set: w = xz(wy) and consider the following endomorphisms in L®?:
_ _ ~— N
=) ( e=au( —_+ ><)
S a0
0
-0 X

These endomorphisms act on S?(L) and act trivially on A%(L).
The degree of P:
Suppose xr(w,) # 0. We have:
Xe(w)) = Xr(wowsp) = wxr(wy) #0 = w #0.

So we can set;:

and we have for every p > 0:
WX (wp) = X wp) = xu(Wh) = wPe? = xiu(wy) = oPw.

Because of theorem 5.7, we have also:

W(PLX (I)LWOX:(I)LWPXZWUPCI)LX
and this implies:
S

Similarly we get for every p > 0:

X

and formulas (1) are proven in this case.
Let E be the vector space formally generated by e, €, u, v, f and g. Because of
Proposition 5.5 the operator W induces an action ¥ on F defined by:

P(e) = 2te
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Y(f) = Tgu— vt

2tw 42 o 2t
Vo) = Fu+ (T —3)v+ 30

It is easy to see that 1 vanishes on the following element in E:

U:g—af—g(v—au)—t(w—ta)e.

Since Uy, acts bijectively on S?(L)/K€, U induces the trivial endomorphism of
S?(L)/KQ and there exists an element A\ € K such that the following holds in

End(L®?) (or in Hom(L®, K)):
t
g—of — g(v —ou) — t(w —to)e = Ae.
The group &4 acts on this equality and the invariant part of it is:
2t A

g=of+(Fw—t0)+5)(c+2).
Hence we have also:

t(v —ou) = (t(w —to) — X)(2e — e).
By making a quarter of a turn and composing with the Lie bracket, we get:

t(3w — 3to) = 3(t(w —to) — \)
which implies: A = 0 and we get Formula (3):
2t
g=of+ g(w —to)(e+¢)

and also the following:

t(v —ou) =t(w —to)(2e —e).

Let E' be the quotient of E by these two relations. It is easy to see that 1) vanishes

onv—ou—(w—to)(2e —e) € E'.
For the same reason as above, there is an element p € K such that:

v—ou— (w—to)(2e —e) = pue.
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By making a quarter of a turn and composing with the Lie bracket, we get:
3w —3toc — (w —to)3 = p.

Hence p is zero and we get the formula (2).
Denote by ¢ the endomorphism of Y induced by ¥,. In this endomorphism
algebra we have:

e=0 e=2
,
u=2 f=¢-g0
20t* 2t
v:2<7<p—cpof+§f>:2(—<p3+tg02+2t2<p).

The relation v = ou + (w — t0)(2¢ — e) implies:
2(—p +t? + 2t%0) = 200 — 2(w — to)

and then:
©* —tp? + (0 —2t%) ¢ — (w —to) = 0.

The minimal polynomial P of ¢ is then a divisor of the polynomial Q(X) = X3 —
tX? + (0 — 2t*)X — (w — to). Since L is quasisimple Y is nonzero and the degree of
Pis1,2or3.

Therefore in any case the degree of P is 1, 2 or 3.

Suppose 0°P = 1. Let « be the root of P. Then the endomorphism v — ae of
L®? has its image contained in K and there is some X\ € K such that the following
holds in End(L®?) (or in Hom(L®*, K)):

v = e+ A\e.

The group &4 acts on this equality and the invariant part of this equality is:

0=+ (e +e)

Then we get: A = —2a.
By making a quarter of a turn and composing with the projection: L%? —
A?(L) C L®? we get the equality:

o> (<)

Since ¥y, acts bijectively on Y, « is not zero and A%(L) is contained in the image of
the cobracket. Therefore the Lie bracket is bijective from A%*(L) to L . But that’s
impossible because L is not isomorphic to sly. Therefore the degree of P is 2 or 3.

The exceptional case:
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Suppose: 0°P = 2 and denote by e and 3 the roots of P. Since ¥, acts bijectively
on Y, a and 3 are not zero. The endomorphism (v — ae)(v — fe) is trivial on Y and
A?(L). Then its image is contained in K2 and there exists u € K such that:

(v—ae)(v— Pe) = ue.

So we get:
t
4f—|—2(§ —a— [)v+2afe = pe.
By taking the invariant part of this equation (under &) we get:
4 h
4f+iﬁ(e—|—5) =—(e+¢)
3 3
and then: . 5
2(5 —a—[f)v= @(2& —e).

Since L is not sly, v and 2¢ — e are linearly independent and we get:

t=3(a+p) u=—2ap

a
f=-"ete).
By applying ¥, to this equality we get:
¢ 10¢?
—%(u + 2te) = —%(e +e)+ 5 U %

— v = (4a+50)(40 + ba)u + 2a6(a + 3)(2¢ —e)

and that implies in any case the formula (2) with: ¢ = (4o + 55)(48 + ba) and
w=>5(a+F)Ba+40)(38 + 4a). If w = 0 we still have: y(w,) = woP? and formulas
(1) and (3) are consequences of (2).

Let d be the superdimension of L and 7 be the supertrace operator. Since ¥,
acts by multiplication by 0, ¢ and 2¢ on X, L and K¢, we have:

d(d+1) (d—1)(d+2)

TP =—5— 1= >

T(Vy) =td+ 2t + 7(p)
T(0%) = t3d + 4t + 7(p%)
T(U3) = £3d + 8t + ().

Using a simple graphical calculus, we get:

T(\I/L) = (I)L g =
T(02) =, % = 41%d
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) = L= 1)2(d+ 2)

T(p) = —t(d+2)
(%) = 23— 1)
7(¢*) = t*(d — 8).

Since ¢ has a and 3 as eigenvalues, we get:

Hence we have:

(d—1)(d+2)
2

t3(d—8) — (a+ B)t*(3d — 4) — t(d +2)aB =0
and that implies the following:

2(3d —4) + t(a+ B)(d+2) + aff =0

(a+ B)(60(a + B)* + (d+2)aB) = 0

(d—1)(60(a + 3)* + (d + 2)aB) = 0.
Suppose t = 0. Since (¥, — «)(V — ) vanishes on Y, there exists u € K such

that:
(U —a)(u— Pe) =2ue

= (%—a—ﬁ)u+2f:aﬁe+2u5.

Since the left hand side of this equation is invariant under G, it is the same for the
other side and we get:

2f = af(e+e¢).

By composing with the inner product, we get: d+ 2 = 0. Therefore d — 1 is non zero
and we have in any case:

60(a + 3)? + (d + 2)apB = 0.

Then it is not difficult to compute the superdimensions of L and X and we get the
desired formula.
Suppose a # 3. Denote by d, and dg the superdimensions of eigenspaces Y, and
Y3. We have:
(d—1)(d+2)
2
ady + fdg = —t(d + 2)

and d, and dg are easy to compute.

da—l—dgz

The regular case:
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Consider now the regular case: P is of degree 3 and has 3 nonzero roots «, (3, 7.
Since (U —a)(V, —B) (¥ —~) acts trivially on Y, there exists u € K such that:

(W — a)(Wp = B)(u—ve) = 2pe.
After reduction we get:

Tt

(?—%(a—irﬁvuy)+aﬁ+ﬁ’y+fya)u+2(t—oz—ﬁ—fy)f—v:aﬁfye+2,ue.

The invariant part of this formula is:

2t — o~ f—)f = 2(afy + e +2).

Since the minimal polynomial of ¢ has degree 3, f is not a multiple of e 4+ ¢. Hence
we get:
a+f+y=t p=—afy
and also:
(2t + a3 + By + ya)u — v = afy(e — 2).

If w is nonzero, P is equal to () and we have:
af + fy+ya =0 —2t° afy =w —to.
Otherwise we can set: 0 = a3 + v + ya + 2t* and we have:
v =ou+ afy(2e —e)

and then:

P e v

By applying the Lie bracket, we get: 0 = 2w = 2to + 2a7. In this case we have:
afy = w — to and the formula (2) follows. As above formulas (1) and (3) are easy
to check.

