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Introduction

1 Bornes sur les valeurs propres de Laplace

1.1 Motivations physiques et historiques

Dans cette these, nous nous attacherons a étudier les fréquences propres émises par une
membrane rigide en fonction de la forme géométrique de sa surface. Ce lien géométrique a
été 1'un des plus étudiés en analyse fonctionnelle et en géométrie différentielle depuis plus
d’un siecle. Il est a I'origine de méthodes tres variées dans ces domaines et de maniere surpre-
nante, comme on le verra dans la section 2, donne des applications a la théorie des surfaces
minimales.

Partons des origines du domaine : un ouvrage de Lord Rayleigh, [96], Theory of sound, 1894.
Dans cet écrit, il conjecture grace a des calculs et des constatations physiques simples que la
fréquence fondamentale émise par un tambour est toujours plus aigiie que celle émise par un tambour
circulaire de méme aire.

Voici la modélisation physique du probleme. On entend ici par tambour une membrane
rigide dont la surface est fixée a son bord. Penser ici a I'instrument de musique! Ce bord est
une courbe fermée du plan qui est la frontiere d’un ouvert Q) de R?. On peut alors paramétrer
un point (x,y,z) € R® de la membrane par un point (x,y) € Q via la fonction hauteur
z(x,y). Des forces s’exercent sur la membrane, parce qu’elle est tendue. On note 7 la tension
superficielle : c’est la force par unité de longueur normale a une ligne de la membrane. On
note y la masse par unité de surface, constante car on suppose la membrane homogene. On
note aussi A = — (83% + a;) le Laplacien géométrique en un point z = (x,y) du plan R2. Le
signe — est une convention qu’utilisent les géometres pour avoir un opérateur positif. Alors
les forces verticales qui s’exercent sur un élément de surface dxdy en un point (x,y) € Q) sont

— La force de tension : —tAzdxdy

— Le poids : —pugdxdy
La deuxieme loi de Newton s’écrit alors

uo?zdxdy = —tAzdxdy — ugdxdy .

Au repos, la membrane fléchit sous son propre poids et sa hauteur zo(x, y) vérifie 1’équation
TAzy + pg = 0. L'écart au repos ¥ = z — zg vérifie alors I'équation d’onde

af‘l’—i—;A‘I’:OsurQXIR.

En cherchant les modes propres de la forme ¥ (z,t) = ¢(z)e“!, ot ¢ : O — R est 'amplitude

1



Introduction

de l’onde sur la surface et w une fréquence propre, ¢ satisfait

2
{ Ap = g‘l’ 0 (1)
=0 Q).

La premiere condition vient directement de 1’équation d’onde alors que la seconde est une
condition aux limites venant du fait que la membrane est laissée fixe au bord. On obtient ici
I'équation aux valeurs propres de Laplace avec condition de Dirichlet au bord. Pour avoir
une solution, une valeur propre du Laplacien A impose une condition de compatibilité sur la

2
fréquence A = “F et ¢ doit étre une fonction propre associée.
Si () est borné, grace a des résultats classiques de diagonalisation du Laplacien, les solu-
tions (A, ¢) viennent d’un spectre discret

0< )\1(0) < }\2(0) <-... < )\k(Q) — 400

de valeurs propres et d"une base hilbertienne dans L?(Q))

G2, Py

de fonctions propres associées qui sont régulieres. La résolution de 1'équation (1) est équi-
valente a la donnée de ces valeurs propres et fonctions propres qui ne dépendent que de la
forme et de la taille de Q).

La conjecture de Rayleigh porte sur A1(Q}), la plus petite valeur propre non nulle du La-
placien, qui correspond a la fréquence fondamentale du tambour. Cette fonctionnelle dépend
de la forme Q) du tambour et de sa taille. Par un changement de variable ¢(z) = ¢1(%), on
obtient une solution de I'équation (1) sur a() avec

M (@Q) = S, (Q) .

o2
Afin de n’étudier que l'influence de sa forme géométrique, il suffit donc de fixer I’aire de notre
surface ou d’étudier la fonctionnelle A(Q2)A;(Q)), invariante par dilatation (ot A(Q)) est l'aire
de ). La conjecture de Rayleigh s’écrit alors

A)A(Q) > (D),

ot D est le disque unité de R?.
Plus généralement, cette question a été posée en dimension supérieure pour des ouverts
de R". La réponse devient

V(Q)iA(Q) > wEM(Bn) /

ot B" est la boule unité de R", V(Q) le volume de Q) et w, = V(B,,) le volume de la boule
unité. Cette inégalité porte le nom d’inégalité de Faber-Krahn du nom de ceux qui l'ont dé-
montrée indépendamment en 1923 [37], [68]. De plus, cette inégalité est une égalité si et
seulement si () est une boule.

Noter que dans ce résultat, on a a la fois 'existence d’une borne inférieure sur la fonc-
tionnelle A(Q)A1(Q) et le fait que cette borne est atteinte par une surface dite extrémale. Ces
deux questions nous intéresseront particulierement dans la suite. On dit qu’on a un probleme

2



1. Bornes sur les valeurs propres de Laplace

d’optimisation de formes. Les problemes d’optimisation de formes du méme type que Faber-
Krahn peuvent étre posés sur d’autres fonctionnelles comme les valeurs propres suivantes
A(Q)Ar(Q) ou des fonctions dépendant de ces valeurs propres F(A1(Q)),- -, Ax(Q)). Noter
aussi que pour Faber-Krahn, la surface extrémale est explicite, ce qui n’est presque jamais le
cas.

On peut aussi changer la nature physique du probléme et s’intéresser au spectre de Neu-
mann. Dans ce cas, on a la méme équation physique, seule la condition aux limites change :
on laisse la surface vibrer librement a son bord. On trouve par le méme procédé que pour le
tambour les solutions (y, ¢) de

{ Ap=up O 2
dp=0 0.

ot 9, est la dérivée normale sur le bord dont le spectre est noté :
0=po <p1(Q) < p2(Q) < -+ < p(Q) = +o0,

ou en supposant {) connexe, la premiére valeur propre yy = 0 est simple et est associée aux
fonctions constantes.

Au cours de la these, on va surtout étudier le spectre du Laplacien A, = —div,V des
variétés Riemanniennes connexes compactes sans bord (M, g) noté

0=2A0 <A (M,g) <A(M,g) < < A(M,g) — +oo,

ou ici, la forme géométrique de la variété M est déterminée par la métrique Riemannienne
g qu’on lui attribue. De méme, la premieére valeur propre Ay = 0 est simple et associée aux
fonctions constantes.

D’autres questions sur le spectre, vu comme la suite des valeurs propres, peuvent étre
posées. Par exemple Weyl donne une estimation asymptotique sur la suite des valeurs propres
du Laplacien avec conditions de Dirichlet en 1911

M(Q) ~ ki 3)
lorsque k tend vers +oo, o1 () est un domaine de R” de volume 1 de dimension 7 fixée et

(27)?
2
wyy

Cyp =

ne dépend que de la dimension. Des estimations asymptotiques analogues peuvent étre don-
nées sur tous les spectres définis précédemment. Un autre exemple est la célebre question de
Marc Kac en 1966 [58] : Can one hear the shape of a drum ? Autrement dit, deux surfaces non
isométriques ont-elles forcément un spectre différent? La réponse a cette question est non et
ce n‘est qu’en 1992 que deux surfaces non isométriques de méme spectre de Dirichlet sont
exhibées [48]. Nous ne traiterons pas ces types de questions au cours de la these, mais nous
nous intéresserons plutdt a des problemes d’inégalité et d’optimisation de formes sur une
valeur propre donnée : les questions de type Faber-Krahn.
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1.2 Optimisation et domaines extrémaux dans le cadre classique

Pour toute cette section, nous renvoyons en complément a la référence [104], chapitre III.
Un premier objectif de la these est de donner des bornes sur une valeur propre A(M, g) d'une
variété riemannienne (M, g) en fonction de la forme géométrique de la variété donnée par sa
métrique g, sous certaines contraintes. Le deuxieme est de démontrer 1'existence ou la non-
existence de variétés pour lesquels ces bornes sont atteintes. Afin de bien cerner ces questions,
nous proposons en plus de dresser un état de l’art sur les valeurs propres du Laplacien sur
un domaine () de R" avec conditions de Dirichlet Ax(Q)) et des valeurs propres du Laplacien
avec conditions de Neumann p(Q)).

Pour obtenir des inégalités sur A;(M, g), nous utiliserons la caractérisation variationnelle
de la k-ieme valeur propre du Laplacien sur une variété riemannienne compacte (M, g) :

Vo|? do
Ax(M,g) = inf  sup —fM| ¢|g §

, 4)
Feot geb\(0)  Ju 9740

ou l'infimum est pris parmi les espaces vectoriels de fonctions C* de dimension k + 1. Noter
ici que cet infimum est atteint si E,; est la somme des espaces propres associés aux valeurs
propres inférieures a Ay et le supremum pour une fonction propre associée a A; dans cet
espace. On appelle quotient de Rayleigh le quotient qui apparait dans le supremum et énergie
de Dirichlet son numérateur. Cette caractérisation existe aussi pour Ax(Q) et p(Q) lorsque Q
est un domaine de R".

Remarquons d’abord que certaines bornes sont triviales, méme a volume fixé :

Proposition 1. En prenant l'infimum et le suprémum suivants sur les ouverts connexes bornés ) de
IR", on obtient :
2
sup V(Q) " A (Q) = 400
O

inf V(Q) () = 0
et sur toute variété connexe compacte sans bord :

inf Vol, (M) At(M,g) =0,
8

oit Volg (M) est le volume de la variété riemannienne (M, g).

Démonstration.
Pour les domaines de R”, une suite optimisante de formes sont des parallélépipéedes rec-
tangles dont une longueur est tres grande par rapport aux autres :

[0,L] x [0,1]" ! avec L — +c0,

pour lesquels les valeurs propres se calculent explicitement dans les deux cas Ay et py et
vérifient I’asymptotique voulue.

Pour les variétés riemanniennes compactes, il suffit de choisir une suite de métriques
{gm }m>1 satisfaisant

gm = e*'ng et / e"mdo, =1
M



1. Bornes sur les valeurs propres de Laplace

de sorte que la forme volume associée converge au sens des mesures (pour la topologie faible
*) vers une somme de k 4+ 1 masses de Dirac :

O + -+ +5xk+1
k+1 ’
ou x1,---,Xg4+1 sont k + 1 points distincts de M. Ici, g est une métrique de référence fixée
arbitrairement.
Pour des raisons de capacité, pour r > 0 fixé, on peut trouver des fonctions de classe C*,
$1,- -, Py telles que pour 1 < i < k+1,0 < ¢ < 1, ¢; = 1 dans By(x;,7), ¢; = 0 dans
M\ Bg(x;, V1) et

dvg,, = e"""dvg —

C
Ve|"dv, < ——,
/M’ Pilg =T (1)

ou C est indépendante de r. Tester ces fonctions a supports disjoints dans la caractérisation
min-max (4) donne

Vol do,,
Ak(M, gm) < sup Ju| (PZ'&;ZM g
ol a0y S P2d0g,

Ju \V¢i\§e(”—2)”md0g

< max
T oagiskr [y, remindo,
2
2 O r2
(S| Vil dog)" (fyg emmdog)
= max 2 ,nu
1<i<k+1 Joy prerindog
Cn 1
= 2 0% 1 2 Ox;
In (1) == g 4 Jpy v 9 (E””"ldvg - m)
k+1)Ci
— % lorsque m — +co .
in (1)’

En faisant tendre r vers 0, on obtient le résultat.
&

Cette proposition nous dit que les seules bornes pertinentes a étudier sont la borne infé-
rieure pour le spectre de Dirichlet dans des domaines de IR" et la borne supérieure pour le
spectre de Neumann dans des domaines de IR” ou pour le spectre des variétés compactes sans
bord, les autres étant triviales.

Donnons successivement les principaux résultats concernant les premiere et deuxieme
valeurs propres non nulles dans les cas Dirichlet et Neumann pour des domaines de R" et
pour la sphere de dimension 2. IIs donnent un bel apercu des problématiques et révélent les
questions qui se posent sur le sujet.

Enongons d’abord 1'inégalité de Faber-Krahn démontrée pour la premiere valeur propre
avec condition de Dirichlet :

Théoreme 1 (Faber [37], Krahn [68]). Pour tout domaine () C R", on a
2
M(Q)V(Q)F > A (B")wj

avec égalité si et seulement si () est une boule.
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La démonstration utilise des techniques de réarrangements symétriques. On obtient une
conséquence quasiment immédiate pour la deuxiéme valeur propre :

Théoreme 2 (Krahn [69]). Pour tout domaine Q) C R", on a

2
n

2
A(Q)V(Q)" = A(B") (2wn)
avec égalité si et seulement si () est une union disjointe de deux boules de méme volume.

Le résultat est méme plus précis en dimension 2 pour les domaines connexes du plan.
En effet dans ce cas, I'inégalité est optimale. Par conséquent, il n’existe pas d’ouvert connexe
minimisant la deuxiéme valeur propre.

S’agissant du spectre de Neumann, il existe un résultat analogue a l'inégalité de Faber-
Krahn démontré par Weinberger :

Théoreme 3 (Weinberger [111]). Pour tout domaine (3 C R", on a

avec égalité si et seulement si () est une boule.

zeN 2

Ce résultat avait déja été démontré par Szegd en dimension 2 [107] pour des domaines
simplement connexes. Les preuves de ce résultat sont rassemblées dans [104]. Un résultat
analogue au cas Dirichlet pour la deuxieme valeur propre non nulle a été démontré récemment
pour les domaines simplement connexes du plan par Girouard, Nadirashvili et Polterovich.

Théoréeme 4 (Girouard, Nadirashvili, Polterovich [46]). Pour tout domaine Q) simplement connexe
du plan, on a
12(Q)A(Q) < 2mpy (D)

oit ID est le disque unité de R?. De plus 'inégalité est optimale oit le cas d’égalité, qui est dégénéré, est
'union disjointe de deux disques de méme aire.

Pour les spheres de dimension 2, on a le résultat de Hersch pour la premiere valeur propre
non nulle :

Théoréme 5 (Hersch [54]). Soit g une métrique quelconque de S?, alors
M(8% 8) Ag(8?) < 8 = A1(S? 80) Ag, (S?)

ot go est la métrique standard de la sphére ronde. On a égalité si et seulement si g est une métrique
ronde.

Enfin, on peut énoncer un résultat de Nadirashvili et simplifié par I’auteur de la these (voir
le chapitre 1) sur la deuxiéme valeur propre non nulle sur les spheres :

Théoréme 6 (Nadirashvili [84], P. [92]). Soit ¢ une métrique quelconque de S?, alors
A (S?,8) Ag(S?) < 167 = 2A1(S?, g0) Ag, (S?)

et I'inégalité est optimale oi le cas d’'égalité, qui est dégénéré, est I'union disjointe de deux spheres de
méme aire.



1. Bornes sur les valeurs propres de Laplace

On remarque dans les théoremes 1, 3 et 5 qu’optimiser la premiere valeur propre non nulle
a tendance a uniformiser la forme extrémale (on obtient des boules et des spheres rondes).
En optimisant les valeurs propres, on obtient donc des formes géométriques tres particulieres.
Il en sera de méme pour les exemples sur les surfaces riemanniennes dans les prochaines
sections.

De la preuve de la proposition 1 et des théorémes 2, 4 et 6, on tire cette idée qu’on obtient
certaines formes extrémales en "déconnectant" la surface. Pour obtenir la deuxiéme valeur
propre non nulle optimale, la forme extrémale a tendance a étre une union disjointe de deux
formes correspondant a la forme extrémale pour la premiére valeur propre (des boules et des
sphéres).

