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Linearisation of indifferent fixed points.

Let f holomorphic germ with an indifferent fixed point at 0,

f (z) = λz +O(z2) .

where |f ′(0)| = |λ| = 1, λ = e2πiα, α ∈ R rotation number.

The dynamics f is linearizable if by a holomorphic change of
variables it becomes a rotation:

h−1 ◦ f ◦ h = Rα .

Interesting case α ∈ R−Q. With ||x || = d(x ,Z), q0 = 1,

qn+1 = Min{q ≥ 1; ||qα|| < ||qnα||} .
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History

• E. Kasner (1913) conjectures that linearization always holds.
• G.A. Pfeiffer (1917) gives holomorphic counterexamples.
• G. Julia (1919) “proves” that linearisation never happens for a
rational function with deg ≥ 2 (P. Fatou (1920) doubts it).
• H. Cremer (1927) proves that small cycles accumulate the
fixed point for polynomials and Liouville α.
• C.L. Siegel (1942) proves that linearization holds for any germ
when α satisfies a diophantine condition.
• A.D. Brjuno (1965) improves Siegel. Brjuno Condition (B):

+∞∑
n=0

log qn+1

qn
< +∞
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What Julia and Fatou missed

Yoccoz normalization of the quadratic polynomial:

Pλ(z) = λ(z − z2)

Critical point c = 1/2. Linearization Hλ entire for |λ| < 1.
For |λ| < 1 the critical point contained in the image of Hλ.
Let U(λ) be the smallest modulus preimage:

Hλ(U(λ)) = 1/2

Yoccoz observes (1980’s):
• U is holomorphic and bounded in the unit disk D.
• Non-zero radial limit of U at λ = e2πiα implies Pλ linearizable.
By a classical theorem of Fatou (!) Pλ is linearizable for a.a. α!
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Main result

Yoccoz also proves that the quadratic polynomial is the “less”
linearizable.

Theorem (Yoccoz 1986)

The Brjuno condition is optimal.

Yoccoz finds a new geometric proof of linearisation that is
reversible and yields, when α /∈ B, non-linearizable examples
with small cycles.
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B. Fayad, R. Pérez-Marco CNRS, INJ-PRG, Paris7
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Local linearisation

Theorem (Arnold 1952)

For α satisfying a diophantine condition, any analytic circle
diffeomorphism with α rotation number and close enough to Rα

is linearizable.

Theorem (Yoccoz 1987)

Arnold’s Thm holds under Brjuno condition, which is optimal.

Yoccoz finds the optimal arithmetic condition (H) for global
linearization of analytic circle diffeomorphisms without
assuming proximity to the rotation.
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Yoccoz finds the optimal arithmetic condition (H) for global
linearization of analytic circle diffeomorphisms without
assuming proximity to the rotation.
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Global linearisation

Theorem (Herman 1979, Arnold Conjecture)

There is a full measure set A of rotation numbers for which all
analytic circle diffeomorphisms are analytically linearizable.

Theorem (Yoccoz 1987)

Explicit determination of the optimal condition H.
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Journée à la mémoire de Jean-Christophe Yoccoz



The center problem and its history Linearization of the quadratic polynomial Optimality of Brjuno condition Linearization of analytic circle diffeomorphisms Linearization of singularities of analytic vector fields

Global linearisation

Theorem (Herman 1979, Arnold Conjecture)

There is a full measure set A of rotation numbers for which all
analytic circle diffeomorphisms are analytically linearizable.

Theorem (Yoccoz 1987)

Explicit determination of the optimal condition H.
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Analytic vector fields

Let Xα be an analytic vector field in (x , y) ∈ C2 with a
singularity at 0 in the Siegel domain (α ∈ R):

ẋ = x +O(2)
ẏ = −αy +O(2)

Theorem (PM, Yoccoz 1990)

One-to-one equivalence of the holomorphic conjugacy classes
of germs with rotation number α and the holomorphic
conjugacy classes of vector fields (Xα).

Corollary

Brjuno condition is optimal for the linearization of vector fields.
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B. Fayad, R. Pérez-Marco CNRS, INJ-PRG, Paris7
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