In any case t, o, w can be expressed in term of «, 3, 7. As above we get the
following;:

) = =D +2)

Since ¢ has «, [, v as eigenvalues, we get:

(d—1)(d+2)

t3(d—8) —t3(3d — 4) — t(o — 2t*)(d + 2) — afy =0
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= (d+2)(afyd+ (2t — a)(2t — B)(2t — 7)) = 0.
Let F be the endomorphism of L®? represented by the diagram:

Y
Because of the formula (2), F' acts by 2w on L and by 2(w — to) on X. It is trivial
on S?(L). Therefore we get:

d(d —3)

0=7(F)=2wd+2(w —to) 5

wd(d—1) = tod(d — 3).
Suppose d = —2. Then we have:
3w = Hlo

and this implies:

(2t—a)2—B)2t—7) 4 +2t(aB+ By +1a) - apy

afBy afy

:_2+3a67—2t0 :_2+3w—5t0
afy afy

Therefore in any case we have:

= -2

afyd+ (2t — a)(2t — B)(2t — ) =0

and d and the superdimension of X are easy to compute.
If « is different from § and 7, we have the following (with d, =sdimY,):

(a = B)(—=7)da = T(¢* = (B + ) + 57¢°)

(d— 1)2(d + 2)ﬁ7

and that gives the value of d,. O

= t2(3d —4) + t(d+2)(B+~) +

7. The eight characters.

7.1 The gl case. Let F be a supermodule of superdimension m. Take a homogeneous
basis {e;} of E and denote by {e;;} the corresponding basis of gl(E). Let sl(E) C
gl(E) be the Lie superalgebra of endomorphisms of £ with zero supertrace. The map
sending a ® § € gl(FE) ® gl(E) to the supertrace of o 3 is an nonsingular invariant
bilinear form on gl(F) and gl(E) is a quadratic Lie superalgebra. If m is invertible,
sl(F) is also a quadratic Lie superalgebra. If m = 0, the inner form is singular on
sl(E), but the quotient of sl(FE) by its center is a quadratic Lie superalgebra psi(FE).

7.2 Theorem: Let [t,u] be the polynomial algebra generated by variables t and u of
degree 1 and 2 respectively. For each m € Z, denote by 7, the ring homomorphism
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sending t to m and uw to 1. Then there exists a unique graded algebra homomor-
phism xg from Ay, to k[t,u] such that the following holds for every supermodule E
of superdimension m:

— for every closed oriented curve I' colored by gl(F)-representations, and every
finite set X, we have:

Ya c Ak, Yu c Ak<F,X), (I)gl(E)(au) = Ym © Xgl(a)le(E)(u)

— if'm is invertible in k and sl(E) is quasisimple, X (g is the composite v, © X g
— if m = 0 and psl(E) is quasisimple, X, (g) is the composite v o X g
Moreover x4 satisfies the following:

Xqi(t) =1 and Vp >0, xg(wp) =wo?

with: w = 2t(t* — 4u) and o = 2(t* — 2u).

Proof: Let F be a finite dimensional free k-supermodule of superdimension m. Let
{e;} be a homogeneous basis of £ and {e;;} be the corresponding basis of L = gl(E).
Then the Casimir element is

Q=> (=1)"%e; @ ejs.
is

Since the inner product of x and y in L is < =,y >= 7g(xy) we have the following:

E

@L(:O) = Or(_ ) )

Moreover, it is not difficult to show the following:

—®r( :E: ) = Py ( X )

Whence:

and we get:
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L 4 L 4 L
®L<T)®L<’%‘)®L<TF)¢L(+_F)

Therefore, to compute the image by ®;, of a (), [n])-diagram K, we may proceed
as follows:

Let S(K) be the set of functions « from the set of 3-valent vertices of K to %1.
For every o € S(K) denote by () the product of all a(z). If & € S(K) is given we
may construct a thickening of K by using the given cyclic ordering of edges ending
at a 3-valent vertex x if a(z) = 1 and the other one if not, and we get an oriented
surface X, (K) equipped with n numbered points in its boundary.

Denote by S,, the set of isomorphism classes of oriented connected surfaces equip-
ped with n numbered points in its boundary. Under the connected sum, S = 95
is a monoid and acts on S,. This monoid is a graded commutative monoid freely
generated by the disk D of degree 1 and the torus 7' of degree 2. The set .5, is a
graded S-set with dim H; as degree. Let k[S,] and k[S] be the free modules generated
by S, and S. They are graded modules, and k[S] is a polynomial algebra acting on
k[Sy).

If K is connected, the sum

lies in k[S,]. It is easy to check that s is compatible with AS and IHX relations
and induces a well-defined graded homomorphism from Fj(n) to k[S,]. Moreover,
this homomorphism is A[S]-linear with respect to a character x from Ay to k[S] =
k[D,T].

On the other hand, for each ¥ € S,, we have a diagram 9(X) in D(T', [n]) where T’
is colored by E: 0(X) is the boundary of ¥ colored by E with intervals added near
each marked point:

We can extend 0 linearly and for every ¥ € k[S,], ®,(0(X)) is well defined in L®™.
Moreover we have:

OL(K) ) e(a)@L(05(K)) = @ (05(K)).

«
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Therefore if a is an element of Ay, we have:
Op(aK) = ¢1(9s(aK)) = P1(Ix(a)s(K)) = P1(x(a)0s(K))

= Y (x(@))PL(0s(K)) = ym(x(a)) DL (K)

and the first part of the theorem is proven in the case I' = @) (with x4 = x). The
general case follows.

If m is invertible in k and sl(FE) is quasisimple, sl(FE) is actually simple and gl(E)
is semisimple: gl(E) = sl(E) @ k. Since @y, is trivial, we have:

Dy(m)(aK) = Pyypy(aK) = Y (xg1(a) i) (K) = Ym(Xg1(@)) Parmy ()

= Xsl(E) = Ym © Xgl-

Suppose now: m = 0 and psl(F) is quasisimple. Since the Lie bracket on gl(FE)
takes values in sl(E), ®gr)(K) lies in sl(E)®" and for every a € Ay the equality

D) (ak) = Yim(Xg(a)) Pgim) ()

holds in si(E)®". Hence in the quotient psl(E) we have:

(I)psl(E) (G’K) = ’}/m(Xgl (CL))(I)pSl(E) <K)
and we get:
Xpsl(E)) = Y0 © Xgl-

In order to prove the last part of the theorem, it is enough to determine x(g)(wp)
for k = Q and for infinitely many values of m. Suppose now m > 2 and E has no
odd part. Then L = sl(F) is the classical Lie algebra sl,,. The morphism ¥ = ¥
from L®? to itself is the morphism:

TRy =Y [ ey ® e,y
ij
and because of Proposition 6.3 we have to determine eigenvalues of ¥ acting on
Y = S%(L)/.
Denote by 7 the trace operator. Let f : L®? — L be the following morphism:

2
fro@y— oy +yr — ET(xy)Id.
Since m > 2, f is surjective and L-linear. We have:

fU(@y) = ((zey — eyr)(ejy — yes) + (e — yej) (wey; — ey))

ij

2
- ; %T((ﬂfez’j — eijx)(ejiy — yeji))

44



2
= mxy—i—T(a:y)—i—myx—l—T(yaz)—ET(mxijT(:cy)) = may+myx—27(xy) = mf(zQy).
The map f factorizes through Y and there is an exact sequence:

00—~/ —Y —L—0

compatible with the action of ¥ and ¥ induces the multiplication by m on L.

The module Z can be seen as a submodule of L®? and the morphisms sending
T ®y toxy, yr, v @Y —y @ x are trivial on Z. If 2 lies in L, denote by z;; the entries
of z. We have:

Y(z®y) = Z(xkiekj — Tjkei) ® (Y — yijen)

= Z(xy)klekj ® eji + (yx)imeinr ® el — Thiek; @ Yijen — Yalik @ Tjkeji-
Therefore the morphism W is equal on Z to the morphism W’ defined by:

V(ir@y)= -2 Z zei; @ Yyeji

and we have:
U (r®y) =4 Z zejjen ® yesien = 4r @ y.

Therefore the minimal polynomial of ¥ acting on Y is of degree three with roots m,
2, —2.
Hence Theorem 6.3 applies and we get:

xo(t) =m Vp >0, xi(wp) =2m(m+2)(m— 2)(2m? — 4)P

and that finishes the proof. O

7.3 The osp case. Let E be a supermodule of superdimension m equipped with a
supersymmetric nonsingular bilinear form < , >. We'll say that E is a quadratic
supermodule. For every endomorphism « of E, we have a endomorphism «o* defined
by:

Ve,ye B <a’(z),y >= (-1 <z, a(y) >

where p is the degree of x and ¢ is the degree of . An endomorphism « is anti-
symmetric if a* = —a. Let L = osp(E) be the Lie superalgebra of antisymmetric
endomorphisms of E. The superdimension of L is d = m(m — 1)/2. With the same
notation as before, a Casimir element of L is:

1

=3 D (DT ey — ) ® (e — €5)

4,J

and with this Casimir element, ¢ = m — 2. The bilinear form corresponding to €2 is
half the supertrace of the product.
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7.4 Theorem: Let k[t,v] be the polynomial algebra generated by variables t and v
of degree 1. Then there exists a unique graded algebra homomorphism X,s, from Ay
to k[t,v] such that:

— for every quadratic supermodule E, if osp(E) is quasisimple, then Xosp(r) is
the composite 7 © X,sp, Where 7 is the ring homomorphism sending t to sdim(E) — 2
and v to 1.