Intéressons-nous a la k-ieme valeur propre pour k > 3 dans le cas Dirichlet et Neumann.
A ce jour, on ne connait pas les formes extrémales associées, méme en dimension 2. On peut
naturellement penser que 1'union disjointe de k boules de méme volume est extrémale, mais
ceci est faux par la loi de Weyl (3) qui est aussi vraie pour le spectre de Neumann. En dimen-
sion 2, il est conjecturé que c’est a nouveau le disque qui minimise A3, comme l’attestent des
calculs approchés [87]. Des simulations numériques donnent aussi des formes optimales pour
les petits rangs de Ay et yy [87], [2]. Il est méme démontré que dans le cas Dirichlet, a partir
de k = 4 [5], les formes extrémales ne sont jamais des disques et qu’a partir de k = 5, elles ne
sont pas toujours des unions de disques [87].

Cependant, on sait depuis récemment qu’il existe toujours des minimiseurs (voir Bucur
[12] et Mazzoleni-Pratelli [78]) pour les valeurs propres avec conditions de Dirichlet A ().

Ne connaissant pas les formes optimales, on peut tout de méme conjecturer des bornes
sur les valeurs optimales. La conjecture de Pélya dit que

V(Q) i A(Q) > cpkr
V(Q)ip(Q) < enks

pour tous n, k, et () domaine de R", ou1 ¢, est la méme constante que celle donnée par la loi
de Weyl (3). En particulier, c; = 4.
Dans le cas de la sphere de dimension 2, 'analogue de la conjecture de Pélya est

Ak(S? g) Ag(S?) < 87k,

~

~

out 87tk correspond au cas dégénéré de k spheres rondes disjointes de méme aire. Si cette
inégalité se présentait, la situation serait totalement différente de la conjecture de Pélya pour
les domaines de R” car elle serait optimale avec pour cas d’égalité k formes de méme aire
associées a la premiere valeur propre. Comme on le verra, cette particularité vient d'une
géométrie plus riche dans le cas des variétés riemanniennes pour les maximiseurs que dans
le cadre classique.

1.3 Optimisation et domaines extrémaux sur des surfaces compactes sans bord

Soit X une surface compacte sans bord connexe. Notons y son genre, sachant que le genre
d’une surface non orientable est le genre de son revétement double orientable de sorte que la
caractéristique d’Euler x et le genre soient reliés par 1'égalité x = 1 — y. On s’intéresse aux
invariants topologiques suivants :

Ap(y) = sgp Ar(8)Ag(X)
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pour les surfaces orientables de genre 7,
AR () = sup Ax(g) Ag (2)
8

pour les surfaces non orientables de genre -y, olt Ag(X) est l'aire de la surface. Yang et Yau
[113] ont donné une borne sur ces invariants pour k = 1, qui ne dépendent que de ¢ en
montrant en particulier qu’ils sont toujours finis :

)

A < 87 | 152

2

ou l'inégalité n’est pas optimale sauf dans le cas vy = 0 : c’est le théoreme 5 de Hersch. Plus
tard, Li et Yau [74] ont simplifié la preuve grace a la notion de volume conforme qu’on définira
a la section 1.4. Le volume conforme leur permet aussi de donner une borne pour les surfaces
non orientables et Karpukhin [63] a amélioré cette borne :

AP (y) < 1lém [72—1—3] .

Korevaar a démontré une généralisation de ces résultats pour k > 1 :

Théoreme 7 (Korevaar [67]). Il existe une constante universelle C > 0 telle que
AR(7) < Ck(y +1) et AP () < Ch(y+1) (6)

Des lors, deux questions naturelles apparaissent sur ces invariants :
1 Peut-on calculer la valeur exacte de Af(-y) et de A}°(7y) ? Si non, peut-on en donner des
encadrements ?
2 La borne supérieure dans Af(y) et A°(7) est-elle atteinte? Si oui, pour quelles mé-
triques ?
Nous pouvons rassembler les résultats existants ou conjecturés dans le tableau suivant :

Valeur propre Valeur Références

Métriques maximales et Commentaires

AS(0) 87 [54]
52 métrique ronde
A(1) % ~ 14,5107 [83]
T%(3, ?), tore équilatéral plat
AJ(2) 167 [56]
Famille de métriques maximales | Résultats conjecturés
A3(0) 167 [84, 92]
Pas de métriques maximales

A(0) 127 [74]

RP?, métrique ronde
A(1) 127E(22) ~ 13,3657 [57, 32]

K, go
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ou sur la bouteille de Klein K, la métrique maximale est une métrique de révolution qui vaut

9+ (1+8cos?v)? [, , dv?
= u + ———
1+ 8cos?v 1+ 8cos?v

pour0 <u < Zet0<v<m,et E(%) est I'intégrale elliptique complete de deuxieme espeéce

évaluée en 23—\&

Noter que dans le cas de la sphere, du tore, du plan projectif et de la bouteille de Klein,
il existe une métrique maximale pour la premiere valeur propre et elle est unique a isométrie
pres. Pour la deuxieme valeur propre sur la sphere, il n’existe pas de métrique maximale.
Dans tous les cas non répertoriés dans le tableau, nous n’avons aucune réponse ni conjecture
exactes sur les questions 1 et 2.

Cependant, pour la question 1, en plus du majorant (5), nous pouvons donner un minorant
pour <y suffisamment grand. En fait, ce minorant vient en se focalisant sur les métriques
hyperboliques : notons A’(+y) la borne supérieure parmi toutes les métriques hyperboliques
des surfaces orientables de genre <y de la premiére valeur propre non nulle du Laplacien. Nous
savons par un résultat de Buser [13] que

1

limsup Al (y) < 1

Y—+0co
En combinant un résultat de Buser, Burger et Dodziuk [14] et celui de Brooks et Makover [9],
théoréme 1.2, nous obtenons

.. h
>

lim inf Ai(7) 2 C, (7)
ou C est la constante de Selberg. Par un théoreme de Selberg [105], nous savons que C > 13—6.
Cette borne a été améliorée par Luo, Rudnick et Sarnak [75] C > 12 pour approcher la
fameuse conjecture de Selberg C = . Nous obtenons ainsi

A° A9
4C < liminfﬁ < limsup ﬁ <A4r

Yoty Y—r00

La premiére inégalité vient de (7) et du théoreme de Gauss-Bonnet et la derniere inégalité vient
de la borne de Yang et Yau (5). Nous obtenons alors comme nous 1’avons dit un minorant pour

7 suffisamment grand :

A1) > 2y -1). ®

Nous pouvons enfin comparer les A{(y) comme fonctions de 7y et k grace a 'inégalité :
AR(Y) = A () + -+ AL (rs) ©)

pour tous y; + - - - + s < 7y eti; + - - - +is = k. Elle est démontrée par des méthodes de recol-
lement par Colbois et El Soufi, [22]. Une inégalité similaire pour les surfaces non orientables
y est donnée. Pour démontrer (9), il suffit de savoir démontrer les deux inégalités suivantes :

A(r) 2 ARy —1) (10)
Ap(y) = A (1) + A% (72) (11)

9
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Pour (10), on prend une métrique qui est presque maximale pour la caractérisation variation-
nelle de AJ(y — 1) sur une surface de genre v — 1. On ajoute a la surface une anse d’aire
trés petite. On teste la métrique ainsi construite sur une nouvelle surface de genre 7y pour le
probléme variationnel de Af(7). On obtient I'inégalité (10) a une constante prés aussi petite
qu’on veut. Pour (11), on prend une métrique qui est presque maximale pour la caractérisation
variationnelle de A} (71) sur une surface de genre y; et une métrique presque maximale pour
la caractérisation variationnelle de A? (72) sur une surface de genre ;. On fait une somme
connexe des deux surfaces grace a un cylindre d’aire tres petite. On teste la métrique ainsi
construite sur une nouvelle surface de genre  pour le probleme variationnel de Af(7y). On
obtient I'inégalité (11) a une constante pres aussi petite qu'on veut.
En particulier, nous obtenons que

A2(0) > 87k = kAS(0)

ce qui est une égalité lorsque k = 1 (Théoreme 5) et k = 2 (Théoreme 6). Il est conjecturé
que cette inégalité est une égalité pour tous k ol le cas d’égalité est dégénéré : c’est I'union
disjointe de k spheres de méme aire donnée dans la preuve de (9). Sur les tores nous obtenons
I'inégalité
0 87-[2 0o 0
A1) > NG +8m(k—1) = A{(1) + (k—1)AJ(0) .

Nous pouvons aussi nous demander si cette inégalité est une égalité. Le cas dégénéré est ici
I'union d’un tore avec k — 1 sphéres. Enfin, notons qu’en genre 2, avec la conjecture A§(2) =
167t de [56], nous obtiendrions

1 2
$(2) 2 208(1) = 27 > 247 = A(2) + A0
V3
et si I'inégalité est une égalité, le cas dégénéré ne correspond plus a l'union de la surface avec
des spheres mais a une union de deux tores équilatéraux plats.

Des réponses a la question 2 seront données dans la section 2.

1.4 Spectre conforme

Soit (M, g) une variété Riemannienne compacte connexe sans bord de dimension m. Pour
k € IN, définissons la k-iéme valeur propre conforme comme

A(M, [g]) = sup Ar(M, §) V(M)
3€lgl

ot [g] désigne la classe conforme de g, c’est a dire I'ensemble des métriques qui sont multiples
de g par une fonction strictement positive et de classe C* sur M. Remarquer ici que seule
la borne supérieure peut avoir un intérét car comme nous l'avons vu dans la preuve de la
Proposition 1, la borne inférieure est nulle. Par un résultat de Korevaar [67], nous savons que
cet invariant conforme est toujours fini. Il donne une majoration qui ne dépend que de k et de
la classe conforme de g, raffiné plus tard par Hassannezhad [49] comme :

Ae(M, [8]) < AwV([g])" + Bukn (12)

10
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ol en notant Ricg, la courbure de Ricci d"une métrique go,

V([8]) = inf{Vy,(M); g0 € (8], Ricgy > —(m — 1)}

est un invariant ne dépendant que de la classe conforme de g et A, et B, sont des constantes
qui ne dépendent que de la dimension de la variété M.
Sachant que Ax(M, [g]) est fini, deux questions naturelles apparaissent pour cet invariant :
1 Peut-on calculer la valeur exacte de Ax(M, [g])? Si non, peut-on en donner des enca-
drements ?
2 La borne supérieure dans Ag(M, [g]) est-elle atteinte ? Si oui, pour quelles métriques ?

Nous nous intéressons aux valeurs propres conformes car elles présentent un intérét en

elles-méme pour plusieurs raisons

— En dimension m > 3, maximiser sur 1’ensemble des métriques n’est pas intéressant
car on peut toujours trouver une métrique g sur M telle que Ay (M, g) Vo (M) est aussi
grand qu’on veut [20]. Une restriction pertinente est donc une classe conforme fixée
d’apres le théoreme de Korevaar [67].

— En dimension 2, le passage par cet invariant conforme est un outil important pour dé-
montrer des résultats sur Ai(7y). En effet, maximiser parmi des métriques conformes
entre elles est un probléeme variationnel sur un espace de fonctions, beaucoup plus
simple qu'un espace de métriques. De plus, comme le Laplacien est un invariant
conforme en dimension 2, 1’énergie de Dirichlet est un invariant conforme, ce qui
facilite la gestion du quotient de Rayleigh. D’ailleurs, le Théoréeme 7 de Korevaar
est une conséquence de la finitude de Ax(X,[g]) pour toute surface riemannienne
(X, g). L'inégalité (12) se traduit sur les surfaces car par le théoreme de Gauss-Bonnet,
V([g]) < 4m(y —1) pour les surfaces de genre v > 2 et V([g]) = 0 pour les surfaces de
genre 0 et 1. Cela donne

Ax(y) < ay+ Bk

pour des constantes universelles « et 5. Comme nous le verrons en Section 2.2, la
restriction a une classe conforme donnée aura aussi un intérét pour répondre a la
question 2 énoncée juste apres le Théoréme 7.

— Linvariant Ax(M, [g]) est relié a un autre invariant pour k = 1. En effet, il existe une
autre majoration que (12) précédemment trouvée par Li et Yau par le volume conforme
qu’ils introduisent dans [74] en dimension 2 et par El Soufi et Ilias en dimension m > 3

[33]. Elle s’écrit :

NI

M(M, [g]) < mVe(n, M, [g])

ot V, est le volume conforme :

V.(n, M, = inf su Vo (B oyp(M
( [&]) sb:(M/gHS"/gs)eecon}?(sn) 2. (00 p(M))
conforme

avec gs la métrique standard de la sphere ronde et Conf(S") 1'ensemble des difféo-
morphismes conformes de la sphere ronde. Par convention, V, = +c0 s’il n’existe pas
d’immersion conforme de (M, g) dans (5", gs). Le cas d’égalité est donné par une im-
mersion minimale par les premieres fonctions propres dans une sphere S”, qui seront
vues dans la section 2.1. Ainsi, majorer Al(M,g)Vg(M)% dans une classe conforme
tixée peut donner lieu a 'existence d’objets géométriques particuliers.

11
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Des valeurs exactes sont données pour la question 1 concernant les petites valeurs propres
conformes dans des classes conformes simples :

— A1(8™,[gs]) = ma,f? ou 0y, est le volume de la sphere euclidienne de rayon 1 et de

dimension m. ,

— A1(RP™, [gi]) = 2" (m + 1)oyy

— A1(CP, [gs]) = 4m(d + 1) (d1) "

— A(HP?, [g.]) = 87(d + 1)((2d + 1))~z
ou gs désigne les métriques standard sur les variétés précédemment citées. Sur la sphere,
A1(S™,[gs]) = chn% est atteint si et seulement si la métrique est ronde. C’est une généralisation
immédiate du théoreme de Hersch (Théoreme 5). Sur les tores de dimension 2, il est démontré
dans [36] que certains tores plats sont maxima dans leur classe conforme.

Concernant la deuxiéme valeur propre sur la sphere, nous avons obtenu au cours de la
thése [92] une généralisation du Théoréme 6 en dimension supérieure. La démonstration est
donnée dans le chapitre 1.

Théoreme 8 (P. [92]). Soit m > 2 et g € [gs] une métrique conforme a la métrique ronde. Alors
A2(8", ) Ve(S™) < Kyt (207, )

oit Ky, est une constante indépendante de g € [gs] donnée par

K _m+1 < T (m)T () >’i
! )

m F(m—i—%)l“(%

et satisfait K = 1,1 < Ky, < 1,04 pour m > 3 et limy,—s 100 Ky = 1.

En dimension 2, c’est simplement le théoreme 6. En dimension m > 3, ce résultat avait déja
été démontré dans [46] en dimensions impaires. Le théoreme 8 unifie donc ici les résultats
précédents.

Nous pouvons estimer le spectre conforme en le comparant a celui de la sphere standard

MM [E)E > A (M, [g])E + 2 A (8™ [g) ¥ 13)
Z

oul0<j<ketij+---+is=j Pours=1etj=ketpours=ketj=k, lerésultat devient :

2
Ax(M, [g]) > Ax(S™, [35]) > moken (14)

Pour s = 1 et j = 1 le résultat devient :
Ae(M D) E = A (M [g])E > Aa(S™, [g:])* - (15)

Les inégalités (14) et (15) sont démontrées par Colbois et El Soufi dans [21] par des méthodes
de recollement basées sur 1'idée suivante : on peut adjoindre une sphére munie d"une métrique
conforme a la métrique ronde & une variété riemannienne sans changer la classe conforme.
Pour la premiere inégalité dans (14), il suffit de prendre une métrique presque maximale
pour Ax(S™,[gs]), de l'adjoindre & une métrique dans la classe conforme de [g] en lui fai-
sant porter presque tout le volume et de tester la nouvelle métrique dans la caractérisation

12



1. Bornes sur les valeurs propres de Laplace

variationnelle de Ax(M, [g]). Ceci donne l'inégalité voulue & des parametres pres aussi petits
qu’on veut. Pour l'inégalité dans (15), il suffit de prendre une métrique presque maximale
pour Ax_1(M, [g]) et de lui adjoindre une sphere ronde, métrique maximale pour A;(S™, [gs])
en respectant les proportions de volume. Tester cette nouvelle métrique dans la caractérisation
variationnelle de Ag(M, [g]) donne I'inégalité voulue a des parametres pres aussi petits qu’'on
veut. Noter que la preuve de (13) suit la méme procédure. La deuxieme inégalité dans (14)
s’obtient en appliquant k fois 1'inégalité de (15) sur la sphere.
En particulier, (14) donne 'inégalité

As(S™,[gs]) = m (20,)7 (16)

ce qui donne en dimension 2 grace au Théoréme 6, Ay (S?, [gs]) = 167.

Une question naturelle vient pour A;(S™,|[g;s]). Pouvons-nous améliorer 1’encadrement
donné par le Théoreme 8 et 1'inégalité (16) en réduisant le facteur K,, ? De maniere surpre-
nante, contre l'esprit des Théorémes 2, 4 et 6 dans lesquels la deuxiéme valeur propre maxi-
male est optimisée dans le cas dégénéré de deux formes disjointes de méme volume associées
a la premiére valeur propre maximale, nous n’avons pas égalité dans l'inégalité (16) pour
m > 3. C’est un résultat de Druet :

Théoréme 9 (Druet [28]). Pour m > 3,
2
Ax(S",[g]) > m (20)" .
Nous obtenons ainsi I'encadrement pour tout m > 3
2 2
m (20,)" < A2(S8™,[gs]) < Kym (203,)™
avec K = 1,1 < K;; < 1,04 pour m > 3 et limy, 400 Ky = 1.

L'inégalité (14) donne pour k = 1

2

MM, [g]) = A1 (8™, [gs]) = moy; .

Nous avons démontré au cours de la these un résultat de rigidité stipulant que cette inégalité
est stricte sauf si (M, [g]) est conforme a la sphere standard (5™, [gs]). La démonstration est
donnée dans le chapitre 2 en dimension supérieure a 3 et dans le chapitre 3 en dimension 2.

Théoreme 10 (P. [94]). Ona

2

MM, [g]) = M(S™, [gs]) = may
avec égalité si et seulement si (M, [g]) est conforme a (S™, [gs]) -
En particulier, pour m = 2, nous avons
A(E,[g]) > 87 (17)

pour toute surface X non difféomorphe a une sphere. Ce résultat permet de montrer 1’existence
de métriques maximales pour Aq(%, [g]) pour toute surface munie d’une classe conforme
(%, [¢]), comme nous le verrons dans la section suivante.

Une autre conséquence de ce résultat de rigidité est donnée pour le volume conforme :
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Théoréeme 11 (P. [94]). Ona
Ve(n, M, [g]) = Ve(S™,[8]) = o,
avec égalité si et seulement si (M, [g]) est conforme a (5™, [gs]).

Ceci répond a une question de Li et Yau ouverte depuis 30 ans. Dans leur article original
sur le volume conforme [74], ils posaient en effet deux questions :
1 Existe-t-il une application conforme ¢ : (M, g) — (S, gs) pour laquelle la borne infé-
rieure dans la définition du volume conforme est atteinte ?
2 SiVe(n,M,[g]) = Ve(S™,[8s]), (M, g) est-elle nécessairement conforme a (S™, [gs]) ?
Le théoreme 11 donne donc une réponse a la question 2. En particulier, sur les surfaces, nous
obtenons

Ve(n, %, [g]) > 4r (18)

si (X, [g]) n’est pas difféomorphe a une sphere. Ce résultat ouvre aussi une perspective concer-
nant la question 1. En effet, en général, une inégalité stricte comme (18) permet d’éliminer des
phénomenes de concentration des suites minimisantes. C’est exactement le role que joue l'in-
égalité stricte (17) pour l'existence d’une métrique maximale pour A;(§) Ag(X) lorsque la mé-
trique ¢ est conforme a une métrique g de référence, comme on le verra dans le théoreme 14.
Voir le papier de Riviere [99] pour les avancées sur cette question 1 pour le volume conforme.

2 Surfaces extrémales pour les valeurs propres de Laplace

2.1 Lien avec les surfaces minimales a valeurs dans une sphere

Dans cette section, ¥ désigne une surface compacte sans bord. Les valeurs propres du
Laplacien sont liées a la théorie des surfaces minimales. On dit que la surface ®(X) asso-
ciée & une immersion @ : (X,g) — S" est minimale (ou que 'immersion @ est minimale)
si la courbure moyenne de l'immersion est nulle. Un vieux résultat de Takahashi donne la
correspondance suivante :

Théoréeme 12 (Takahashi [108]). Soit ® : (X,g) — S" une immersion isométrique. Alors ® est
minimale si et seulement si toutes ses coordonnées sont des fonctions propres associées a une valeur
propre donnée pour la métrique g.

En fait, le résultat est plus précis si on ne suppose pas au préalable que I'immersion est
isométrique : une immersion est isométrique et minimale a valeurs dans une sphere si et seule-
ment si la métrique induite est extrémale pour une valeur propre donnée sur la surface. Ici,
il faut donner un sens a extrémal. Cela signifie qu’elle vérifie une équation d’Euler-Lagrange
pour un probléme variationnel donné. Dans le cadre classique, c’est simplement exprimer le
fait que la dérivée est nulle en un point critique. Ici, la fonctionnelle g — Ag(X)Ar (X, g) n'est
pas C! en les métriques ot la valeur propre A est multiple. Ainsi, nous n’avons pas de ca-
ractérisation variationnelle dans un cadre classique. Dans notre cadre, on dit que la métrique
est extrémale si 0 appartient au sous-différentiel de la fonctionnelle dans le sens précisé par la
définition suivante :
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Définition. On appelle dérivée directionnelle de A : g — Ag(Z)Ax (%, g)

d
A/(g/ h) = %“:mAngth(Z)Ak(ng + th)

ot g est une métrique sur M et h une 2-forme symétrique sur M. On appelle sous-différentiel de
A: g Ag(Z)Ak(XZ, g) en g I'ensemble suivant :
9A(g) = Conv{h € S(M);Vh € S(M), (h,h) < N'(g,h)}

oit S(M) est I'ensemble des 2-formes symétriques sur M et pour h,h € S(M),

() = /Z (h, ) dog

oit (.,.)q désigne le produit scalaire entre 2-formes via la métrique g de sorte que (g, .)q est la trace sur
g d'une 2-forme.

Dans notre cas, cette définition correspond aux dérivées directionnelles généralisées et au
sous-différentiel généralisé au sens de Clarke ([18], chapitre 10) d"une application localement
lipschitzienne définie sur un espace de Banach. On a besoin de cette définition parce que
méme si la fonction t — Ag,y(Z)Ac(X, 8 + th) n'est pas C' en 0, elle admet une dérivée a
gauche et une dérivée a droite avec

L, (Ak<z,g><1 T SR d¢®d¢,h) dog

Mg, h) = inf g ,
(8:1) PEEL(g) fz‘f’zdvg
v 2
fe (Ak<z,g><1 S SR dsb@deb,h) dog
g

A(g,—h) = sup
$EE(g) Jx ¢*dog
La preuve de ces égalités se trouve par exemple dans Fraser-Schoen [39]. Le sous différentiel
vaut alors

v 2
Conv {Ak(Z,g)(l - 4>2)§ + Md;!gg —dp@dp;¢ < Ek(g)}

ot Ex(g) désigne 'espace propre associé a la k-iéme valeur propre du Laplacien. Pour trouver
ces résultats, nous pouvons aussi utiliser de la formule de Dunskin ([18], 10.22). Définissons
alors les métriques extrémales :

Définition. On dit que g est extrémale pour la k-iéme valeur propre si elle vérifie I'une des assertions
équivalentes suivantes :
(i) Pour toute 2-forme symétrique h,

d d
<dtt0+Ag+th(Z)Ak(Z’g + th>) (mtoAg+th(Z))\k(Z,g + th)) <0.
(ii) Le sous-différentiel de A : g — Ag(X)Ax(X, g) contient 0 :

\V/ 2
0 € Conv {/\k(Z,g)(l —4;2)% - M¢;|gg —dp@dp; ¢ € Ek(g)} :
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La démonstration de cette équivalence entre (i) et (ii) est donnée par exemple dans [39]
par un argument utilisant le théoréme de Hahn-Banach. Le sous-différentiel apparait dans (ii),
qui est la formulation d’Euler-Lagrange pour le sous-différentiel de A comme souligné dans
[18]. Il donne l'existence de ¢, - - - ¢ € Er(g), m fonctions propres indépendantes telles que
Vo[ g

2

O:A(1—®2)‘§+idcpi®d¢i— (19)
i=1

ou |®F =Y, ¢? et \VCI)|§, =" |V(p1~]§. En tracant sur g, on obtient |®|*> = 1. En calculant
Aq |®|* et en utilisant 'équation aux valeurs propres, on obtient que |Vd>\§ = A et donc que
® est harmonique a valeurs dans $" !, c’est a dire

2
A® = VDL D.

Ainsi, avec (19),
A m
58 = Y dgi @ de;
i=1

ce qui montre que I'immersion est isométrique quitte a dilater g par % g. On obtient qu’elle est
minimale par le Théoreme 12 de Takahashi.

De nombreux travaux d’existence d’immersions minimales dans des spheres S” ont été ef-
fectués depuis Lawson pour n = 3 [72] et Bryant pour n = 4 [11]. Pourtant, la classification des
immersions minimales dans des spheres est loin d’étre aboutie, méme pour les plongements.
Par exemple, Yau a conjecturé [114] que les plongements minimaux dans S° vérifient tous que
leurs coordonnées sont des premieres fonctions propres. Récemment, Brendle [7] a montré la
conjecture de Lawson qui stipule que le seul plongement minimal d’un 2-tore dans S° est le
tore de Clifford (dont on sait depuis Montiel et Ros [80] qu’il est le seul tore minimal immergé
dans S° par les premieres fonctions propres). Chercher les points critiques de Ay pour k fixé
est un autre point de vue pour 'étude des immersions minimales dans des sphéres.

On peut dans un premier temps rechercher le rang k des valeurs propres critiques asso-
ciées aux immersions minimales existentes. On peut le faire pour les immersions minimales
classiques.

— La sphere standard : le plongement de 5? dans R® d’aire 47t.

— Le plongement de Veronese : le plongement de RP?> = §?/{id,c} dans R>, quotient

par I'antipodie ¢(x) = —x de 'application ¢ : > — RR® définie par

1 1
X, ,z) = \@ XY, XZ,Yz, = x? — ,—x2+ 2—222)
Py, 2) (y Yz 3 (7 =y ) A Y
d’aire 677.
— Le tore de Clifford : le plongement de T?(0,1) = R?/Z?, quotient de l'application
¢ : R> —» R* = C? définie par
_ L 2imtx  L2imy
plvy) = o ()
d’aire 2712
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2. Surfaces extrémales pour les valeurs propres de Laplace

— Le tore équilatéral plat : le plongement de T?(3, ?) = R2/A, ou A, est le réseau
engendré par (0,1) et (3, ?), quotient de l'application ¥ : R> — R® = C3 définie par

P(x,y) = \}5 (847;’821'71(3(—\%)/eZiTE(x-i-\%))

a2
Nt
Pour tous ces plongements minimaux, les coordonnées sont des premieres fonctions propres
associées a la métrique induite.

D’autres exemples ont été traités par Penskoti [89], [90] et Karpukhin [59], [61], [60] donnant
notamment les rangs des valeurs propres critiques associées a des tores de Lawson et des tores
d’Otsuki.

d’aire

2.2 Existence et régularité de métriques maximales

Comme tout maximiseur est point critique et comme les fonctions A}(<y) sont finies par le
théoréme 7, il est naturel de chercher les métriques extrémales qui sont les maximiseurs pour
A () s’ils existent. Avant de donner le principal résultat de la these, rappelons les bornes
données sur A} () par des méthodes de recollement (9) :

A(y) = max A7 () -+ + A7 (7s) (20)
i1+ His=k ! s
Vmiy,>1
71+""):s§7
1<y Sl s=1

Nous obtenons un théoreme d’existence, prouvé dans le chapitre 4 :

Théoreme 13 (P.). Soit ¥ une surface orientable compacte sans bord de genre -y. Si l'inégalité (20)
est stricte, alors il existe une métrique g sur . qui est C* sauf peut-étre en un nombre fini de points
de singularité conique telle que Ar(y) = Ak(g)Volg(X). De plus, cette métrique est le tiré en arriére
d’une immersion minimale de . dans une sphére S" par des k-emes fonctions propres. Enfin, sous cette
condition, I'ensemble des métriques maximales est compact.

Noter que I'hypothese disant que (20) est stricte est nécessaire car par exemple, on sait que
A3(0) = 2A9(0) = 167 et que le maximum n’est pas atteint d’apres le théoreme (6). Noter
aussi le fait que la métrique maximale n’est pas forcément C* partout : I'immersion minimale
peut avoir des points de branchement. C’est d’ailleurs ce qui est conjecturé pour k = 1 et
v = 2 [56] : les métriques maximales ont des singularités coniques.

Dans le cas k = 1, 'hypothese d’inégalité stricte pour (20) faite dans le théoréme 13 se
traduit par Af(y) > A{(y — 1). Cette condition est vraie pour v = 1, [83], et conjecturée pour
v = 2, [56]. En fait, elle est vraie une infinité de fois d’apres la borne inférieure (8). On obtient
le

Corollaire (P.). Soit ¥ une surface orientable compacte sans bord de genre y. Il existe une immersion
minimale de X dans une spheére par des premiéres fonctions propres pour une infinité de genres .

Ce corollaire est un premier pas vers la question de la classification des immersions mini-
males par des premiéres fonctions propres de Montiel et Ros [80]. Ce résultat d’existence est
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d’autant plus spectaculaire que les immersions minimales par des premiéres fonctions propres
sont rares : il n’y en a qu’au plus une dans une classe conforme donnée d’apres [80].

La preuve du théoréme 13 se décompose en deux parties et repose sur un autre théoreme
en remarquant que maximiser la k-ieme valeur propre parmi toutes les métriques d’aire 1
revient a la maximiser d’abord parmi toutes les métriques d’aire 1 dans une classe conforme
donnée puis parmi toutes les classes conformes. C’est pour cela qu’on introduit l'invariant
conforme

A(Z,[g]) = sup Ar(X, §) Volg(X)
g€l

sur toute surface X munie d’une métrique g. [¢] désigne la classe conforme de g. On en déduit

Aj(y) = sup Ax(Z, [g]) -
(8]
Enongons le théoreme de maximisation de Ax(X, [g]) utilisé pour démontrer le théoréme 13.
Il est prouvé dans le chapitre 4.

Théoréeme 14 (P.). Soit (X, g) une surface Riemannienne compacte sans bord et k > 1. Si (13) est
stricte, alors il existe une métrique maximale § € [g] qui est C*® sauf peut-étre en un nombre fini de
points de singularité conique telle que Ar(X%, [g]) = Ak(E, §)Volg(X). De plus, il existe une famille de
fonctions propres orthogonales associées i Ay (%, §) formant une application harmonique a valeurs dans
une sphere S". Enfin, sous cette condition, I'ensemble des métriques maximales est compact.