Moreover x,s, satisties the following:

Xosp(t) =t and Vp >0, Xosp(wp) = wo?

with: w = 2(t — v)(t — 2v)(t + 4v) and o = 2(t — 2v)(t + 3v).

Proof: Let E be a quadratic supermodule and L be the Lie superalgebra osp(FE).
Let K be a L-colored diagram. If we change the orientation of a component colored
by E, ®.(K) is unchanged. Therefore we may consider in K unoriented components
colored by E. On the other hand it is easy to see the following:

o)) -w = )

FFE
@L(H):@L(%)—CM(H)

Therefore, to compute the image by ®;, of a (), [n])-diagram K, we may proceed
as follows:

Let S(K) be the set of functions from the set of edges of K joining two 3-valent
vertices of K to £1. For every a € S(K) denote by £(a) the product of all a(a).
If @ € S(K) is given we may construct a thickening of K by using the given cyclic
ordering of edges ending at each 3-valent vertex and making a half-twist near every
edge a with negative a(a). So we get an unoriented surface ¥, (K) equipped with
n numbered points in its boundary and a local orientation of 0%, (K) near each of
these points.

+

Denote by US,, the set of isomorphism classes of connected surfaces ¥ equipped
with n numbered points in its boundary and an orientation of 9% near each of these
points. Under the connected sum, US = US, is a monoid and acts on US,,. This
monoid is a graded commutative monoid generated by the disk D, the projective
plane P and the torus 7" and the only relation is: PT = P3.

Let k(US,) be the k-module generated by the elements of US,, with the following
relations:

If ¥’ is obtained from ¥ by changing the local orientation near one point, ¥ + ¥’
is trivial in k(US,,).
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Then k[US] is a commutative algebra and k(US,,) is a graded k[US]-module.

If K is connected, the sum s(K) = > e(a)X,(K) lies in k[US,]. It is easy to
check that s is compatible with AS and THX relations and induces a well-defined
graded homomorphism from Fy(n) to k[US,]. Moreover this homomorphism is
A4 [US]-linear with respect to a character x from Ay to k[US] = k[D, P, T|/(PT— P3).

On the other hand, we have a map 0 from US,, and k(US,,) to Fi(n) by sending
each surface ¥ with numbered points in 9% to the boundary 9% colored by E with
intervals added near each marked point. If K is a diagram, ®,(K) is equal to the
sum »_ ()P (03, (K)) = ®(0s(K)). Therefore if u is an element of A, we have
xr(u) = xr(Ox(u)). Since xr o d is a ring homomorphism sending D to m = sdimF
and P and T to 1, the character x; factorizes through k[D, P| = k[US]/(T — P?)
and the first part of the theorem is proven (with ¢ = D — 2P, v = P).

To prove the last part of the theorem, it is enough to consider the case where F
is a classical module over £ = Q of large dimension m. Then the second symmetric
power S?(L) decomposes into four simple L-modules Ey, E1, F, E3 of dimensions
1, (m—1)(m+ 2)/2, m(m — 1)(m — 2)(m — 3)/4!, m(m + 1)(m + 2)(m — 3)/12.
Therefore we have the decomposition: Y = E; & FEy, ® E5;. Moreover the Casimir
homomorphism acts on Fy, Es, F3 by multiplication by 2m, 4m — 16, 4m — 4. On
the other hand, this homomorphism is equal to 4t — 2W ;. Therefore ¥, acts on E,
FE5, E5 by multiplication by m — 4, 4, —2.

The rest of the proof is an straightforward consequence of Theorem 6.3. O

Remark: The use of surfaces in the gl- and osp-cases was introduced in a slightly
different way by Bar-Natan to produce weight functions [BN].

7.5 The exceptional case. Consider a quasisimple quadratic Lie superalgebra L
over a field K of characteristic 0. This Lie superalgebra L is said to be exceptional if
it satisfies the following condition:

— the square of the Casimir generates in degree 4 the center of the enveloping
algebra U of L.

Exceptional Lie algebras Eg, E7, Eg, Fy, Gg satisfy this property. But it is also
the case for sly, sl3, osp(E) with sdim(E) = 2 or 8, psl(F) with sdim(F) = 0 and
the exceptional Lie superalgebras G(3) and F'(4).

Consider the following elements in F(4):

u:q>L>< v:®L<> <+X+X)

These elements are invariants elements in S*(L). But the condition satisfied by L
implies that the invariant part of S*(L) is generated by v. Therefore u is a multiple
of v and the homomorphism ¥, has only two eigenvalues on S*(L)/Q. Hence we may
apply Theorem 6.3 in the exceptional case and we get:

7.6 Theorem: Let L be an exceptional quasisimple quadratic Lie superalgebra
over a field K of characteristic zero. Then there exist o and w in K and two elements
« and 3 in some extension of K such that:
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t=3(a+0) o= (4da+506)(ba + 453) w=>5(a+ B)(Ba+48)(4a + 30)

xo(t) =t Vp 20, xr(wp) = wo”
(5ba + 603) (6 + 53)
af

af ~_
2 X == ) G T+ >
c1>L>9< - (3a+4ﬁ)(4a+3ﬁ)¢L><

sdim(L) = —2

Remark: In this theorem, we may consider the Casimir €2, and then « and  up to
a scalar. So o and (8 may be consider as degree 1 variables related by some linear
relation.

Case by case we get the following:

L sdim(L) | «/f o w
77 25
Es 78 -3 —t? e
36 12
176 520
E 1 —4 | ==t | ==
! 53 81 243
494
Ey 248 6 | | By
225 45
170 480
F. 2 —5/2 | —t* | —#*
* ) 521 5 243
Gy 14 ~5/3 Bp | 5
36 36
8
sly, G(3) 3 —4/3 §t2 0
14 10
sly, F(4) 8 —3/2 | —t* | =t
9 9
50
8 28 -2 2t? —
40
2 1 —5/4 0 ——3
0sp(2) / =
psl(E) -2 -1 0

In this table, osp(n) means any simple Lie superalgebra osp(E) where FE is a
supermodule with sdim(FE) = n.
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In the case sly or G(3) or psl(E) (with sdim(E) = 0), the induced character kills
every w, and the value of ¢ is useless. In the case psl(E), the character is determined
by any nonabelian gl(F). Then x,s ) is determined by gl(1|1). But in this Lie
superalgebra every double bracket [[z,y], 2] vanishes. Therefore ®g 1y is trivial on
A in positive degree and the character x,q(g) is the trivial character.

Remark: The characters xg(3) and xp@) are equal to xg2 and X3 on the algebra
generated by t and the w,’s. These characters are actually equal to x42 and g3 on
A. This result was proven by Patureau-Mirand [Pa].

Conjecture: Let R be the subalgebra Qla + ,af] of Q|a, ] where a and 3
are two formal parameters of degree 1. Then there exists a unique graded algebra
homomorphism Y.,. from A to R such that:

Xemc(t) = 3<a + ﬁ)

Vp >0, Xewolwy) = 5(cr+ B)(3a + 48) (4o + 38) (4o + 56)°(5a + 45)P.

Remark: This conjecture is actually equivalent to a conjecture of Deligne [D]. If
Deligne’s conjecture is true, there exist a monoidal category C which is linear over an
algebra Q(A) and looks like the category of representations of some virtual exceptional
Lie algebra. It is not difficult to construct a functor from the category A to C and
we get an algebra homomorphism from A to the coefficient algebra Q(A). But this
morphism is equivalent to a graded homomorphism y from A to R and the desired
properties of y are easy to check.

Conversely if such a morphism y exists, we get an algebra homomorphism y’ from

1
A[d] to the localized algebra R’ = R[@] by:

(5ba + 603)(6a + 53)
of

Then we may force Ald] to act on morphisms in the category A (and not only on
special diagrams). So we get a new category A; which is linear over A[d], where d
represents the circle. By tensoring A; over Ald] by R’, we get a category Ay which
is linear over R’. If we kill every morphism f: X — Y in A, such that the trace of
f o g vanishes for every g : Y — X, we get a category Az which satisfies all Deligne
properties. Hence we have a positive answer to Deligne’s conjecture.