Dans le cas k = 1, 'hypothese se lit A1(Z,[g]) > A1(S? [gs]) = 87, ce qui est vrai dés
que X n’est pas difféomorphe a une sphere d’apres le théoreme 10. L'hypothese est aussi sans
doute vraie dans le cas k = 2, pour certaines surfaces de genre 2. En effet, grace a (20) et

aux valeurs Aq(1) = % et A1(2) = 167 respectivement obtenues dans [83] et conjecturée
dans [56] on obtient que A(2) > 2A;(1) = %2 > 247 = A;(2) 4+ A1(0). Cela montre en

V3
particulier qu’il existerait un ouvert de classes conformes qui satisfont 1'inégalité (13) stricte

sur des surfaces de genre 2 pour k = 2, c’est a dire Ax(%, [g]) > A1(%, [g]) + 87t. Ainsi, le
théoreme 14 s’applique dans ces cas et on obtient des métriques maximales C* sauf peut-étre
en un nombre fini de points de singularité conique.

Si le théoreme 14 s’applique, il existe une métrique maximale § pour Ax(%, [g]) et le fac-
teur conforme associé a § est |V<I>|§ ou @ : ¥ — 5" est une application harmonique dont
les coordonnées sont des fonctions propres associées a Ax(§). Les singularités coniques ap-
paraissent naturellement comme zéros de ]VCD\; IIs sont isolés comme c’est démontré par
Salamon [101].

Signalons un dernier résultat qui prouve une conjecture de Friedlander et Nadirashvili [42]
donnant l'infimum de A (0, [¢]) parmi toutes les classes conformes sur une surface orientable
2. Il est démontré dans le chapitre 3.

Théoreme 15 (P. [91]). Soit X une surface compacte orientable. On a :

8

et l'infimum n’est jamais atteint sauf sur la sphere.

Ce théoreme montre que l'infimum parmi toutes les classes conformes n’est pas un in-
variant intéressant sur les surfaces orientables. En particulier, il ne donne pas de nouvelles
métriques extrémales.
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2. Surfaces extrémales pour les valeurs propres de Laplace

2.3 Elements de démonstration du théoréme 14

La démonstration est donnée dans le chapitre 4 de la thése et dans le chapitre 3 dans le
cas plus simple de la premiere valeur propre. Nous en donnons ici un résumé pour faciliter
la lecture. Soit (¥, g) une surface Riemannienne. Rappelons d’abord que de méme que dans
la section 2.1 si une métrique § = e*g avec u une fonction de classe C® est maximale pour
Ak (%, [g]), elle vérifie les deux propriétés équivalentes suivantes :

(i) Pour toute fonction v,

<6Llitt—0+Ag'(Z)Ak(Z’gf)) (d Ag,(Z)/\k(Z,gt)> <0,

dt|t=0-

ou g = (1+1tv)g.
(ii) Le sous-différentiel contient O :

0 € Conv {Ax(Z,8)(1—¢%);¢ € Ex(3)} -

En traduisant (ii), il existe ® = (¢, -, ¢m) une application a valeurs dans une sphere
dont les coordonnées sont des fonctions propres associées a la métrique § = e?g, c’est a dire :

Agi = Ai(Z, [g])e ¢

On peut dire que c’est I'équation d’Euler-Lagrange associée a notre probleme variationnel.
En calculant A ]q)\z = 0, on obtient que ® satisfait 1’équation des applications harmoniques a
valeurs dans une sphere et que le facteur conforme de ¢ par rapport a g est la densité d’énergie
de I'application harmonique :

A® = [VO; @
Vo (22)
AN

Pour démontrer le théoreme 14, I'approche classique serait de prendre une suite maximi-
sante de facteurs conformes {e?<} de les faire converger dans un espace plus gros que C®
ol on peut avoir de la compacité et de tenter d’obtenir de la régularité pour la limite grace
a une équation d’Euler-Lagrange. Ici I'espace naturel a choisir est 'ensemble des mesures de
probabilité M;(M) sur M munie de la topologie faible étoile car la suite {¢*'<} est de norme
1 dans L'(M). Dans ce cas, nous ne pouvons pas obtenir d’équation d’Euler-Lagrange car il
n’existe pas a priori de fonctions propres associées a une mesure quelconque. En fait, 1’objet
limite a peu de chances d’étre régulier car Ay est une fonctionnelle trés peu régularisante.
Méme si 'objet limite était régulier, on peut imaginer ne pas avoir meilleure convergence
qu'une convergence faible étoile au sens des mesures car Ax ne voit pas les faibles pertur-
bations d’une suite de facteurs conformes. Ce constat nous pousse a ne choisir qu'une suite
maximisante particuliére qui sera régularisée a priori grace a 1'utilisation de 1’opérateur de la
chaleur. Cette idée a été donné par Fraser et Schoen, lorsqu’ils ont traité le probleme analogue
sur la premiere valeur propre de Steklov. La construction de cette suite maximisante fait 1’objet
de la premiere étape de la démonstration :
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Etape 1 : Construction d’une suite maximisante.

Pour cette étape nous renvoyons a la section 4.3, page 93. Pour une mesure de Radon
positive v € M (M), notons Kc[v] la solution en temps € de 1’équation de la chaleur associée
au Laplacien A, telle que

Ke[v]dvg —, vlorsque € — 0.

autrement dit, telle que v est une donnée initiale. On pose le probleme variationnel suivant :

Ae = max Ar(Ke|v]g) . 23

e= max A(Klilg) @)

Comme l'application v — Ay(Ke[v]g) est continue et 'espace des mesures de probabilité
M (M) est compact on obtient une mesure v € M;(M) telle que

Ae = Ak(Ke[Ve]g) .

On pose ¢?"c = K,[v,] le facteur conforme associé. Alors, il est facile de montrer que {e?<} est
une suite maximisante pour Ax(M, [g]).

En utilisant le probleme variationnel (23), on obtient une équation d’Euler Lagrange (voir
proposition 2) : il existe @ = (¢L,---,¢") une application dont les coordonnées sont des
fonctions propres associées a la métrique e?c ¢ et

(i) Ke ‘q>e|2 >1 (24)
(iii) Ke ||®e|?| = 1,ve — presque partout

Cette équation est a regarder a coté de (21) car on a presque 1'équation des applications
harmoniques : on aimerait avoir ]q)e\z = 1. Ceci est vrai par exemple si le support de la
mesure Ve recouvre toute la surface, car K. est injectif, et dans ce cas il suffit de connaitre le
comportement asymptotique d'une suite d’applications harmoniques. Le support de v, étant
quelconque, nous avons besoin de nouvelles estimées asymptotiques spécifiques au probleme.

Etape 2 : Passages a la limite dans la surface
Pour cette étape, nous renvoyons a la section 4.4, page 95. Noter d’abord que

ezufdvg - v

et que l'objectif est de montrer que v est absolument continue par rapport a dv, avec une
densité C* et strictement positive, mais qu’on ne peut pas espérer de convergence dans un
espace plus régulier pour cette suite. On va donc plutdt tenter de donner des estimées de
régularité sur la suite {P}.

Auparavant, on définit des points de singularité en-dehors desquels on va pouvoir effec-
tuer ces estimées, g1, - - ,4;. Comme c’est un peu technique, on laisse leur définition a une
lecture précise du Claim 20 dans le chapitre 4. Retenir que ce sont des points au voisinage
desquels on a des phénomenes de concentration de plusieurs types. Noter par exemple que
les points de concentration de la suite {¢?“c} (c’est a dire les atomes de la mesure limite v)
sont parmi gy, - - -, gs. Soit alors

M(p) = M\ (U Bg%ﬁ))
i=1
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2. Surfaces extrémales pour les valeurs propres de Laplace

Voici les estimées de régularité de plus en plus fines qu’on peut donner sur la suite {®.}
dans M(p) pour tout p > 0. Elles sont démontrées dans les claims 21 and 22 :

— {®.} bornée dans H (M(p)) :
On sait par construction que les suites ||V ®¢|| 2,y et [[Pel| 2 (2 o) sONt bornées. Il s’agit
ici de montrer qu’on peut aussi borner la suite ||Pc|[;2(,). Pour cela, on utilise une
inégalité de Poincaré vraie parce que {e*dv,} est bornée dans W~12(M(p)) grace en
particulier a la non-concentration de cette suite de mesures.

— {®¢} bornée dans L= (M(p))
Pour cela, on va utiliser (24). L’équation elliptique (i) :

Ag®e = A<,

seule n’est pas suffisante pour obtenir un tel résultat. En effet, {¢?*<} est seulement
bornée dans L, ce qui n’est pas suffisant pour tirer de meilleures estimées de régularité
sur {®.}. Il va aussi falloir utiliser la condition (iii) dans (24), et les résultats de "non-
concentration" loin des points g1, - - - , gs.

On procede en choisissant une suite de points x, en lesquels pour € donné |P,| atteint
son maximum en x, et en distinguant des cas selon la distance de x. au support de ve.
Si x¢ et le support de ve sont plus éloignés qu'une distance fixée indépendante de ¢,
alors dans un voisinage indépendant de € des points x., {¢*'<} est borné dans L.
Comme {®.} est bornée dans L2, on obtient par (i) que {®.} est bornée L* dans ce
voisinage, d’ou1 le résultat dans ce cas.

Si x. est sur le support de v, on a la condition (iii) : K[|®¢|*] = 1. On change d’échelle
dans la carte exponentielle centrée en x. :

D (z) = D (Vez)

e?e(z) = ee?<(\/ez)

pour transformer 1'équation (i) en

Agé)e - /\eéeEZﬁE .

(iii) donne que {®,} est bornée dans L? dans un voisinage de 0 et on a e** bornée dans
L*. Ceci implique que {®¢} est bornée dans L*, d’oti le résultat dans ce cas.

Si la distance de x. au support de v tend vers 0, c’est plus complexe, on renvoie a la
démonstration.

— Il existe une suite B — 0 lorsque € — 0 telle que |De| > 1 — Be uniformément dans M(p)
On va utiliser ici la condition (ii) dans (24) : K€[|<D€\2] > 1, pour démontrer ce résultat
uniforme. Noter qu’il n’est pas immédiat car dans (ii), c’est la régularisée de ]@e\z qui
est plus grande que 1.

_ { ‘ge‘ } uniformément équicontinue dans M(p)

Grace a ces estimées, on peut passer a la limite : il existe ® tel que pour tout p > 0,

D D .
—— — —— dans C"(M(p)) lorsque € — 0
o] @] S

®. — ® dans H'(M(p)) lorsque € — 0
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ou & satisfait en conséquence de (24)

P

Ag® = Ag (%, [8])@‘/ (25)
On obtient une inégalité sur 1énergie de ®. dans la surface :
. . 2 Vo[

V][5
> MM, [8])mo + [y gl g

my = lim lim dve .
o—0e—0 M(p)

Etape 3 : Construction d’un arbre de bulles
Pour cette étape, on se réfere a la section 4.5, page 106. La suite de mesures {ezufdvg} peut
se concentrer. En effet, on peut écrire la limite faible étoile comme

e*“dvg —* vy + Y M.5. lorsque € — 0
zZ

ou vy est la partie sans atome de la limite faible étoile et la somme est prise sur I'ensemble des
points z de concentration de la mesure avec des masses associées M, > 0. Notons m la masse
de 1. C’est la méme définition que my dans I'étape 2.

Le but de cette étape est de construire un arbre qui rend compte des concentrations pos-
sibles a toutes les échelles. Pour une suite d’échelles ¢ — 0 lorsque € — 0 donnée et une suite
de centres p¢ € M, on définit dans la carte exponentielle centrée en p*

82126(2) _ (“5)2 eZue(aez) )

On dit qu’on a une bulle associée a {a¢, p€} si la partie sans atome de la limite faible étoile
dans R? de la suite {¢?*dz} est non nulle. La masse de cette partie sans atome est appelée la
masse de la bulle.

On dit que les deux bulles associées a {af, p} et a {a§, p5} sont disjointes si

d 6’ € DCE “e
M—k—i—l—%%—i—wlorsquee%—koo.
oy =+ a, a5 g

Dans cette étape, il s’agit de démontrer qu'il existe un nombre fini de bulles deux a deux
disjointes telles que la somme de leur masse avec m vaut 1, la masse totale. C’est énoncé dans
la proposition 3. Notons i € {1,---, N} l'indice de la bulle associée aux suites {a$, p$} et m;
sa masse de sorte que pour i # j, les bulles d’indice i et j sont disjointes et

N
Y mi=1. (27)

Notons pour i € {1,---,N}, dans la carte exponentielle centrée en ps

eZﬁf(z) g)Z eZue(afz) ,

= (#]
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2. Surfaces extrémales pour les valeurs propres de Laplace

& (2) = P(alz) .
Alors, les conditions dans (24) peuvent s’écrire a I’échelle de la bulle. En particulier, (i) s’écrit

ADE = AP HE (28)

Etape 4 : Passages a la limite dans les bulles
Pour cette étape, consulter la section 4.6, page 116. Noter d’abord que pouri € {1,--- ,N}

€
lidz —, v lorsque € — 0

et que l'objectif est de montrer que pour i € {1,---,N}, v; est absolument continue par
rapport a dz avec une densité C® et strictement positive. On distingue deux cas selon la
vitesse de convergence vers 0 de la suite {af}.

Lorsque j—’; — 400

Dans ce cas, on ne peut pas obtenir de meilleure convergence pour {¢?#dz} qu’une limite
faible étoile au sens des mesures et on procede comme dans 1’étape 2. On peut effectuer des
estimées de régularité de plus en plus fines sur la suite &¢ de fagon a passer a la limite, en

dehors de points de singularité qi, s, qgi. On pose
S )
D(p) =D\ [ UD, ()
j=1
I existe ®; tel que pour tout p > 0,

1

S

He
q)i
q’be

i

—

dans C°(D(p)) lorsque € — 0

>

1

&¢ —~ &; dans H'(D(p)) lorsque € — 0

o1 &; satisfait en conséquence de (28)

:94)

AD; = A(Z, [g]) 7= 7vi (29)

S

d
On obtient une inégalité sur 1'énergie de &¢ dans la bulle d’indice i

. : F v Ai
llmpﬁo lim. o fD(p) |Vcl)ﬂ dz > f]R2 %dz

|V| (30)

£

dz

> Ae(M, [8])m; + [
ou m; est défini dans 1’étape 3 comme la masse de la bulle d’indice i et vaut en particulier

m; = lim dl/i .
p=0.JD(p)

Lorsque % =0(1)
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Dans ce cas, on est a la bonne échelle pour que {e*"} converge dans C°(IDg). Il existe #;
tel que pour tout R > 0,

¥ — ¢*" dans C°(IDR) lorsque € — 0
En utilisant 1’équation elliptique (28) et (iii) dans (24), il existe b, tel que pour tout R > 0,
&¢ — &, dans C'(IDR) lorsque € — 0 .

Il reste a donner une inégalité sur I'énergie de ®¢ dans la bulle d’indice i

R—0e—0

limlim [ [V&f[dz> [ ||V dz= A(M[g]) [ v (31)
D RR? RR?

€

Dans les deux cas, lorsque % — +oo et lorsque \% = O(1), nous avons besoin d'un
résultat difficile stipulant qu’on ne perd pas d’énergie dans les cous (voir les claims 28 et 31).

Etape 5 : Utilisation d"un théoreme de régularité des applications faiblement harmoniques
Cette étape est donnée dans la section 4.7.1, page 142. En combinant les inégalités (26),

(30), (31) et (27), on obtient que ce sont des égalités et que pour i tel que \D;—’; — +o0,
2 2 2
‘<I>i‘ =1sur R

et que
D> =1sur M.

En calculant A |&; ‘2 =0etA, |®|* = 0, on obtient grace a (29) et (25) 'équation des applica-
tions harmoniques

AD; = |D; ZCiJ' avec v; = i dz
o MM, [g])
et
Ag® = |2 P avec vy = &dv
$ $ O AM[g])

Grace a la régularité des applications faiblement harmoniques d’apres Hélein [51], les appli-
cations ®; et ® sont C® et les mesures v; et v sont absolument continues par rapport a dz et
dvg avec des densités
— ‘q)i}z et eZug — |(D|§

Ae(M, [g]) Ar(M, [8])
strictement positives (sauf en un nombre fini de points qui correspondent a des singularités
coniques) et C*.