X(d) = =2

Remark: Suppose the conjecture is true. Let A be any element in Az and P =
P(a, ) be its image under Y,... The expression P(«, 3) is known if o/ lies in the
set £ = {-3,—-4,—6,-5/2,-5/3,—4/3,-3/2,—2,—5/4,—1}. Therefore P is well
defined modulo the following polynomial II:

I = (a+208)( +2a)(a+36)(5+ 3a)(a+406)(8 + 4a)(a + 66) (5 + 6a) ¥

(2a+506) (26 + ba)(3a + 506) (38 + o) (3a + 43) (30 + 4ar) X
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(2ae + 303) (20 + 3a)(2a + 5) (26 + «) (4o + 56) (45 + ba)(a + )

By looking carefully at each character corresponding to the exceptional Lie alge-
bras we can check that P(«, ) is an integer if o/ or §/a lies in E and « + (3 and
a/3/2 are integers. So we may ask the following:

Question: Suppose the character Xy exists. Is Xezc(Az) contained in the subalge-
bra Zla + 3,a3/2]7

7.7 The super case. There exists an interesting Lie superalgebra depending on a
parameter « called D(2,1,«). This algebra is simple and has a nonsingular bilinear
supersymmetric invariant form and a Casimir element. Therefore it produces a char-
acter on A depending on the parameter a. Actually this algebra produces a graded
character from Az to a polynomial algebra Z[os, 03).

Consider 2-dimensional free oriented Z-modules F;, F,, E3 and denote by X
the module F; ® Fy ® F3. This module X is a module over the Lie algebra L' =
sl(Ey) @ sl(E2) @ sl(F3).

Since F; is oriented, there is a canonical isomorphism x ® y — xay from A?(E;)
to Z. On the other hand, we have a map from S?(E;) to sl(E;) sending  ® y to the
endomorphism z.y : 2 +— x yaz + y xAZ.

For each i € {1,2,3} take an element f; € sl(E;) which is congruent to the
identity mod 2. Let A be the polynomial algebra Z|a, b, ¢| divided by the only relation
a+ b+ c=0. Then we can define a Lie superalgebra L over A by the following:

— the even part Lo of L is the A-submodule of A[1/2] ® (®;sl(F;)) generated by
sl(Ey), sl(Esy), sl(Es) and (afy + bfs + cf3)/2

— the odd part Ly of L is the A-module A ® X

— the Lie bracket on Ly ® Lg is the standard Lie bracket on sl(E;) ® sl(F;) and
vanishes on sl(E;) ® sl(E;) for i # j

— the Lie bracket on Ly ® L; is the standard action of @®;sl(F;) on X

— the Lie bracket on L; ® Ly is the opposite of the standard action of @;sl(E;)
on X

— the Lie bracket on X ® X is defined by:

1
TRy®z,1r ey Q2 = a(a v’ yny' 2nd 4+ b anx’ gy 2 + e and yay' 2.2).

It is not difficult to see that L is a Lie superalgebra over A with superdimension
9 — 8 = 1. The Jacobi relation holds because a + b + ¢ = 0. If we take a character
from A to C, we get a complex Lie superalgebra. Up to isomorphism, this algebra
depends only on one parameter a and is called D(2,1, ). Here this algebra L will
be denoted by D(2,1).

In order to define a Casimir element in f)(?, 1), we need some notations. Consider
for each i =1,2,3 a direct basis {¢;;} of E; and the dual basis {¢};} with respect to

the form A:
J

J
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For each i, the trace of the product is an invariant form on sl(E;), and, corre-
sponding to this form, we have a Casimir type element ; = > ; €ij ®e;;. This element
belongs to L ® L ® Z[1/2], but 2w; lies in L ® L. We have also a Casimir element
m € X ® X defined by:

T=) (1 ®er; Den) ® (¢); ® ch; ® ely).

ijk
7.7.1 Lemma: For each i € {1,2,3} and x € F;, we have the following:

Y e@ure; =2 ey(r) @€,
- i

Y wey@el;=-2) e;@d;().
j j

Proof: Denote by 7 the trace map. For every a €End(F;) we have:

Y curl(@el)a) = Y eyEynal@) + 3 eylanalel)

= afz) — Z eij(a(@)nel;) = 2a(x) = 2 Z eij(z)7(e);a)

and that gives the first formula. The second one is obtained in the same way. O

7.7.2 Lemma: Let K be the fraction field of A. Then D(2,1) ® K has an invariant
bilinear form and the corresponding Casimir element is:

Q= —an — bQQ — CQg + .
Moreover the cobracket induced by € is a morphism from D(2,1) to D(2,1)®D(2, 1).
Proof: Let + ® y ® 2z be an element of X. We have:

TRY® z(m) = Z[x®y®2781i®52j ® €3x] ® (Elli®€/2j ® 5

ijk

- Z(Eu ®ex Qeg) DT O®Y® z,6,; ® 5/2]‘ ® €3]
ijk

1
= é(aZl + bZQ + CZg)
with:

/ / / / / /
7y = E T.E1; YAEaj 2nE3) ® (€1; ® € ® e3y,) — E (1i ® €95 ® £31,) ® T.€Y; YASh; 2nEsy,

ijk ijk

/ / / / / /
Zy = g TAE1; Y-Eaj 2nE3) ® (€]; ® €y ® eyy,) — E (1i ® €95 ® £31) ® TAEY,; Y-EY; 2nE3y,

ijk ijk
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/ / / / / /
== E TAE1; y/\€2j Z.E3k &® (512‘ ® 52]' ® €3k) - E (El’i X 52]‘ ® 53]4;) &® TNE; y/\€2j Z'€3k'
ijk ijk
Using Lemma 7.7.1, Z; is easy to compute:

Zy = Zx-éu Qe YR 2) — Z(eu RY® z) ®x.€y

ijk ijk

:—22612 (el;(z) @y 2) —22611 )RYRz)®e, =25y 2()
ijk ijk

and similarly we get: Zs = 2r @ y ® 2()), Z3 = 22 ® y ® z({23). Therefore we have:
1
rRyY®z2(Q) =12y z(—a — by — cQ3) + §(aZl +bZy+cZ3) =0

and €, which is clearly invariant under the even part of D(2,1), is D(2, 1)-invariant.
Since 2 is symmetric and invariant, it corresponds to an invariant symmetric
bilinear form on D(2 1) ® K which is clearly non singular.
It is easy to see the following congruence modulo D(2,1) @ D(2,1):

Q= %(af1®f1+bf2®f2+0f3®f3)

and the cobracket takes values in D(2,1) ® D(2,1). O

7.8 Theorem: Let Z[os, 03] be the graded subalgebra of A = Z[a,b,c]/(a + b+ ¢)
generated by oy = ab + bc + ca of degree 2 and o3 = abc of degree 3. Then the
character xs,, induced by D(2,1) equipped with the Casimir ) is a graded algebra
homomorphism from Az to Z[os, 03).

Moreover x ., satisfies the following:

Xsup(t) =0 and Vp >0, Xsup(wp) = wo®
with: o = 405, w = 803.

Proof: Since A is a unique factorization domain, we can apply Theorem 6.1 and
the character induces by D(2,1) is an algebra homomorphism X, from Az to A =
Zla,b,c]/(a+ b+ c). There is an action of &3 on D(2,1). This action permutes the
modules F; and the coefficients a, b, c. Therefore ., takes values in the fixed part of
A under the action of &3 and xsy, is an algebra homomorphism from Az to Z[os, o3].

On the other hand, D(2,1) is a graded algebra: elements in sl(E;) are of degree
0, elements in X are of degree 1 and a, b, ¢ are of degree 2. With this degree the
degree of the Lie bracket is 0 and the degree of the cobracket is 2. Hence it is easy
to see that each element u € Az of degree p is sent by x., to an element of degree
2p. Thus, after dividing degrees in A by 2, s, becomes a graded character. In
particular yp(t) is trivial because Z[oy, 03] has no degree 1 element.

As above denote by W the morphism defined by the diagram
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7.8.1 Lemma: The endomorphism ¥ satisfies the following:
3 3 3
\I/(Ql) = —4(191 + 57’(’, \I/(QQ) = —4bQQ + 571', \I/(Qg) = —4693 + 571',

\I[<7T) = —4<G2Ql —+ b292 -+ C2Qg).

Proof: We have:
U() =—a) len,en] ® [er, en] + Y _leni, 1 © oo @ e] @ [¢; @ by, @ ey, ).
ij ijlk
The coefficient of —a in this formula is the image of the Casimir of sls under the
corresponding homomorphism Wy, Then it is equal to 2x42(t)2; = 4€);, and:

T(Q) = —4a — Y (eri(ery) @ ear @ £31) ® (€h,(2h;) @ by, ® ehy).
ijkl
Because of Lemma 7.7.1, we have:

1
> eniler;) @ eli(ey) = 3 D en®ejellel;)
i

ij

1
=3 ZE” ® (e14 5/1iA5/1j + €l Elegllj)
i
1 , 1 / /
j i J
1 3
= _528“@8,“ - Z€1i®€,1i = _5261.7@8/1]
i i J

and that implies the first formula. For computing ¥ (€2s) and W(23), just apply a
cyclic permutation.
Since €2 is the Casimir and ¢ is zero in this case, we have:

0=V (Q) = 4a*Q + 4b°Qy + 4c¢*Q + V()
and that proves the lemma. O

7.8.2 Lemma: The module S$?D(2,1) @ K decomposes into a direct sum Uy &
U, & Uy & Us. The module Uy is isomorphic to K and generated by the Casimir.
The homomorphism WV respects this decomposition. It acts on Uy, Uy, Us,Us by
multiplication by 0, 2a, 20, 2¢ respectively.