24

Pour i tel que “7’1 = O(1), on sait déja que v; = e*"dz est absolument continue par rapport

a dz avec densité strictement positive et C*°.

Etape 6 : Enlever les points de concentration grace a I’hypothése d’inégalité (13) stricte
Pour cette étape, consulter la section 4.7.2, page 145. On a obtenu dans ’étape précédente
que les mesures limites v; dans les bulles sont en fait de la forme e*%idz o1 €2 est une fonction
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strictement positive (sauf éventuellement en un nombre fini de points qui correspondent a des
singularités coniques) et réguliére. On peut transporter ces mesures sur une spheére grace a la
projection stéréographique de pole p € S?, 0 : $2\ {p} — R?:

x— (x.p)p
o(x) = ——5-.
M == (x.p)
On pose
el doy, = o* (emfdz>

ou h est la métrique ronde de la sphere. On construit alors des fonctions test a partir des
fonctions propres associées a 2" i sur la sphére S? et des fonctions propres associées a e?“0g
sur la surface M. En testant convenablement un espace de k + 1 fonctions test sur M, on
obtient le cas d’égalité dans 1'inégalité (13), ce qui contredit 'existence d’un arbre de bulles et
donc 'existence de points de concentration de {¢?< }. En refaisant alors 1'étape 2 et 1’étape 5,
on obtient la métrique maximale réguliére voulue.

3 Valeurs propres de Steklov

3.1 Bornes sur les valeurs propres pour des surfaces compactes

Soit ¥ une surface compacte orientable avec un bord 0% lisse. Notons 7 son genre et
supposons que le bord de la surface a un nombre fini de composantes connexes noté m. Les
deux parametres (vy, m) caractérisent la topologie des surfaces compactes connexes orientables
avec un nombre fini de composantes de bords. Etant donnée une métrique riemannienne g
sur X, on définit 'opérateur de Dirichlet-Neumann T : C*(dX) — C*(9dX) comme suit : pour
u € C®(dX), on considere le prolongement harmonique i de u sur &

Agll = 0, dans &
I = u, sur 0%

On pose alors Tu = 9,7 out v est la normale extérieure le long de 0X. Cet opérateur est
autoadjoint et a un spectre discret

0=0<0(Eg) <8 < <o g) < — +oo

de valeurs appelées valeurs propres de Steklov comptées avec multiplicité. Ce sont les solu-
tions o de

Aqu =0, dans &
dyU = ou, sur 0¥

ott u est une fonction non nulle, C* jusqu’au bord de X. Ces valeurs propres sont aussi
caractérisées par le probléeme variationnel suivant ressemblant a (4)

V|2 do
0x(X,g) = inf  sup —IM‘ ¢|g $

, (32)
Eet gep\(0)  Jox 9740

ot I'infimum est pris parmi les espaces vectoriels de fonctions Ej 1 dans C*(X) de dimension
k + 1. Le but est de donner des bornes sur ces fonctionnelles dépendant de la métrique g. Par
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invariance par dilatation, nous étudierons plutot les fonctionnelles 0y (X, g) Ly (0X) ol Lg(0X)
est la longueur du bord. La borne inférieure est ici triviale

ilgfak(Z,g)Lg(BZ) =0.

La démonstration est la méme que pour les variétés compactes dans la proposition 1. On
s’intéresse ainsi a la borne suivante :

ox(y,m) = sup oy (L, g)Le(0X) .
g
Girouard et Polterovich [47] ont donné une borne sur cet invariant topologique qui ne dépend
que de y et m :
o (y,m) < 27tk(y +m)

Ceci montre que cet invariant topologique est toujours fini. Ils généralisent pour k > 2 un
résultat de Fraser et Schoen [38] pour k = 1. Trés peu de valeurs exactes pour ok(vy, m) sont
connues. Weinstock [112] a démontré en 1954 que pour tout k € IN,

01(0,1) = 27tk (33)

et que pour k = 1, le cas d’égalité a lieu pour le disque euclidien. Pour k = 2, Girouard et
Polterovich [44] ont montré que la borne de 0»(0,1) = 47 n’était pas atteinte par une métrique
réguliere. La valeur exacte de ¢7(0,2) a été trouvée par Fraser et Schoen [41] et la métrique
maximale associée vient de la caténoide critique. Enfin, Fraser et Schoen [41] ont aussi donné
la limite de 0y (0, m) lorsque m — 400 :

ml_1>r§r100 01 (0,m) = 4w

3.2 Existence et régularité de métriques maximales

On a I'inégalité analogue a 1'inégalité (20) dans le cas du spectre de Steklov :

o (y,m) > max o, (y1,m1) + - -+ 03, (7, ms) (34)
Yg,ig>1
1+ <y
my+- g <m

1<y OU my<m Si s=1

Ceci conduit a I'énoncé du théoréme principal d’existence de métriques maximales régulieres
pour le spectre de Steklov. Ce résultat est démontré dans le chapitre 6.

Théoreme 16 (P.). Soit X une surface de genre 7y avec un bord lisse ayant m > 1 composantes
connexes. Soit k > 1. Si l'inégalité (34) est stricte alors il existe une métrique g, de classe C*° sur ¥
telle que oy.(7y, m) = 0x(g)Lg(0X). De plus, quitte a dilater cette métrique maximale, elle est le tiré en
arriere d'une métrique euclidienne par une immersion minimale a bord libre dans la boule unité B"+!
pour un certain n.

Ce résultat avait déja été démontré par Fraser et Schoen [41] pour la premiere valeur
propre k = 1 pour v = 1 et pour tout m. Dans ce cas, la condition de 1'inégalité (34) stricte
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s’écrit 01(0,m) > 01(0,m — 1). Ils ont aussi démontré que cette condition est vraie pour tout
m de sorte qu'il existe une métrique maximale réguliere pour o7 (0, m) pour tout m > 1.

Noter que 'hypothese disant que (34) est stricte est nécessaire pour avoir un théoreme
d’existence. On sait par exemple que par Girouard-Polterovich [44], 02(0,1) n’est pas atteinte
par une métrique maximale réguliere. On remarque que dans ce cas, on a 02(0,1) = 207(0,1)
par (33) de sorte que (34) est non stricte.

Méme dans le cas k = 1, la preuve du théoréme 16 differe de celle de Fraser-Schoen [41].
Pour les valeurs propres plus grandes, par rapport a la premiere, on doit traiter des phéno-
menes de bulles et les analyser finement afin de les éliminer grace a I'hypothese d’inégalité
(34) stricte. Le point de départ de la preuve vient de la remarque suivante : c’est plus simple,
méme si ce n’est pas facile, de maximiser une valeur propre de Steklov parmi des métriques
dans une classe conforme donnée car tout dépend d’une seule fonction. On peut alors sé-
lectionner une suite maximisante de métriques pour oy(y,m) qui sont maximales dans leur
propre classe conforme. Ces maximiseurs viennent avec une application harmonique a bord
libre de ¥ dans une boule euclidienne et la preuve du théoréme 16 repose sur une analyse
asymptotique de ces applications harmoniques lorsque la classe conforme dégénere. Des ré-
sultats de quantification de ces applications harmoniques a bord libre ont été donnés dans
Laurain-Petrides [70].

Ainsi, on introduit l'invariant conforme

k(% [g]) = sup k() Lz (%)
gelgl

pour toute surface riemannienne compacte (%, g) a bord C® non vide out [g] désigne la classe
conforme de g. Alors, si X est de genre 7y avec m composantes de bords, on a

ox(y,m) = sup ox (%, [g]) -
(8]

Une fois de plus, on a I'inégalité analogue a (13) pour Steklov :

ok(%,[g]) = max (tTk—j(Z, 8]) + i 7, (ID, [C])) : (35)
. 1§]§.k . g=1
11+-+is=]

Noter que grace a (33), cette inégalité s’écrit

o(Z,[8]) = max (or—;(%, [g]) + 277])

1<j<k

mais pour une raison qui deviendra claire dans la démonstration, on préfere garder la forme
(35). On obtient alors un résultat d’existence démontré dans le chapitre 6.

Théoreme 17 (P). Soit (¥, ) une surface riemannienne compacte a bord C* non vide. Alors, si (35)
est stricte, il existe une métrique maximale réguliere § € [g] telle que 0y (%, [g]) = 0y (X, §)Lg(0ZX).

Noter que par (33) et (35), la condition d’inégalité stricte du théoreme serait une consé-
quence de

or(Z, [g]) > ox1(Z, [g]) +271.
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Si le théoreme s’applique, une métrique maximale § pour 0y (%, [g]) existe et le facteur
conforme associé a g pour la métrique § est ®.0,P sur 9%, ou P est une application harmo-
nique de ¥ dans B"*! avec un bord libre, application dont les coordonnées sont des fonctions
propres associées a la k-eme valeur propre de Steklov. Une telle application prend ses valeurs
dans une boule euclidienne, est harmonique dans X et satisfait |®| = 1 et d,P orthogonal a
TeS" sur le bord de X.

3.3 Quantification des applications harmoniques a bord libre

Dans cette section, on introduit les applications harmoniques a bord libre car ce sont les
applications qui apparaissent naturellement comme points critiques des valeurs propres de
Steklov dans une classe conforme fixée comme 'ont noté Fraser et Schoen [39]. C’est analogue
au role que jouent les applications harmoniques a valeurs dans §” comme points critiques des
valeurs propres de Laplace dans une classe conforme fixée comme on I’a vu dans la section 2.3.
On discute ici d'un théoréme de régularité des applications faiblement harmoniques a bord
libre (Théoreme 18), utile pour démontrer le Théoreme 17, de méme que la régularité des
applications faiblement harmoniques a valeurs dans 5" permettait de démontrer le Théoreme
14 (voir section 2.3, étape 5). On énonce aussi un théoreme de quantification des applications
harmoniques a bord libre (Théoréme 19) utile pour démontrer le Théoreme 16 a partir du
Théoreme 17. Ces résultats de régularité et de quantification donnent une réponse claire aux
questions de Fraser et Schoen dans [39].

Soit (M, g) une surface riemannienne avec un bord non vide a m composantes connexes.
Fixons n > 2. Soit B"*! la boule unité de R"*!. On dit qu’une application u : (M, g) — B"*!
est une application harmonique a bord libre si elle est harmonique, de classe C* jusqu’au
bord, u(0M) € S" et d,u est parallele a u (ou d,u L T,5"). L'énergie d'une telle application
vaut

2
E(u) = /M [Vulgdog = /aM u.oyudoyg .

Les applications harmoniques a bord libre s’étudient du méme point de vue que les appli-
cations harmoniques a valeurs dans 5", qui sont les points critiques de 1’énergie E sous la
contrainte |u|*> = 1 sur la surface. La différence porte sur la contrainte : c’est |u|* = 1 seule-
ment sur le bord. Noter que si une application harmonique a bord libre est conforme, c’est une
immersion minimale & bord libre, c’est a dire qu’elle vérifie en plus que la courbure moyenne
de I'immersion est nulle.

La restriction au bord de la surface Riemannienne (M, g) d’une application harmonique a
bord libre généralise de fagon naturelle les applications 3-harmoniques sur la droite réelle a

valeurs dans S". Ce sont les applications u : R — S§" telles que Ay est parallele a u. En effet,
le prolongement harmonique sur R2 d’une telle application correspond a une application
harmonique a bord libre sur le disque euclidien (D, ¢) si on identifie R% et ID de maniere
naturelle via 'application f : R — ID définie par f(z) = i—;; Les applications 3-harmoniques
ont été étudiées par Da Lio et Riviére [24][25]. Selon le contexte, d’autres généralisations des
applications 3-harmoniques ont été données comme par exemple dans un papier de Millot et
Sire [79].

Les applications harmoniques a bord libre ont aussi une définition au sens faible. Une
application u € H'(M, B"!) est dite faiblement harmonique a bord libre si u(x) € $" pour

presque tout x € M et si pour tout v € L* N H' (M, R"*!) avec v(x) € T,()S" pour presque
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tout x € oM,
/M (Vu, Vo) dvog =0.

Une telle application est un point critique de 'énergie E par rapport aux variations u; =
7t(u + tv) pour tout v € L® N H' (M, R"™!) avec v(x) € T,,)S" pour presque tout x € M, ot
pour z € R""!, 77(z) est la projection de z sur B"*!. On peut alors montrer que :

Théoréme 18 (Scheven [102]). Une application faiblement harmonique a bord libre u : B"+1 — B"*+1
est toujours de classe C* jusqu’au bord et donc est une application harmonique a bord libre au sens
classique.

Ce résultat a été prouvé par Scheven [102] dans un contexte plus général encore. Ici, on
obtient ’analogue du résultat de Hélein [51] pour les applications harmoniques a valeurs dans
S". En fait, nous démontrons dans [70] un résultat d’e-régularité plus général qu'un résultat
de régularité qui permet de démontrer le théoréme suivant dans le chapitre 5.

Théoréme 19 (Laurain, P. [70]). Soit u, : (M,g) — B"*! une suite d’applications harmoniques a
bord libre, c’est a dire u, (OM) C S" et u, est parallele a d,u, tel que

limsup/ |Vua]§ dvg < +oo.
M

a—r—+00

Alors il existe une application harmonique a bord libre ue : M — B" 1 et

— w!, -, une famille d’applications %—harmoniques R — 5"

— a}é, cee, afx une famille de suites de points de dM convergeant respectivement vers al,---,a,
— AL, -+, AL une suite de nombres strictement positifs qui convergent vers 0

tels que quitte a extraire une sous-suite
Uy — Uoo dans C(M\ {ak,--- ,al.}),

et
/ R,.9,R, — 0
oM

! i
(.—a
Ra:ua—um—2w1< Y "‘>
en identifiant 9M avec m copies de S' = R U {co} :
m
oM = | J G;
j=1
avec pour tout 1 < i <1, al, € C; \ {oo} pour un certain j.
En particulier, dans 1’espace des mesures sur le bord, nous avons la convergence
l
i=1
oil ¢; est I'énergie du prolongement harmonique de ' sur R qui est harmonique a bord

libre et qu'on note aussi w' : R2 — B""l. C'est aussi I'énergie de l'application w' o f~1
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harmonique a bord libre sur le disque, ot1 f : R2 — ID est définie par f(z) = ET: Ainsi, &'
est automatiquement une application conforme d’apres Fraser et Schoen [40], et w' o f~1(ID)
est un disque plan équatorial et 1'énergie d'une telle application satisfait

e; = E(w') = / W' (—0sw')ds € 2N .
Rx{0}

Ce résultat est donc bien un résultat de quantification, analogue a ceux de Sacks-Uhlenbeck
[100], Parker [88] pour les applications harmoniques a valeurs dans 5" ou Laurain-Riviere [71]
pour des équations similaires. Ce résultat de quantification avait été démontré par Da Lio sur
le disque [24] par une autre méthode, en écrivant 'énergie d’'une application 3-harmonique
comme

E(u):/]R‘A}tu‘zdx

et en exprimant ce qu’est un point critique de cette énergie.
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Chapitre 1

Maximisation de la deuxieme valeur
propre conforme sur des spheéres

Dans ce chapitre, nous donnons une borne supérieure sur la deuxieme valeur propre
des sphéres de dimension 7 dans la classe conforme de la sphére ronde. Cette borne
supérieure a lieu en toute dimension et est asymptotiquement optimale quand la di-
mension augmente.
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Chapitre 1. Maximisation de la deuxiéme valeur propre conforme sur des spheéres
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1.1 Introduction

Given (M, g) a smooth compact Riemannian manifold (without boundary), the spectrum
of the Laplacian A, = —div, (V) is a discrete sequence of eigenvalues

0=A(M,g) <M (Mg) <A (Mg)<---<A(M,g) <...

which goes to +-co as k — +oc0. The eigenfunctions associated to the simple eigenvalue Ay = 0
are the constant functions. A natural, and often adressed, question is to get estimates on the
eigenvalues thanks to some geometric assumptions. In this paper, we discuss maximisation of
eigenvalues for metrics in a given conformal class with fixed volume. We focus on the case of
the standard sphere.

We let S” be the unit sphere of R"t! forn > 2. If g is a metric on S”, we are interested in
the scale invariant quantity
2
Ank(g) = Ak(S",8)Volg(S™)
In dimension 2, we can maximize A;j on regular metrics. An inequality has been proved for
k =1 by Hersch [54] :
A2,1 (g) < 8

with equality iff ¢ is the round metric. He followed the proof of the maximization by Szego
[107] of the first non zero Neumann eigenvalue for planar domains, attained by discs. Nadi-
rashvili found an optimal maximization for k = 2. He proved in [84] that

A2/2(g) < lé6m

where the supremum is attained in the degenerate case of the union of two identical spheres.
His idea was used later in [46] to show that among simply connected planar domains, the
second non zero Neumann eigenvalue is maximal in the degenerate case of two discs of the
same area.

If we look for an analogous inequality in dimension n > 3, we have to restrict our attention
to some classes of metrics since A,  is not bounded on the set of regular metrics (see [20]). It
is natural, as suggested in [33] and [21], to consider the set of metrics in some conformal class.
Indeed, in any given conformal class, A, x(g) admits some upper bound (see [67]). Thus we
define the conformal spectrum of (S", [go]), where [go] is the class of metrics conformal to the
round metric go, by

A(8™,[g0]) = sup Aux(g)
g€(g0]
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The theorem of Hersch was generalized in this framework in [33]. We have that

2
A1(S" [go]) = nay

where 0, is the volume of the unit n-dimensional sphere. We know almost nothing about
AL (S", [go]) for k > 2. A lower bound was obtained by a method of conformal surgery in [21].
For all k, we have that

2
n

A(8", [8o]) = n(ken)

Nadirashvili, Girouard and Polterovich conjectured in [46] that this inequality is an equality
in all dimensions for k = 2, where the supremum is attained for the union of two identical
spheres :

Conjecture ([46]) : for any metric g € [go],

2

A2 (S",8) Vol (S")7 < n (20,)7 .

In the way to this conjecture, the following theorem gives an "asymptotically sharp" upper
bound :

Theorem 1. Let n > 2 and g € [go] a metric on S™ conformal to the round metric. Then
A2 (8", ) Volg (8")% < Kun(20,)

where Ky, is a constant independant of g € [go] given by

Note that K, = 1, that 1 < K, < 1.04 for all n > 3 and that 1i£t1 K, = 1. The theorem is
n—oo

sharp in dimension 2 and was in fact already proved by Nadirashvili in [84]. In [46], Girouard,
Nadirashvili and Polterovich established this inequality in odd dimensions.

We prove in this paper this theorem in all dimensions, unifying the previous proofs in
dimension n = 2 and in odd dimensions and by the way extending it. The starting point of
the proof is a construction, described in section 1.2 below, initiated by Nadirashvili [84] and
used by Girouard, Nadirashvili and Polterovich [46] in odd dimension. However, our use of
this construction differs from that of these two papers : we use the min-max characterisation
of the second eigenvalue up to the end of the proof (see section 1.4), capitalizing on a new
topological fact proved in section 1.3.

Acknowledgements : I thank my thesis advisor Olivier Druet for stimulating discussions,
his support, and his valuable remarks on a first draft of the paper. I would also like to thank
Bruno Sévennec for his contribution in the decisive topological point (claim 3).
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1.2 Construction of test functions

In this section, we describe the construction of Nadirashvili [84] (see also [46]) which is at
the basis of our theorem as well as of the previous results. Let ¢ be a metric on S conformal
to go of volume 1. We denote by dv, the measure associated to g. We shall use in this paper the
min-max characterization of the second eigenvalue of the Laplacian which tells us in particular
that

Js»

A(S",9) < sup ———5——
ueE\ {0} Jon uPdvg

Vu 2 do
8 ‘g 8 (11)

for all 2-dimensional subspaces E of functions in H! (S") with mean value 0. The aim is to
find a suitable space E of test-functions such that (1.1) gives the estimate of the theorem.

On (S", g0), the eigenspace associated to A1(S”, go) has dimension n + 1 : it is the set of
linear forms of R"*! written X; = (s,.) for s € R"*1. We will build E with these functions,
and as Hersch did for A1(S", g), we proceed to a renormalisation of measures in order to keep
the orthogonality to constants. For ¢ € B"*!, we let d¢ : B"+1 — B+l be defined by

1—|EP)x+ (1+28x+ |x*)&
1+28x+ |x[? ¢

de(x) = (

which is a conformal transformation when restricted to the unit sphere.

We say that dg renormalizes a finite measure dv on the n-sphere if
vses', [ Xoodudv=0.
SVl

The Hersch lemma says that for all finite measures dv, such a ¢ exists. Moreover it is unique
and depends continuously on dv (the set of finite measures is considered as the topological
dual of the continuous bounded functions) as proved in [46], Proposition 4.1.5. We call ¢ the
renormalization point of dv.

We also define families of measures parametrized by the set of caps of S”, denoted by C :
app = {x € 8" x.p >0} ayp =dyp (aoy) (r,p) € (—1,1) x S"
We denote by dp, the "lift" of the measure dv, by the capa € C :

dve + (1,)" dvy ona
— 8 a 8
d”ﬂ_{o on a*

where a* = §" \ 4 and 1, is the conformal reflection with respect to the boundary circle of
a, that is
T, = drpoRpod_yp

where
Ry(x) =x—2(p,x)p
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is the reflection of R"*! with respect to the hyperplane orthogonal to p. Let &(a) be the renor-
malization point of du,. We set dv, = (dg(,))«dpa- Thanks to this family of measures, we can
define a new family of test functions orthogonal to the constants :

s
a

. XS 0] d@'(a) ona
- | Xsodgp o1, ona*

By a Holder inequality, the numerator of the Rayleigh quotient is less than a conformal inva-

riant. .
512 s|n n
/sn ‘Vguu‘gdvg < (/s" ‘Vguu‘gdvg>
2
=2 |VeXi|ido (12)
< dg(u)(a)‘ 8 ‘g g)
2
< (2/5 Ve X! dvgo)

Let us define the multiplicity of a finite measure :

definition. The multiplicity of a finite measure dv on S™ is the dimension of the eigenspace W asso-
ciated to the maximal eigenvalue of the quadratic form :

Q(s) = | X3dv
S}’l
We say that dv is multiple if its multiplicity is greater than or equal to 2. Otherwise, we say that dv is
simple.

As was noticed in [46], we know that if dv, is multiple, then we can choose E = {Xs;s € W}
in (1.1) to get that A,(S", g) < n(20,,) 7. We also know that if there is a cap a € C such that dv,
is multiple, A»(S",g) < Knn(Z(Tn)% using the space of test functions E = {u5;s € W} in (1.1).
In this case, the theorem would be proved. In [46], it was proved that there necessarily exists
such a multiple measure in odd dimensions (see below).

Let us now assume that all measures dv, and dv,, for a € C, are simple. Up to a renorma-
lisation and a rotation, we may assume that

vte s, [ Xidog =0
sn

and that
Vi e S™\ [el],/ Xidog < / Xezldvg.
S Sn

We denote by [s(a)] the unique direction of maximization of the quadratic form associated
to dv,. With the parametrization (r,p) € (—1,1) x §" of C, the maps ¢ : C — B"*! and
[s] : C — RP" are continuous. Moreover, one may prove that if r — —1, that is a — S", we
have :

lim ¢(a) =0 lim [s(a)] = [e1] (1.3)

a—S" a—S"
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1.3 Properties of the lift of the maximal direction
Let us study the maps ¢ and [s] at the light of the links between a cap a € C and its
symmetrical cap a* = S" \ 4. With the parameter (r,p) € (—1,1) x S", notice that a;, = a_,,—.
Claim 1. For a € C, we write {* = {(a*), [s*] = [s(a*)]. Then
¢ =w(=¢)  and  [s"] = Ry[s]
where Ry = dg(q) © Ta © d_g(,) is an orthogonal map.

Proof.
We set 1 = —1,(—(). Let t € S”, then

[ Xiodydue = [ Xiody o, du.
sn sn

One can check that du,- = (7;)*dy,. The map R, = dyoTt,o0 d_g(a) is orthogonal because it is
a Mobius transformation of the unit ball preserving the origin ([4], Theorem 3.4.1). Thus we
have that

Xrodydpy = [ XyoRyodgdyy = [ Xpoodsdus =0
Sn Sn Sn a
This is true for all t € §", and uniqueness of the renormalization point ensures that {* = 7.

The same argument with the function (X; o dg*)z leads to

n 2 2
Vies /s (X ods ) dptge = /s (X1 0z ) dp

and once again, we can conclude by uniqueness of the maximal direction that [s*] = R,[s].

¢

Remark. Thanks to this claim 1, we can prove the theorem in odd dimensions. Indeed, when r — 1
that is a — {p}, we use (1.3) in order to obtain :

lim R, = R,

a={p}
Then, [s(a)] = R;'[s*(a)] — Rpler] when a — {p} by (1.3). Therefore, following [46] in odd
dimensions, the map [s| : [—1,1] x S — RP" defines a homotopy between the constant map [e1]

of degree 0 and ¢(p) = Rple1] of degree 4. Thus, there is a contradiction and there exists a multiple
measure among dvg and dv, for a € C.

We do not prove that the assumption that all measures are simple lead to a contradiction. Indeed, it
is not clear that in even dimensions, such a configuration can not happen. Instead, we look for suitable
test functions like in Nadirashvili’s proof in dimension 2 [84]. However, inspired by the method of [46],
we use a topological argument to get symmetric properties of the lifts of the maximal directions.

The continuous map [s] : [-1,1) x S” — RP" has exactly two continuous lifts because the
set [—1,1) x S" is simply connected. We denote by s the continuous lift such that s(—1,.) =
—eq, the other continuous lift is —s. Thanks to claim 1,

s(=r,—p) = €(r,p)Ra,,s(r, p)

where € : [—1,1) x §" — {£1} is a continuous map. Since s # 0 and [—1,1) x S" is connected,
€ is a constant map.
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Claim 2. We have that € = —1. In other words,
s(a*) = —Rgs(a)
for all caps a.

Proof.
We assume by contradiction that € = 1. We set f(p) = s(0, p) for p € S". This function f
is continuous on the sphere and satisfies

Vp € S", f(—p) = Rpf(p) (1.4)

Indeed, R, = Ry, because 1), = R,. Using claim 3 below, we know that such a map f can
not have degree 0. However, the map s : [—1,0] x S” — S" defines a homotopy between sy = f
and s_; = —e; of degree zero. Thus, there is a contradiction.

¢
We have used the following topology result :

Claim 3. Let f : 8" — S" a continuous map which satisfies (1.4). Then, if n is odd, deg(f) = 1 and
if nis even, deg(f) € 2Z + 1.

Proof.
We first prove the claim for smooth functions which have a property of transversality (step
1) and we show that this case is generic (step 2).

Step 1 - Let f : S" — S" be a smooth function which satisfies (1.4). Let us assume that for all fix
point x € S" of f, Ty f — I : T,S" — T,S" is an isomorphism. Then, if n is odd, deg(f) = 1 and if n
is even, deg(f) € 2Z + 1.

Proof of step 1 - Let F be defined by

F: S"x[-1,1] — R""!
(1) = 3 (f(x) —x+H(f(x) +x))

E

We notice that if F never vanishes, IF]

and deg(f) = deg(c) = (—1)".
Now, F(x,t) = 0 if and only if t = 0 and x is a fix point of f and then,

defines a homotopy between f and o, the antipodal map

¥(o,t) € TLS" x R, DF(x,0)(0,t) = %(Txf iy

Thus, DF(x,0) is an isomorphism, and 0 is a regular value. We write (x1,0),---,(x,,0) the
regular points of F~1(0). Let’s approximate F by its differential in the neighborhood of its
zeros. Let & > 0 and, set for 1 <i <r, ¢; : By,(«) — Bo(a) C Ty,S" the exponential chart at x;.
We obtain for (x,t) € By, (a) X (—a, )

F(x,t) = DF(x;,0)(¢i(x), ) + Ri(¢i(x), 1)
Ri(v,t)

where oo 0 when (v,t) — 0. We write for x € S" that

Fi(x) = F(x,t) Li(x) = { (l)jF(xi,O)(gi)i(x),t) i)ft}(lz;i\)life.lgxi(a) x (—a,q)
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We define a cut-off function 0 < ¢ < 1 such that ) = 1 on K; = U/_; B,(%) and ¥ = 0 on
Ky = S"\ Uj_; By, (a). We set for s € [0,1]

SlPLt + (1 — Slp)Ft
spLe+ (1 —sy)F|

One may choose & > 0 small enough so that G! is well defined for all t € (—a, «) \ {0}. Then,
for0<t<a, Glis homotoplc to Gi = | F 1R, SO to f, and G;' is homotopic to 0. We now write,
fort e (—ua,a), g =G

Let us look at the behaviour of g; =

Gl =

= I L in the balls By,(%) when t — 0. We recall that

Ly(x) = %(Txi F—Dgi(x) +xit .

Therefore, the image I} = = gt(Bx;(%)) blows up to the half-sphere Dy, = {x € S";(x,x;) > 0}
when t — 0.

Thanks to (1.4), x is a fix point of f if and only if —x is a fix point too. Moreover, by
differentiating (1.4) at a fix point x, we obtain T,x f —I=—(T«f —I).

Let’s renumber the fix points xq, - - -, xx, —x1, , — X (with r = 2k), so that xq, - xk are
in a same half sphere D, = {(x, p) > O} We choose € < & small enough so that ﬂ _1 15,
has a non-empty interior I. Then, for z € I, there is a unique point in g; *(z) N By, (%) for all
0 <t <e Sincege(x) =g-e(—x),ifz€ [, thenze€ I"; andz ¢ I¢, UL

For 1 <i <k, let {a;} = Bx,(5) Ng:"'(z). Then by definition of degree and homotopy,

(1= (=) )y,

M-

Il
—_

deg(f) — deg(v) = deg(ge) — deg(g Zmd 8e) —ind 4 (g-¢) =

where v; = ind,, (g¢) € £1. In odd dimensions, deg(f) = deg(c) = 1 and in even dimensions,
deg(f) € 2Z + 1. This ends the proof of step 1.

Step 2 - Let f : S" — S" be a continuous map which satisfies (1.4). Then there exists a map,
homotopic to f, which satisfies the assumptions of step 1.