Proof: Set: L =D(2,1) ® K. Let V; be the K-submodule of S2L generated by €,
Qg, Q3, m. The morphism ¥ induces an endomorphism of V). The matrix of this
endomorphism in the basis (2, 2029, 223, 7) is:

—4a 0 0 —2a°
0 —4b 0 —2b%
0 0 —4c  =2c2
3 3 3 0
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The eigenvalues of this matrix are 0, 2a, 2b, 2¢ and corresponding eigenvectors are:
0= —CLQl —bQQ —CQg+7T

2a(b — ¢)Q + 6b°Qy — 6c*Q3 — 3(b— )7
2b(c — a)Qy + 6¢*Q — 60> — 3(c — a)m
2c(a — b)Q3 + 6a*Q; — 6b°Qy — 3(a — b).

Let Ly be the even part of L. Let F, be the simple sl;-module of dimension
p + 1. This module is the symmetric power SPF; and F» = sly. Denote by [p, g, 7]
the isomorphism class of the Lo-module F, ® F,,; ® F,.. These elements form a basis of
the Grothendieck algebra Rep(Lg) of representations of Ly. In this algebra we have:

[Lo] = [2,0,0] + [0,2,0] + [0, 0, 2] [(X]=11,1,1]

[SLg] = 3[0,0,0] + [4,0,0] + [0,4,0] 4 [0,0,4] + [2,2,0] 4 [2,0,2] +[0,2,2]
[A2X] = [0,0,0] + [2,2,0] + [2,0,2] + [0, 2, 2]
[Lo® X] =3[1,1,1] +[3,1,1] + [1,3,1] +[1, 1, 3].

The module Vj is the submodule 3[0, 0, 0]+ [0, 0, 0] of S2L. Set Vj = V} and define
by induction submodules V| to be the image of X ®V,_; under the action map. Then
set: V, =V +...+V,. Forevery p >0, V, is a Lo-module. It is not difficult to
prove the following:

[Vo] = 4[0,0,0] [V4] = 4[0,0,0] + 3[1,1,1]

[Va] = 4[0,0,0] + 3[1,1,1] +[2,2,0] 4 [2,0,2] + [0,2,2] = A’X C V}
[Vg] = 4[0,0,0] + 3[1, 1, 1] + [2, 2,0] + [2,0,2] + [0, 2,2] + [3, 1, 1] + [1, 3, 1] + [1, 1,3]
= AN2X@® Lo X CVs.

Then there is a unique Lg-submodule W of S?L, C S?L such that V3 & W = S?L.
If V is the L-submodule of S%2L generated by V;, the module S?L/V is a quotient
of W and then has no odd degree component. Therefore this module is trivial and
S2L is generated by Vj as a L-module, and that implies that S2L is the direct sum
of L-modules generated by the eigenvectors above and the lemma is proven. O

Now we are able to apply Theorem 6.3 and we get the desired result. O

Remark: There exist an extra Lie superalgebra equipped with a Casimir element:
the Hamiltinian algebra H(n) for n > 4 and n even and that’s a complete list of simple
quadratic Lie superalgebras [Kc|. For n > 4 the Hamiltonian algebra L = H(n) has
the following property: it has a Z-graduation compatible with the Lie bracket, and
the Casimir has a nonzero degree. Therefore for any element u € A of positive degree,
the induced element y,(u) has a nonzero degree. But it is an element of the coefficient
field. Hence the character yy, is the augmentation character.
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8. Properties of the characters.

In the last section, we constructed eight characters x;, i = 1...8 corresponding to
families gl, osp, Eg, E7, Eg, Fy, G2 and D(2,1). These characters are graded algebra
homomorphisms from A to A;, where A; = Q[t,u], Ay = Q[t,v], A3 = Ay = A5 =
Ag = A7 = Q[t], As = Qlo2, 03).

Consider the subalgebra Ry = Q[t] ® wQ|t,0,w] of R = Q[t,0,w]. This algebra
is sent to A by a morphism ¢ defined by:

o(t) =t, Vp >0, ¢(ofw)=w,

For each i = 1,...,8 there is a unique character x; from R to A; which restricts
on Ry to x; o ¢. These morphisms are defined by:

Xi(t) =t Xi(0) = 2(t* — 2u) Xi(w) = 26(t* — 4u)

Yo(t) =t o (o) = 3(t — 20)(t + 3v) Xo(w) = 2(t — v)(t — 20)(t + 4v)

GO =t G0 =gt ) = of
GO =t N0 =P ) =
GO=t G0 =5 ) = pf
GO =t X0 =Tt () = 5t
GO =t o) =t ) = ot

Xs(t) =0 xglo) =do2  Xg(w) = 8os.

The kernels of these characters are:
L = KGTXQ - (Pgl)

I, = Kerxy = (Ppsp)

Is = Kerxy = (Poye, T7t* — 360)
I, = Kery), = (Poye, 176t — 810)
Is = Kerys = (Piye, 494t — 2250)
Is = Kery = (Poye, 170t — 810)

I; = Kerxs = (Pyye, 65t* — 360)

Iy = Kerxg = (1)

with:

P, =w — 2to + 2t

g
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P,y = 27w — T2tow + 408w + 40° + 29t%0* — 24t'c
P.pe = 27w — 45to + 40t
Using the inclusion Q[t, 0, w| C Q|a, 3,7] we check the following:

Pp=(a-t)(B—-t)(y—t)=—(a+B)(B+7)(y+a)
Poop = (a+208)2a+ B) (B4 27) (26 + 7) (v + 20) (27 + )

P = (3a — 26)(38 — 2)(37 — 2¢).

Since characters y; are surjective each character y; may be consider as a graded
algebra homomorphism from A to a quotient of R. These characters are related.

The complete relations between them are given by the following result of Patureau-
Mirand:

8.1 Theorem [Pa]: Let I be the following ideal in R:

I = twPy Posy(Prge, (TTt* — 360) (176t — 810) (494t — 2250) (170> — 810) (65¢* — 3607))

Then there is a unique graded algebra homomorphism x from A to Ry/I such that:
Xsiz2 = X mod wR

Vi=1...8 x;=x mod I

Remark: It was conjectured in [BN] that every element in A is detected by invariants
coming from Lie algebras in series A, B, C, D. This conjecture is false. There is a
weaker conjecture saying that invariants coming from simple Lie algebras detect every
element in 4. That’s also false because of the Lie superalgebra D(2,1). Actually we
have the following result:

8.2 Theorem: There exists a primitive element of degree 17 in A which is ratio-
nally nontrivial and killed by every weight function obtained by a semisimple Lie
(super)algebra and a finite dimensional representation.

Proof: Let u be the following primitive element of A of degree 2:

>

The map A — Au is a rational injection from A to the module P of primitives of A
(see Corollary 4.7). Let U be the image of P = wPyP,s, ;. under the morphism
¢ : Ry — A. This element is detected by xs and is rationally non trivial. Then Uu
is an element rationally non trivial in A of degree 17.
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Let L be a simple Lie superalgebra equipped with a Casimir element. If L is of
type i # 8 we have:
O (Uu) = x:(P)®r(u) = 0.

If L is of type 8 (i.e. L =D(2,1)), we have:
D1 (Uu) = x4(P)Br(u) = Xs(P)xs(D)@r( () ).

But xs(t) = 0. Therefore Uu is killed by @,
If L =L, is semisimple, ., (Uu) = > &1, (Uu) = 0 because Uu is primitive. O

8.3 Theorem: Let u be an element in A killed by all characters x;. Let L be a
quadratic Lie superalgebra over a field of characteristic 0. Then u is killed by ®,.

Proof: Let D be a connected diagram in D((), [3]) representing some element u’ in
F(3). Let Dgy be the union of closed edges meeting 0K and D; be the complement
of Dy in K. We'll said that D is reduced if D; is connected.

8.3.1 Lemma: Every connected diagram in D({), [3]) of degree > 2 is equivalent in
F(3) to a multiple of a reduced diagram.