Proof of step 2 - Denote by (eg,e1,- - ,e,) the canonical basis of R"*! and Bf C D, =
{(x,ex) > 0} the ball centered at ¢; such that d(Bj;, D_,,) = & > 0. Choose a small enough so
that

U Bth BZD& — Sn

Let € > 0. We build by induction maps gi : " — S" such that go = f and, for 0 < k <,

— gee1 = geon 8"\ (B U(=BY))

— gk+1 is smooth on U;_y B?* U (—B*)

— [18k+1 — &kllco <€

— QK+ satisfies (1.4).
By density of smooth maps S§"” — R"*1, choose Iy such that ||y — gi|l.0 < €. Let 0 < ¢ < 1be
a smooth cut-off function such that ¢ =1 on B and ¢ = 0 on S" \ B¥. We let gj,1 be defined,
provided e is small enough, by

Phr + (1 — P)gx
[phi + (1 — ¢) 8k

Skt1(x) = | and gi41(—x) = Ry 0 gy1(x)
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for x € D,,. Therefore ¢ = g,41 is smooth, satisfies (1.4) and ||g — f||c0 < Ce. If € is small
enough, g is homotopic to f.
Let’s now tackle the transversality condition. We write g in the following way

g(x) = X(x) + A(x)x

where X is a tangent vector field of the sphere and |X \2 + A% = 1. Then, g satisfies (1.4) if
and only if X and A are even maps. By differentiating these equalities at a fix point x (with
A(x) =1 and X(x) = 0), one may find Tyg — I = TyX. Then, Tyg — I is an isomorphism for
all fix points x if and only if X is transverse to the zero vector field. Then, one may build by
induction, with Sard’s theorem in n-dimensional charts on D,,, smooth tangent vector fields
X such that Xy = X and for0 < k <mn:

— Xk+1 = Xk on S" \ (Bg U (—Bg))

— Xj1 is transverse to 0 on |Jf_, B?* U (—B)

— X1 = Xillo < €

— Xk+1 1S an even map.
Set f(x) = % If € is small enough, then f is well defined, satisfies the assumptions
of step 1 and is homotopic to f. This ends the proof of step 2.

These two steps clearly end the proof of the claim.

¢
1.4 Choice of test functions
Thanks to claim 2, one may easily deduce that
VaeC,uyx = —u, (1.5)

where we have set, for this section u, = uZ(”). Letr € (—1,1). We look at the space E generated

by
¢ = X, and ¢, = Ugy,, -

One may deduce from the continuity of ¢ and s, (1.3) and (1.5), that

Claim 4. The map r € (—1,1) — ¢, € (L%(S",g), |||l =) is continuous and

lim ¢, = —¢ limy, = ¢

r——1 r—1

For (x,y) € R?\ {0}, we set f, = x¢ + yy, € E. Conformal invariance gives that

2

2 n n
Jor IValg o5 _ (Jsr [Vtlg25)" 22 + 742 + 20,30 = (n+1) / V|, do % (x,¥)
fszfrzdvg B n%rl Ix2+]ry2+2‘3rxy T - g(Pg r A

where we set for r € (—1,1)

2
Jsn [V, dog Jsn
<1

= 7 TI’ =

(fs V50l dog)” (Js-

2
Vgllzr} dog )
§ “ o<

Vedlydog)"
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w, = fSn g(VglPr, nvg(nb)dﬁvg ,Br — (Tl + 1) /S” ¢¢rd0g
(fS“ Vg(PlgdUg)
I:(n+1)/sn¢2dvg>1 ]r:(n+1)/snlpfdvg>1

By (1.2), &, < 2% and by maximality of ¢ and ¢,, I > 1 and ], > 1.
2
The value (n + 1)2% (fsn

metric g € [o] thanks to conformal invariance. The quotient K;, given in the theorem compares
2

Vg(p‘gdvg) " which also appears in (1.2), is independant of the

this value with the constant of the conjecture n(20;)

2
(n+1)2% (for | Vautlly dog, )
n(20,) "

_n+l (1 /n(l—X;)d%)" (1.6)

2
7T n
0

K, =

The computation of the explicit value of K, is classical (see for instance [46]).
Thus, in order to get the estimate of the theorem and using the min-max principle (1.1), we
look for r € (—1,1) such that for all (x,y) € R?\ {0} :

a(x,y) <27
Since I > 1 and ], > 1, we look for € (—1,1) such that
(0 —20)x +2(ay — 20 B )yx + (T, — 20 )2 < 0 .
Moreover, since ¢ < 1 and 7, — 27 < 0, it is sufficient to find r € (—1,1) such that
ty— 21 B, =0.
By the claim 4, we know that
N (Ag9) dog L s (Ag9) dog

T 2 2
n

(fsn vg‘l’lgdvg)ﬁ o (fsn Vg‘l”gdvg)

and that
2
By = (n+1)/sn¢1prdvg — (n+1)/sn<p dog=1.
Thus, when r — 1 and in an analogous way, when r — —1, (see claim 4),
=21 By — o — 211 <0
r—1
and , .
=21, — 20l —0>0.
r——1

By continuity, (claim 4), there exists r € (—1,1) such that «, — 2%,& = 0. As already said, this
completes the proof of the theorem.
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Chapitre 2

Résultat de rigidité sur la premiere
valeur propre conforme

Etant donnée une variété Riemannienne compacte sans bord (M, g) de dimension

n > 3, on considére la premiere valeur propre conforme qui est par définition la

borne supérieure de la premiere valeur propre du Laplacien parmi toutes les mé-

triques conformes a ¢ de volume 1. Nous démontrons dans ce chapitre qu’elle est
2

toujours plus grande que nw;;, la valeur qu’elle prend dans la classe conforme de la
sphere ronde, sauf si (M, g) est conforme a la sphere standard.
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Chapitre 2. Résultat de rigidité sur la premiere valeur propre conforme

Let (M, g) be a smooth compact Riemannian manifold without boundary of dimension
n > 3 and let us define the first conformal eigenvalue of (M, g) by
A(M,[g]) = sup A1(M, g)Voly(M)
gelg]

where A;(M, g) is the first nonzero eigenvalue of the Laplacian A, = —div, (V) and [g] is the
conformal class of g. In this paper, we aim at proving a rigidity result concerning this first
conformal eigenvalue.

The maximisation on conformal classes is natural because the scale invariant quantity
supremum is infinite among all metrics [20] (except in dimension 2, [113]), while El Soufi and
Ilias [33] proved that it is always bounded among conformal metrics. Generalizing a result by
Li and Yau [74] in dimension 2, they gave an explicit upper bound thanks to the m-conformal
volume V,(m, M, [g]) of (M, [g])

2
A1(M, [g]) < nVe(m, M, [g])" (2.1)

These conformal invariants on the standard sphere (S”, [can]) satisfy, [33]
A1(8", [can]) = nwy% =nV. (8", [can])% (2.2)

and this value is achieved if and only if the metric is round. Here, w, denotes the volume of
the standard n-sphere. Colbois and El Soufi [21] also proved that, for any compact Riemannian
manifold (M, g) of dimension n > 3

MM, [g]) = A (S, [ean]) .
We prove here that the case of equality characterizes the standard sphere :

Theorem 2. Let (M, g) be a compact Riemannian manifold without boundary of dimension n > 3.
Then
A(M, [g]) > Aq(S", [can])

if (M, [g]) is not conformally diffeomorphic to (S", [can]).

This theorem answers the question raised in [19] and [66]. Note that a similar result was
proved by the author in dimension 2 (see [91]). Note also that thanks to (2.1) and (2.2), the
theorem implies

Ve(m, M, [g]) > wn = V:(S", [can])

if (M, [g]) is not conformally diffeomorphic to (5", [can]). This gives a positive answer to
question 2 in [74].

In the rest of this paper, we prove the theorem. Based on the idea of Ledoux [73] and
Druet [27], we start from a sharp Sobolev inequality in dimensions n > 3 (see [50, 27, 29])
which possesses extremal functions. These extremal functions give natural metrics § € [g]

2
with Volg(M) = 1 and A4(§) > nw;. As in dimension 2, see [91], we deal with the degeneracy

2
consequences of the hypothesis A1(§) = nw;; .
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Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3 with Vol,(M) =
1, which is not conformally diffeomorphic to the standard sphere. For an integer m > 1, let
h € C"(M). We let ], ; be the functional defined for u € W'?(M) \ {0} by

HIN

B S \Vu@dvg + [y hutdo, — K2 (fM u|* dvg>2

Jon(w) [ @3
where ) 1
Ky=——w," (2.4)
n(n—2)

is the sharp constant for the Sobolev inequality induced by the critical Sobolev embedding
Wé’z C L? for bounded domains of R", with 2* = -2 Hebey and Vaugon proved in [50] that

—a(g,h) = uew&r&& o) Jon (1) (2.5)
is finite. Note that J, j, is scale invariant.

We will assume in the following that up to a conformal change, ¢ is a metric in [¢] with
volume 1 which has a constant scalar curvature S¢. Since M is not conformally diffeomorphic
to the standard sphere, by the resolution of the Yamabe problem by Aubin [3] and Schoen
[103], it satisfies

n(M,g) <K, (2.6)

where (M, g) is the Yamabe invariant of (M, [g]). Let V be an open neighbourhood of

ﬁsg in C"(M) such that

n—2
h_4(n—1)sg

1

VheV, <3 (K2 —u(M,g)) . 2.7)

[ee]

Let s > 0 be such that s +2 > 7 and m > s + 2. By the Sobolev embedding W5t22 < CY the
subset W32 of positive functions of W22 is open. We define

F: W2 xRxV — W2
(u,B,h) — Agu+ (h+ B)u— K 2u? 1

which is well defined because of the Sobolev algebra property of Ws*%2 and F is a C* map.
By a result of Druet [27], thanks to (2.6) and (2.7), for any h € V, the functional ], attains
its infimum. Let u € W'?(M) be such that ], (u) = —a(g,h). Up to replace u by |u| and
up to normalize, we can take u > 0 and f M uz*dvg = 1. Then, u satisfies the Euler-Lagrange
equation

F(u,a(g h),h) = Agu+ (h+a(g, h))u — K, 2u* "1 =0 (2.8)

where, by elliptic regularity theory, u € C"*2 and, by the maximum principle, u > 0.
Let v € C*(M) and € R such that || < ||o|. Since u is a minimum for (2.5),

/M |V (u+ tuv)@ dvg + /M(h + a(g, h)) (u + tuv)*do,

2

_K;? ( /M(u + tuv)z*dvg> T >0, (9
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Since u satisfies (2.8), the left term in (2.9) vanishes until the order 2 in the Taylor development
as t — 0. Computing the second-order coefficient as t — 0, one gets

/M |V (uv) |§, dvg + /M(h +a(g, h))(uv)*dvg — K, 2 (2" — 1) /M o*u* dog
2
+ K, 2(2" - 2) < /M vu2*dvg) >0. (2.10)

We now use the conformal transformation of the conformal Laplacian
Vo € C®(M), u* 1Agv = Ag(uv) — vAgu (2.11)

where § = wiz g. We integrate (2.11) against uv and with (2.8),

2
/M |V (uv) |g dvg = /M |Vv|§ dvg + /M vzuAgudvg
= /M Vo, dv% — /M(h + a(g,h))v*u*dog + K, 2 /M v2u2*dvg

and with (2.4), (2.10) becomes

2
2
/M |Vv|§dvg — nwy; /M (v - /M vdvg~> dvg > 0. (2.12)

2
This gives that A1(¢) > nwj;. Note that if the inequality is strict for one solution (4, u) of
F(u,a(g,h),h) =0, the theorem is proved.

We now assume that for any solution (h,u) of F(u,a(g,h),h) = 0, we have Al(un%g) =

2
nwj; . We will apply the following theorem ([53], Theorem 5.4,page 63) of Fredholm theory to
F, with U = W% (M) x R.

Theorem 3. Let X,Y be two separable Banach spaces, U an open set of X, V a separable C* Banach
manifold and F € C*(U x V,Y) which satisfy :

— Forall (u,v) € F~1(0), DF(u) is surjective.

— Forall (u,v) € F71(0), D,F(u,v) is a Fredholm operator.
Then there exists a countable intersection of open dense sets (a residual set) ¥. C V such that for all
v € X, and for all u € F(.,0)71(0), D,F(u,v) is surjective.

Using (2.11) and (2.4), one gets for (u,B,h) € F~1(0),

. 0 20
Du gy Fu, B, )0, 1) = u 71 { Ag ( — ) = newyi— | + puu (2.13)

u

where § = ui-2g. Then, D(, 4 F(u,B,h) is a Fredholm operator. It remains to prove that if
(u, B,h) € F~1(0), DF(u, B, h) is surjective. We have

4
n

Y

DF(u, B,h).(6,1,7) = u> 1 (Ag <u> — nwéi) +pu+Tu . (2.14)

Im(D,p)F(u, B, 1)) is a closed space in W*?2 of finite codimension. Thus, since In(DF(u, B, h))
contains Im (D, g F(u, B, 1)), it is a closed space in W*? by the following
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Lemma. Let X a banach space, and E C F C X some subspaces. If E is a closed finite co-dimentional
subsbace of X, then F is a closed subspace of X.

Proof. Let G a finite dimensional subspace of X such that X = E® G. Weset H = GNF.
Then, F = E @ H. Let x; € F such that x; — x as k — +o00. We denote x; = yx + zx with yx € E
and z;, € H.

We suppose that (zj)x>o is not bounded. Then, up to the extraction of a subsequence,
|zk| — +o0 as k — +o0. By Bolzano’s theorem, up to the extraction of a subsequence, there
exists z € H such that .

2k s zask — 400,

|2k |
Since (xy) converges as k — 409,
S Tk Z  ask— +oo.
2l fzel [z

Since E is closed, we get z € EN H = 0, which contradicts |z| = 1.
Then (zx x>0 is bounded and by Bolzano’s theorem, up to the extraction of a subsequence,
we can suppose that zy — z € H as k — +o0. Then,

Yk =Xy —Zx - X —zask — +oo.
and y = x —z € E since E is closed. Therefore x = y +z € E + H = F and the proof of the
lemma is complete. ¢
Now, it suffices to prove that Im(DF(u,B,h))* = 0, where L refers to the orthogonal in
W52, Let ¢ € Im(DF(u,B,h))*. Then, with (2.14),
VT eC", (p,ut)pys2 =0.

Since u € C™ is positive and C™ is dense in W*?, we get ¢ = 0.
By Theorem 3, there exists 1 € V such that for all couple (u,B) with F(u,p,h) = 0,
DF, g)(u, B, h) is surjective. We take in particular B = a(g, /) and we will deduce that for a

2
minimal function u, A1(§) = nwy; is simple with § = = g. We claim that

v9 € E1(2)\ {0}, /M WPpdvg £ 0 . (2.15)

Indeed, if ¢ is an eigenfunction for A;(¢) such that this integral vanishes, one easily checks

with (2.13) that u¢ is orthogonal to the image of D, g)F(u, «(h, g), h) in L*(g). It implies ¢ = 0

and we obtain (2.15). Since a bounded linear form vanishes on a one-codimensional space, we

get that A1 (g) is simple. Thus, A;(§) cannot be an extremal eigenvalue in the sense of [35] and
2

as a result, A1 () = nwj; is not locally maximal. The proof of Theorem 2 for n > 3 is complete.
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Chapitre 3

Existence et régularité de métriques
maximales pour la premiere valeur
propre du laplacien sur des surfaces

Nous cherchons a démontrer dans ce chapitre l'existence de métriques qui maximisent
la premiere valeur propre du Laplacien sur des surfaces riemanniennes. Nous prou-
vons d’abord le résultat de rigidité énoncé dans le chapitre 2 dans le cas de la di-
mension 2. Ceci permet de démontrer que, dans une classe conforme donnée, il existe
toujours une métrique maximale pour la premiere valeur propre de Laplace qui est
de classe C* sauf en un nombre fini de points de singularités coniques. Ensuite, nous
démontrons des résultats d’existence parmi toutes les métriques sur des surfaces de
genre donné, menant a l'existence d’immersions minimales de variétées compactes
(M, g) de dimension 2 dans une certaine k-sphére par des premieres fonctions propres.
Ce résultat est similaire a celui concernant les valeurs propres de Steklov obtenu par
Fraser et Schoen [41]. Enfin, nous répondons a une conjecture de Friedlander et Na-
dirashvili [42], qui stipule qu’on peut se donner dans certaines classes conformes la
borne supérieure de la premiere valeur propre du Laplacien aussi proche qu’on veut
de sa valeur sur une sphere, sur toute surface orientable.
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3.1 Introduction

Let (X, g) be a smooth compact Riemannian surface without boundary. The eigenvalues of
the Laplacian Ay = —divg (V) form a discrete sequence

0:)\0</\1(Z,g) S)\Z(Z,g) <...