Proof: Let d be the degree of a connected diagram D. If d is positive and D is not
reduced, we have the following possibilities in F'(3) (up to some cyclic permutation

in 63)2
D :}v— :>—Cw— =2t \w—
/
D:j}\w—: w—v—:t\w—v—
v /

Therefore D is equivalent in F'(3) to a multiple of #'D;, with ¢ < 3 and D; reduced
or i = 3. But it is easy to see the following:

Since a reduced diagram multiply by t is represented by a reduced diagram, the result
follows. 0

Since x4 detects every element in A in degree < 6, we may suppose that u is an
element in A of degree d > 6. Consider the category of diagrams A. Any element
in F'(m) may be seen as a morphism in A from () to [m]. Let 3 be the bracket from
2] to [1] (0 is represented by a tree). Because of the lemma, there is an element
v € F(6) such that:

u=[%ow.

Moreover the degree of v is d — 3 > 2.
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Consider now a quadratic Lie superalgebra L over a field in characteristic zero
and a central extension F of L. Denote by K the kernel of F — L. The Lie
bracket F @ E — FE' is trivial on K ® F + F ® K and induces an extended bracket
Yv:L®L— E. So we can set:

Op () = Y (Pr(v) € B,

8.3.2 Lemma: Let I be an ideal in L and I+ be its orthogonal. Let E; and E,
be the pullback in E of I and I*+. Suppose that the inner form is nonsingular on I.
Then we have:

<I>E7L(u) = (I)EI,I(U) + (I)EQJL(U).

Proof: The modules I and I+ are Lie superalgebras. Since the form is nonsingular
on I, L is the direct sum I @ I+. It is easy to see that I and I+ are quadratic Lie
superalgebras and F; — I and E, — I+ are central extensions. Then we have:

Cp,(u) = PP (Dp(v) = VF(Pr(v) + pe(v) = Py p(u) + P, 1o ().
O

8.3.3 Lemma: Let I be an isotropic ideal of L and I+ be its orthogonal. Let J
be the quotient I+/I. Suppose that the form on J induced by the inner form on
L is nonsingular on the center of J. Let E; be the pullback in E of the module
[[+,1+] C L. Then E is a central extension of J, = [J, J] and we have:

Ppr(u) = Pg, s, (u).

Proof: Since I is a L-module, [+ and J = [*/I are L-modules too. Moreover for
any (z,y,2) € I x I+ x L we have:

< [r,yl,z >=<x,[y,2] >=0

and [z,y] is orthogonal to every z € L. Then [z,y] = 0 for every z € I and y € I+
and the bracket is trivial on I ® I+. Therefore the Lie bracket and the inner form
induce a quadratic Lie superalgebra structure on J = I+/1.

The central extension I+ — J is determined by a 2-cocycle ¢ : A2J — I. The
cohomology class of ¢ is determined by a morphism Hy(J) — [ and it is possible
to modify ¢ by a coboundary in such a way that ¢ and Hy(J) — I have the same
image. Then I+ can be identify to I @ J and the Lie bracket [, ], on I @& J is given
by:

Va,B€l, Ve,yeJ, [a+z,B8+y) =[x,y +olx®y)

where ¢ is a cocycle satisfying: p(A%(J)) = p(Ker(A%J — J)). The central extension
induces an extended bracket ¢ from A%(J) to I+.
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Since the form is non singular on J, it is nonsingular on its orthogonal J*. Then
there exists a module I* C L such that the form is trivial on I* and J* is the module
I @ I'*. Therefore the Casimir element {2 decomposes in a sum: €2 = Qy + Q, +Q_|
where (g, {2, and 2 arein J® J, [ ® I* and I* ® I respectively.

Suppose v € F(6) is represented by a connected diagram D such that the edges
of D meeting 0D are disjoint. Therefore there exists a diagram D’ representing an
element w in A((), [12]) such that:

v = 3% ow.

Actually every element in F'(6) of positive degree is a linear combination of such
diagrams.

Set 0D = {v;}, i = 1...6 and denote by e; the oriented edge in D starting from
v;. Let U be the set of oriented subgraphs of D and I' be an oriented graph in U.
For each oriented edge a € D define the module Vi-(a) by:

I* ifaecl
VF((I) = I if —ael
J otherwise

Let e be an edge in D and a and —a be the corresponding oriented edges. Set §p(e)
be the component of the Casimir element €2 in Vr(a) ® Vr(—a) and denote by (I)
the tensor product:

Q) :<§ Qr(e).

For each 3-valent vertex x in D the alternating form < , , > induces a linear form
on Vr(a) ® Vr(b) @ Vr(c) where a, b, ¢ are the three oriented edges in D starting from
x. By applying all these forms to (") we get an element ®(I") in ®;Vr(e;). It is not
difficult to see that ®(v) is the sum of all ®(T").

Let x be a 3-valent vertex in D and a, b, ¢ be the oriented edges in D ending at
x. Since the alternating form < z,y,z > vanishes for x € [ and y € I © J, Q(T) is
zero if @ is in I" and —b (or —¢) is not in I'.

Denote by U, the set of all I" in U such that:

for every 3-valent vertex v in D, if one oriented edge starting from v is in I' the
two other edges ending at v are in I' too.

Then we have:

I'eU4

Let I' be an oriented graph in U,. Suppose I' contains some oriented edge e
disjoint from 0D. Since D\{e;} is a connected 3-valent graph, there is a long oriented
path (fi1, f2,..., f, = e) in D such that each oriented edge f; is in I'. Therefore I
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contains an oriented cycle C. Since the degree of v is at least 2, there exist an edge
¢’ outside of {e;} and meeting C' in some vertex v. Then there is a long oriented
path (g1, g2, - - -, g4) such that g, is the edge ¢’ ending at v. But this path is necessary
included in D because I' is in U, and that’s impossible. Hence I' has to be included
in {e;} with the right orientation.

Then we have:

r,(v) = (s (w)).

Let Jy be the center of J. Since the form is nonsingular, J is the direct sum:
J = J1 & Jo. The center of Jj is trivial and then: J; = [Jy, Ji]. Since J; is abelian,
we have:

@ (v) = (P (w)) = (D, (w) + P (w)) = (P, (w)).

Let I; be the image of ¢. Then the module [[*, [*]is [[®J, [ J]; = I, ® J;. Denote
by ¢ a 2-cocycle on A2L which determines the extension £ — L. Let o € I; and
x and y in J. Since ¢y is a cocycle, we have:

pr(a®[z,yl1) = —p1(x @[y, a]1) —p1(y @ [a, 2]1) =0

= ¢i(a,[7,y] +p(r@y)) =0.

Then if w is in Ker(A?J — J) we have: ¢;(a, ¢(w)) = 0 and ¢ is trivial on [; @ I
and therefore on I; ® J;. Hence the cocycle on [I LT L] comes from a cocycle on J;
and the extension E; — Jj is central. This extension induces an extended bracket
" A2J, — E; and we have for every 1, oo, o3, x4 in Ji:

Y (21 @ T2 ® 23 ® 24)) = (U (11 ® T2) @ Y (w5 ® 24)) = ¥ ([21, 72] @ [23,24])

:>¢ow/®2 :wuoﬁ@a

where (3 is the Lie bracket on L;. Therefore we have:
Cp,(u) = VP (Pp(v) = V("D (w)))
= " (7D (w))) = "2, (v) = Py, (1)

O

Now we are able to prove that ®p 1 (u) is zero by induction on dim(E)+dim(L).

Let E be a central extension of a quadratic Lie superalgebra L. Suppose there
is some nontrivial ideal in L contained in its orthogonal. Let I be such a maximal
ideal. Set: J = I+/I. Since I is maximal, J doesn’t contain any nontrivial isotropic
ideal and the inner form on .J is nonsingular on the center of J. Hence ®g 1(u) is
trivial by induction, because of Lemma 8.3.3.

Suppose L has some nontrivial simple submodule /. The inner form is now non-
singular on [ and ®g 1 (u) is trivial by induction, because of Lemma 8.3.2.

So we have to suppose that L is simple. If L is isomorphic to some sl(E), osp(E),
E6, E7, E8, F4, G2, G(3), F(4) or D(2,1, «), the cohomology of L is isomorphic to
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the cohomology of some semisimple Lie algebra [G] and H?*(L) is trivial. Therefore
the extension &/ — L is trivial and there is a section s of it. So we have:

O, (u) = VP (@L(v) = %% 0 fP(@L(v)) = s (Pr(u))

and this element is trivial because u is killed by each character x;.

If L is isomorphic to some psl(E), H*(L) is a 1-dimensional module generated
by the central extension sl(F) — psl(F). Then there is a morphism s : sl(F) —
psl(E) = L and then this extension factorizes through E. So we have:

g r(u) = s%(Pgp),z(u))

and ®p 1 (u) is detected by ®yg) (u) and then by @y g (u). Therefore ®p 1 (u) is
trivial because ®4g)(u) is detected by x1 = x4

In the last possibility L is isomorphic to an Hamiltonian Lie superalgebra H(n)
with n = 2p > 4. Consider the Hamiltonian Lie superalgebra Ey = H(n) and its
commutator By = [H(n), H(n)] (see the Appendix). Since H2(H (n)) is 1-dimensional
and generated by the central extension Fy — H(n), there is a morphism s : £} —
E and this extension factorizes through E. So we have:

D p(u) = s*°(Pp, 1 (u))

and ®p 1 (u) is detected by ®p, 1(u) and then by ®g, (u). But Ey = H(n) is Z-graded
and the degree of its cobracket is n —4. Then ®g,(u) is an element in A3FEj of degree
d(n —4). On the other hand FEj is concentrated in degrees —2,—1,...,n — 2 and
A3E} is concentrated in degrees —5,—4,...,3n — 7. If &g (u) is nonzero we have:

dn—4)<3n—7 = (d—3)(n—4) <5 — 2(d—3) <5 — d<5.
But that’s not true and ®p 1 (u) is trivial. O

8.4 Theorem: Let J be the ideal of R generated by tw Py Py Peye. Then J is killed
by the morphism ¢ : Ry — A.

Proof: Let A’ be the monoidal subcategory of A generated by diagrams where each
component meets source and target. Let X be a finite set. If x and y are distinct
points in X we may define three morphisms in the category A’ in the following way:

Denote by Y the complement: Y = X \ {z,y}. Take a point z (outside of Y) and
set: Z =Y U{z}. So we define a morphism ®%¥ from X to Z by:

OLY = z{i ®1y

We have also a morphism @7 | from Z to X defined by:

. Y
(I)$7y = x}z ®1Y
and a morphism ¥, , from X to X defined by:
Yy—r—VY

\IIx,y = ®1y
r——-2=
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The set of all these morphisms will be denoted by M.

Let f be one of these morphisms. The set {z,y, 2z} in the first two cases or the
set {z,y} in the last case will be called the support of f. Using this terminology we
have the following relations:

R1: if f and ¢ are two composable morphisms in M with disjoint support they
commute.

R2: ¥, , = q)zvy o @;z

R3: U,y =V, 0Ty = CIDQy o &Y, where 7., is the transposition x < y.

Let X be a finite set and x be an element in X. Denote by Y the complement
Y = X \ {z}. We have the following morphisms:

= Y, D= N, U, =) T,

yey yey yey

They are morphisms from X to Y, Y to X and X to X respectively.

The collection of modules F'(X) = A*(0, X) define a A’-module F. Because of
Lemma 3.3 it is easy to see that ®, and ®* act trivially on F' and ¥, acts on F' by
multiplication by 2t. So we may define a new category A: the objects in this category
are nonempty finite sets and the morphisms are Q[t]-modules defined by generators
and relations where the generators are the bijections in finite sets and the elements
in M and the relations are the following:

— relations R1,R2,R3

— ®, =0, * =0 and ¥, = 2¢ for each point x in some finite set.

__ This category contains the category & of finite sets and bijections and F' is a
A-module.

Let n > 1 be an integer. Denote by A, the category of finite sets with cardinal
in {1,2,...,n} and morphisms defined by generators and relations:

— generators: bijections and elements in M involving only sets of cardinal < n

— relations: relations in A involving only sets of cardinal < n.

By restriction F' induces a A,-module F,,. For example F5(X) is trivial if #X # 2
and is the free module generated by:

-O-

otherwise.
Define the Aj-module G4 by:
— Gu(X) =0 if #X =1
— if #X =2, G4(X) is the free Ro-module generated by ‘Oi
— if #X = 3, G4(X) is the free Ro-module generated by }

— if #X =4, G4(X) is a direct sum Ry@U; ® RQUs ® Ry @ V1 & R® V3, where
Vi and V5 are 1-dimensional modules generated by the following diagrams:

XX
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and U; and U, are 2-dimensional simple &4-modules generated by the following dia-

grams:
X

The action of the category A, on this module is defined by Proposition 5.5.
For each n > 4 define the module GG,, by scalar extension:

Gn:An ® Gn—l-

n—1

These modules can be determined by computer for small values of n. For every Young
diagram « of size n denote by V(a) a &,-module corresponding to o. If X is a finite
set of cardinal p, G,,(X) is a G,-module and we get the following:

— if p=>5, G5(X) and G¢(X) are isomorphic to

(R\AROR)®V(3,1,1)@ RV (2,1,1,1)
— if p =6, G¢(X) is isomorphic to
(Ro® R®) ® (V(4,2) ®V(2,2,2)) ® (Ry ® R*) ® V(6)

OR*® (V(3,2,1)@aV(2,1,1,1,1) e R® (V(3,1,1,1) @ V(5,1)).

For a complete description of Gg(X) in the case p = 5 we may proceed as follows:

Let E(X) be the Q-vector space generated by the elements of X with the single
relation: >y« = 0. Then A*?E(X) and A*E(X) are simple modules corresponding
to Young diagrams (3,1,1) and (2,1,1,1) and we can set: V(3,1,1) = A>E(X) and
V(2,1,1,1) = A3E(X). So with the identification G¢(X) = (Ry®RO®R)®@V (3,1,1)®
R®V(2,1,1,1), we have the following:

a e d
>J—< = A® (a—b)ald — o),
b c
a e d
>9J_< = C® (a—ba(d—c)+ D® (a—badac,
b c

a (&

>—d = (RiA+ B) @ a,
b c
a (&

>—%-d = (C+oB) @ ard,
b c

where A generates a free Ry-module and B, C'; D generate free R-modules.
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Let X be a set of cardinal 6. Consider the element U in F'(X) represented by the
following diagram:

This element is not in G but it corresponds to en element Uy in G7. With the
following idempotent in Q[&x]:

W:éZ&"UJ

’ cgeBx

we can set: V = 7wU and V) = nU,.
Let z and y be two distinct elements in X. Set: Y = X\ {y} and Z = X \ {z,y}.
We have:

5!
R IR o R
Z7é$ z#T

It is not difficult to see that ®Z¥V} is an element in Gg(Y) completely antisymmetric
in Z.

Let a, b, ¢, d be the elements in Z. It is easy to see that every element in V' (3,1,1)
completely antisymmetric in a,b,c,d is trivial and any element in V(2,1,1,1) =
A3E(Y) completely antisymmetric in a, b, ¢, d is a multiple of arbac — anbad + ancad —
bacad. Therefore there is an element P in R such that:

a x d a x d
oy =p( >4 - 1),
b c b c
But for a diagram like this:
D

there is a double transposition in &g which acts on it by multiplication by —1 and
its antisymmetrization is trivial. Therefore V and V' are killed by t.

On the other hand there is a pairing on each F'(X) with values in A:

if u and u’ are two elements in F’'(X) represented by diagrams D and D', we
can glue D and D’ along X and we get a connected diagram D;. The class of D,
in F(0) is the multiple of the Theta diagram by some element A € A. So we set:
<u,u >= A\

Consider the element P =< U,V > in A. This element is of degree 15. Since V'
is killed by ¢, we have in A the relation: ¢tP = 0.

On the other hand we can check by computer that the morphism Gg(X) —
G7(X) is surjective for #X < 6. So P lies in a quotient of Ry and P can be seen as
an element in Ry.
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Since tP = 0, P is killed by xsi2, Xt and Xosp. S0 we have:
P = WPglPospQ

for some ) € R of degree 3. But (@ is also killed by the exceptional characters y; and
Q@ is a multiple of P,,.. At the end we get:

P = kwpglposppexc
for some rational k. A direct computation (by computer) gives the following result:
P=2""P,P,yPy. = twPyP,yPes.=0€A

One can also determine P by using the Lie superalgebra 5(2, 1).
Consider the morphism A in Ag defined by the diagram:

T

The morphism B = 1 ® A may be consider as a morphism from X to a set Z of
cardinal 4. Let 7’ be the sum of all elements in &5 divided by 4!. Since B lies in
A; the element 7’ o B.Vj belongs to A7(Z) and can be seen as an element W in
Go(Z) = G4(Z). Since & acts trivially on W, there is two elements () € Ry and
Q' € R such that W = QH + Q'H' with:

= =

Degrees of Q and @’ are 12 and 10 respectively. Since tVj is trivial W is killed by ¢
in F(Z) and W is killed by @5, &g, and P, .

The functor @4 kills H' but not H. Then @ is killed by xs.

For n big enough the vectors & (H) and ®, (H') are linearly independant. Then
@ and @' are killed by .

The same holds for ®,, and @ and @' are killed by Xosp-

Thus there exist ¢ and ¢ in Q with: Q = cwPy P,y and Q' = 'tPy Pyg).

Let L be an exceptional Lie algebra. Then we have:

¢L<H/):?;_°;¢L<H) — W (5HQ) £ xL(3Q) =0 — ¢ = —5/3c.

On the other hand we have:
P =< HW >= cwP, Py, < H H > —5/3ctP, Py, < H H >

= cPyP,sy(w < H/H > —5/3t < H H' >)
and for every p > 0:

0 =< o?H'{W >=tcPyP,s)(wo? < H',H > —5/3to? < H', H' >).
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Since P is non zero ¢ is non zero too. So we have:
to? Py Posp(w < H'H > =5/3t < H',H' >) = 0.

A direct computation gives:

3 10 3 4
< H H>= —5ow + ?tgw, < H' H >= —502w + §t20w + 2tw?
and that implies:
3 5 20 1
0= tapPglposp(—§Uw2 + §ta2w — §t3aw) = _1—8to—p+1wpglposppm.

Therefore toPw Py PyspPeye is zero in A for every p > 0 and that finishes the proof. O

A particular consequence of this result is the fact that a cobracket morphism is
not necessarily injective:

8.5 Proposition: The morphism:

—U— = }u—

from F(2) to F(3) is not injective.

Proof: Denote this morphism by f. Let U be the image of wPy Py, Py under the
morphism ¢ : Ry — A. We have: U # 0 and tU = 0. Consider the following

element in F(2):
e O

Because of Corollary 4.6 u is nonzero. But its image under f is:

2HU }:0

and the result follows. O

Conjecture: Let J be the ideal of R generated by tw Py P,s,P.,.. Then the mor-
phism ¢ : Ry — A induces an isomorphism from Ry/J to A.

9. Appendix: The Hamiltonian Lie superalgebra H(n).

This section is devoted to the construction of the Lie superalgebra H (n) considered
in the proof of Theorem 8.3.

Let z1, x9, ..., x, be formal variables (with n > 0). Let E be the exterior
algebra on these variables. This algebra is graded by considering each x; as a degree
1 variable. For each ¢ there is a derivation 0; sending x; to 1 and the other variables
to 0. So we can define a bracket on F by:

[, 0] = (=1)"0; (w)ndi (v)

i
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where |u| is the degree of u. Let f be the linear form on E of degree —n sending
T1ALIA . .. ATy, tO 1.

9.1 Proposition: Let ﬁ(n) be the module E with the degree shifted by —2. Then
the bracket | , | induces on H(n) a structure of Lie superalgebra. Moreover the form:

U®vi—<u,v>= f(unv)

is a nonsingular invariant supersymmetric form on H (n) of degree 4 — n.

The center Ofﬁ(n) is generated by 1. The derived algebra []/-\I(n), ﬁ(n)] is the ker-
nel of f. Moreover the quotient of H (n) by its center is isomorphic to the Hamiltonian
Lie superalgebra H(n).

Proof: Sce [Kc] for a description of Hamiltonian algebras H(n) and H(n). The
morphism from H(n) to H(n) is given by:

0
Tig ANTigA o oo AT Z (—1)10,,6;, Oy, . 0;, 50
1<k<p R
and the proposition is easy to check. O

Remark: The algebra H (n) can be determined for small values of n. One has:

H(1) ~osp(1|1)  H(2)~gl(1]1))  HB) ~osp(2]2)  H(4) ~gi(2]2)

9.2 Proposition: Forn =1 or n even the module Hz(]/-\l(n)) is trivial and ﬁ(n)
has no central extension. If n is odd and bigger then 2, H?*(H(n)) is 1-dimensional
and generated by the cocycle u @ v — f(u)f(v).

Proof: Let ¢ be a 2-cocycle. In order to determine ¢ we’ll need some notations:
— A vector in F is called basic if it is a product of distinct z;’s (up to sign).
— The degree of a basic vector u is denoted by |ul.
— The support of a basic vector e = £, ATj,A ... AT;, is the set {zi,... ,Iip}.
— B is the set of collections of basic vectors with disjoint supports.
So we have the following:

[ (=D) Py i |u] =1
V(u,v,w) € B,  [urv, urw] = { 0 otherwise
Since ¢ is a 2-cocycle, the following condition
() (=DM (u 0] @ w) + (=DM, w] © u) + (1) ([w, u) @ v) = 0

holds for every basic vectors u, v, w.
Consider three basic vectors u, v, w. There exist (e, «, 5,7, x,y, z) in B such that:

U = enBryAT V = eAYAQAY w = ernarfPrz
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and the only possibilities for which [u, v] or [v, w] or [w, u] is nonzero are the following
(up to a cyclic permutation):
el =1, o] =|8]=[y[=0
el =1, |a|=|8]=0, [y[>0
lef =1, Ja] =0, [B]>0, |7[>0
el =0, [l =1, |B]=]y=0
el =0, Jaf=1, [B[>1, |7[=0
el =0, faf[=1, |B[>1, |7[>1
lef =0, |a|=|8]=1, [y[=0
lef =0, la|=|8]=1, [7y[>1
el =0, o] = 8] =[y[=1.
By applying the condition (x) to all these cases we get the following relations:

(R1) (=1)lElp(zay @ zae) + (=1)¥1lp(yaz @ xre) + (—1)FIW (202 @ yae) = 0
(R2) o(yazny ® zaeny) = (=1)RIWFNF Lo (v 202 @ yaeny)

(R3) o(Bryrynz & Paynesz) =0

(R4) oyrz®@x) =0

(R5) ©(Brynz @ frz) =0

(R6) o(Bryrynz & Pryaz) =0

(R7) (=1)lllviFleH o (Brynz @ Baz) = (—1)¥Elp(anzaz @ any)

(RS) (1)l DD o (Bryagaz @ Brynz)

= (—1)WlEHNlp(yranzaz @ yrany)

(R9)  (=DFFlp(anbBrany @ anbnz) + (=1)MIFo(Bryaynz @ Brynz)
+(=1)EWp(yranzaz @ yaany) = 0.

Using relations (R4) and (R1) with |z| = |y| =0 and |2| =n — 1 we get:
Y(u,v) € B, p(u®v)=0.
Using relation (R5) we get:
V(u,v,w) e B, |ul>1,|ul+|v|+ |w| <n = p(urv @ urw) = 0.
With the relation (R3) we get:

V(u,v,w) e B, 1<|ul <n,ul+ v+ |w|=n = @(urv @ urw) = 0.
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The relation (R2) implies:
V(u,v,w) € B, |ul =1, |lw| >0 = p(urv @ wau) = p(u ® vawAw)
and since ¢ is antisymmetric:
V(u,v,w) € B, |ul=1 = ¢(urv @ wru) = p(u @ vrwau).
Finally the relation (R7) implies:
V(u,v,w) € B, |ul=1Jv]=1 = ¢(u® wru)=p(v & wrv)

and ¢(u ® wau) depends only on w (if |u| = 1) and ¢(urv ® wau) depends only on
[urv, wau]. Therefore there exist a linear morphism ¢ and a scalar ¢ such that:

p(u@wv) = g(lu,v]) + cf (u) f(v)

for every u and v in ]/-\I(n)
On the other hand ¢ is antisymmetric and: ¢(1 + (—1)") = 0.

If n is even, ¢ = 0 and ¢ is a coboundary. Then H 2(1:-\1 (n)) is trivial.
Ifn=1 u®v f(u)f(v)is a coboundary and H?(H(n)) is also trivial.
If n > 2is odd, H*(H(n)) is 1-dimensional and generated by the cocycle u ®@ v —

fu)f(v). O

9.3 Corollary: Forn > 1, H?*(H(n)) is a 1-dimensional module generated by the
central extension [H(n), H(n)] — H(n).

Proof: Let L be the algebra [H(n), H(n)] and Ly be the quotient H(n)/L. By
looking in low degree the spectral sequence of the cohomology of the extension:

O%L%f-\[(n)ﬁljoﬁo
we get the following:
neven = HY(L)~ H*(L)~0
n=1 = dy: H(L) — H*(Ly)

n>2 nodd = H'(L)~0 and ds: H*(L) — H?*(Ly) is injective.

So for n > 1, H'(L) is trivial.
Let Z be the center of L. The spectral sequence of the central extension:

0—Z2—L— H(n)—0

implies that H'(H (n)) is trivial and the morphism d; is an isomorphism from H*'(Z)
to H*(H(n)). O
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