Getting bounds on these eigenvalues depending on the metric or the topology of ¥ has been
the subject of intensive studies in the past decades. In this paper, we shall focus on the first
eigenvalue A1. One can for instance consider the first conformal eigenvalue of (¥, g) defined
by

A1 (2 [g]) = sup A1 (§) Volg () (3.1)

gelg]

If one looks at the infimum of the first eigenvalue in a given conformal class, it is always 0.
Now one can also study invariants which depend only on the topology of the surface. For
orientable surfaces, one can define for any genus y > 0

A1 () = sup A1(g) Vol (£) = sr}p A1 (Z,[g]) (32)
g g

where X is a compact orientable surface of genus <. One can also look at

inf A1 (%, [g]) -
(8]

Natural questions about these quantities are to get explicit values or explicit bounds on it,
and whether or not the supremum (or infimum) in their definition is achieved by some metric
and, if yes, how regular these extremal metrics are. Yang and Yau [113] (see also [74]) obtained
an upper-bound for the first eigenvalue of the Laplacian on a surface, depending only on the
genus <y of the surface. In case of orientable surfaces, this reads as

Ai(7) <81 [7;3} . (3.3)

48



3.1. Introduction

Colbois and El Soufi [21] gave an explicit lower bound of A; (%, [¢]) on any closed Riemannian
surface and proved that
A1 (Z,[8]) = A (8% [can])

and by the work of Hersch [54], we know that A; (8%, [can]) = 87t. A lower bound for Aq (vy)
can be obtained from [10] and [14] (see [39]) :

A ()= E (-1 . (3.4)

4
Exact values of these quantities were obtained for small genus and for specific conformal
classes. Let us mention the sphere (Hersch [54]), the projective plane (Li-Yau [74]), the to-
rus (Girouard [45] and Nadirashvili [83]), the Klein bottle (El Soufi-Giacomini-Jazar [32] and
Jakobson-Nadirashvili-Polterovitch [57]), the genus 2 surfaces (Jakobson-Levitin-Nadirashvili-
Nigam-Polterovitch [56]).

Concerning A1 (%, [g]), we prove the following theorem :

Theorem 4. Let (X, g) be a compact Riemannian surface without boundary. Then
A1 (%, [g]) > Aq (S?, [can]) = 87

if ¥. is not diffeomorphic to S?. Moreover, there is an extremal metric § € [g], smooth except maybe at a
finite number of points corresponding to conical singularities, such that Ay (%, [g]) = A1 (§) Volg (Z).

This theorem contains a rigidity result which states that the sphere is characterized by
having the minimal first conformal eigenvalue. It also contains an existence result of "smooth"
maximal metrics. Note that, on the sphere, we know since the work of Hersch [54] that maxi-
mal metrics exist and are all smooth since they consist in all metrics isometric to the standard
one. As observed in [65], conical singularities naturally appear for extremal metrics. Indeed,
the conformal factor relating ¢ to g is \Vd>|§, where ® is some smooth harmonic map from

M into some sphere S¥. The zeros of ]VCD\; are isolated and correspond to branch points of
the harmonic map ® as proved in Salamon [101]. In the case of genus 2 surface (see [56]),
the extremal metrics of the conjecture indeed possess conical singularities. In this respect, our
existence result seems completely optimal. In [65], Kokarev proved that any maximizing se-
quence of metrics, provided that our rigidity result was true, converges to a Radon measure
without atoms. He then got some partial regularity results on this measure. Note that, here,
we do not prove that any maximizing sequence converges to a "smooth" maximizer, which
may not be true. We select carefully a maximizing sequence which converges to a "smooth"
maximizer. In [85], assuming that A; (¥, [g]) > 87, which is by now a consequence of our
result, the authors announced the existence of a maximizer with a rather different proof we
do not fully understand.

Note also that, by Kokarev [64], and thanks to the rigidity part of our theorem, we know
that the set of "smooth" maximizers given by our theorem is compact as soon as M is not
diffeomorphic to the sphere S2. On the sphere $?, this compactness result is of course false.

Capitalizing on this first existence result, we are also able to obtain the following :

Theorem 5. Let X be a compact orientable Riemannian surface without boundary of genus v > 1.
If A1 () > A1 (y — 1), then Aq(vy) is achieved by a metric which is smooth except at a finite set of
conical singularities.
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Note that the case of the sphere is already treated in Hersch [54]. Note also that the case
of the torus (y = 1) is already known : we have A; (1) = % and the maximal metric is
given by the flat equilateral torus (see [83]). At last, in the genus 2 case, a conjecture holds :

A1 (2) = 167 and there is a family of maximal metrics (see [56]).

The spectral gap A1 (77) > A1 (7 — 1) necessarily holds for an infinite number of 7 thanks
to the lower bound (3.4). It is believed to hold for all genuses. The extremal metric in the theo-
rem is the pull-back of the induced metric of a minimal immersion (with branched points) of
Y. into some sphere S¥. As a classical corollary of the above theorem, we obtain the following :

Corollary. If v > 1 and if A1 (y) > A1 (v — 1), which is the case at least for an infinite number of
7y, there exists a minimal immersion (possibly with branch points) of a compact surface X of genus y
into some sphere S* by first eigenfunctions.

There have been lot of works about minimal immersions of surfaces into spheres. In par-
ticular, they are necessarily given by eigenfunctions (not only first eigenfunctions) thanks to
Takahashi [108]. For existence results of such immersions, we refer to two classical papers
by Lawson [72] and Bryant [11]. Concerning minimal embeddings in S, it is conjectured by
Yau [114] that they all come from first eigenfunctions (see [7] and [17] for recent surveys on
this subject). However, minimal immersions by first eigenfunctions are not so numerous. For
instance, it has been proved by Montiel and Ros [80] that there is at most one minimal immer-
sion by first eigenfunctions in any given conformal class. In the case of genus 1, it was also
proved by El Soufi and Ilias [34] that the only minimal immersions by first eigenfunctions of
the torus are the Clifford torus (in S°) and the flat equilateral torus (in S°). So our corollary
is interesting because it provides an infinite number of new minimal immersions into spheres
by first eigenfunctions.

At last, we prove a conjecture stated in [42] about the infimum of the first conformal
eigenvalue on any orientable surface :

Theorem 6. Let X be a smooth compact orientable surface. Then

infA; (%, [g]) =8n
(8]

and this infimum is never attained except on the sphere.

This result had already been proved in [45] in genus 1 but was left open in higher genuses
up to now.

The paper is organized as follows :

We first prove in section 3.2 the rigidity part of theorem 4. The idea of the proof goes back
to Ledoux [73] and Druet [27] in higher dimensions. We start from some Moser-Trudinger
type inequality (see [16, 26, 81]) which possesses extremal functions. These extremal functions
are excellent candidates to provide conformal factors for which the new metric has a large A;.
However, we have to deal with some degeneracy problems which could occur.

Then, we prove the existence of a "smooth" extremal metric for A; (M, [g]). In section 3.3.1,
we prove some fine non-concentration estimates for sequences of unit volume metrics in a
given conformal class with large first eigenvalue. This non-concentration phenomenon was
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first observed by Girouard [45] and Kokarev [65]. Section 3.3.2 is devoted to the construction
of our specific maximizing sequence, following ideas of Fraser and Schoen [41] when dealing
with the Steklov eigenvalue problem. It is obtained by solving a regularized maximization
problem. We derive a fine Euler-Lagrange characterization for this new variational problem.
This leads to a maximizing sequence of smooth metrics for which the first eigenspace pos-
sesses nice properties. Section 3.3.3 makes an intensive use of the non-concentration estimates
of section 3.3.1 to get finer and finer estimates on these first eigenfunctions. This permits then
to pass to the limit and to prove theorem 4.

Section 3.4 is devoted to the proof of theorem 5. Since we already have the existence of
a maximizing metric in any given conformal class thanks to theorem 4, it remains to prove
that the supremum among all conformal classes is achieved. For that purpose, we pick up a
sequence of maximizing conformal classes and prove that this sequence does not degenerate.
We follow ideas of Zhu [115] who made a careful study of sequence of harmonic maps into
spheres on hyperbolic surfaces which degenerate.

The last section is devoted to the proof of theorem 6. It is in some sense similar to the proof
of theorem 5, except that we just have to construct a sequence of fully degenerating conformal
classes (c,) on some hyperbolic surface ¥ for which we prove that A (%, ¢,) — 87.
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3.2 The rigidity result

3.2.1 Extremal functions for a sharp Moser-Trudinger inequality

Let (M, g) be a smooth compact Riemannian surface with Vol, (M) = 1, not diffeomorphic
to S2. The aim of this section is to find a metric § € [¢] such that A (§) > 87t. We consider the
functional [, defined for u € H (M) by

1
Jo(u) = i /M |Vu]fz dug —|—2/M udv, —log </M eZ”dvg> . (3.5)

Cherrier [16] proved that
—a(g) = inf Jo(u) (3.6)
is always finite. Note that ], is translation invariant with respect to the constant functions.

In the following, up to a harmless conformal change of the metric, we assume that g is
the metric in [¢] with volume 1 and constant Gaussian curvature K, = Kp. Since M is not
diffeomorphic to the sphere, we know that Ky < 27. Then there exists a ball Bs(0) C C? (M)
centered at 0 and of radius ¢ > 0 such that for any v € B;(0),

KEZUg < 4:7T .
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We claim that there exists vy € Bs(0) C C? (M) such that 87 is not in the spectrum of Az, o It
is completely obvious since the spectrum is discrete and it scales like the volume to the power
—1. Thus there exists an open set V C C? (M) such that, for any v € V,

Koo < 47 (3.7)
and
87t is not in the spectrum of A, . (3.8)
Let us now define the following map :
F : W2(M)xV — L*(M)
(u,0) — e 2 Aqu + 471 — 47t

It is well defined because of the Sobolev embedding W??(M) C C° (M) (see [43], Corollary
7.11, page 158) and F is a C* map.

By a result of [26] and thanks to (3.7), for any v € V, the functional ], g attains its mini-
mum. Let u € H? (M) be such that Joog(u) = —a (¢*”g) normalized by/ e*e*” dvy = 1. Then
M
u € C3(M) and satisfies the Euler-Lagrange equation

F(u,v) = e *Agu+4m —4me®™ =0. (3.9)

Moreover, we have that

1 2 2
Dy () (9, 9) = - ( 99 dos o [ grdegvom (| pier) ) =

where § = g2 (uto) g. This means in particular that A4 (62(’““7’) g) > 87t. Since

DuF(u,0) (¢) = e (Aez(m)ggo _ 8714)) , (3.10)

we have A4 (ez(””) g) > 87 as soon as D, F(u,v) (¢) is invertible. Thus, in order to prove the

rigidity part of the theorem, we just need to find v € V such that D, F(u,v) is invertible for all
solutions u of F(u,v) = 0.

For that purpose, we shall apply the following theorem of Fredholm theory (see for ins-
tance [53], Theorem 5.4, page 63) to our function F :

Theorem 7. Let X,Y two separable Banach spaces, U an open set of X, V a separable C* Banach
manifold and F € C®(U x V,Y) which satisfies :

— Forall (u,v) € F71(0), DF(u,v) is surjective.

— Forall (u,v) € F~(0), D,F(u,v) is a Fredholm operator.
Then, there exists a countable intersection of open dense sets (a residual set) X. C V such that for all
v € X, and for all u € F(.,v)71(0), D,F(u,v) is surjective.

By (3.10), it is clear that D,F(u,v) is a Fredholm operator. It remains to prove that if
(u,0) € F~1(0), DF(u,v) is surjective. We have

DF(u,0).(6,7) = e (Ag0 — 870) — 2Te™ > Agu
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where § = ¢2(*?)¢. Since the image of DF(u,v) contains a finite codimensional closed space,
it is a closed space. Moreover, the L2 norms induced by the metrics ¢ and ¢?“g are equivalent.
Then, it suffices to prove that the orthogonal of the image is 0 in L?(e?’g). Assume on the
contrary that there exists ¢ € L2(M), ¢ # 0, such that

9 € W22(M), / (Agh — 8718) pdvg = 0
M

and
VT e CZ(M),/ PTAGudvy = 0.
M

The first condition implies that ¢ is an eigenfunction for § with eigenvalue 877. We deduce
from the second condition knowing that e"**Agu + 47 = 47e? that

¢ (e —1)=0.

Since ¢ is non-zero on a dense set of points by the maximum principle, ¢** = 1. This implies
that § = ¢?“¢ has a 87t eigenvalue, which contradicts (3.8).

Now, we can apply the above theorem to our function F. There exists some v € V such
that D, F(u,v) is surjective for all u € W*? (M) such that F(u,v) = 0. Since D, F(u,v) is a
Fredholm operator of index 0, see (3.10), it is also injective. As already said, this ends the
proof of the rigidity part of theorem 4. For such a v and for a minimal function u for ], ¢ We

get that A4 <ez(“+v) g) > 871

3.3 Existence of maximal metrics in a conformal class

Let (M, g) be a smooth compact unit volume Riemannian surface without boundary. We
choose for all the proof some ¢ > 0, some Cy > 1, a family (x;);_; , of points in M and
smooth functions v; : M — R such that

— foranyi € {1,...,N}, the Gauss curvature of g; = ¢*ig is 0 in the ball B, (x;,26) = ();

so that, in the exponential chart for the metric g; at x;, the metric g; is the Euclidean
metric.
N
— M = | J w; where w; = By, (x;,6).
i=1
— foranyie {1,...,N}, Caz < e%i < C(% in O);.

Note that, forany i € {1,..., N},
B, (x, C0_1r> C Bg, (x,7) C By (x,Cor) forallx € wjand all0 <7 < 6. (3.11)
During all this section, in order to get uniform estimates, we may assume, without loss of

generality that every sequence {x.} of points of M lies in some w; where i is fixed. Indeed,
every subsequence of {x.} has a subsequence which satisfies this property.
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3.3.1 Non-concentration estimates of metrics with high first eigenvalue
In this subsection, we let {e?<g}¢ be a sequence of unit volume metrics such that
A1 (e*eg) > 87 + o for some a > 0 fixed. (3.12)

Note that we also know that A; (e**°g) < Aq (M, [g]). By Kokarev [65], lemma 2.1 and lemma
3.1, the following non-concentration result follows from (3.12) :

Claim 5 (Kokarev [65]). Assume that (uc) is a sequence of smooth functions on M such that (3.12)
holds. Then

lim lim sup sup e?e du, = 0.
r—0 §
e—0  xeM Y Bg(xr)

We set for ) an open subset of M and y € M(M), the set of Radon measures on M,

Vol do
A(Q, ) = inf Ja IVel; dog (PJg §
pece(Q) [P du
and

_ pEK) -
B(Q), i) = sup { Caps (K,Q)'K C Q is a compact set}

where, for a compact set K C Q, Cap, (K, Q) is the variational capacity of (K, ()) defined by

Cap2(K, Q) = inf{/(j2 \qu@ dvg; ¢ € C°(Q),¢ =1 on K} .

Isocapacitary inequalities proved in [77], section 2.3.3, corollary of theorem 2.3.2, give that

1 1
gy S M) < :
45O, ) Saoan
Thanks to these capacity estimates, we can refine the non-concentration result of Kokarev and
obtain a quantitative one :

(3.13)

Claim 6. Assume that (u¢) is a sequence of smooth functions on M such that (3.12) holds. Then there

exists C1 > 0 such that
/ ezufdvg < C—ll
Bg(x,7) In ;

foralle > 0andall r > 0.

Proof. We first prove that there exists rp > 0 such that for any 0 < r < ro,

1 2 1
< < —. 14
ve>0vxeM, Aw(Bg (x,7) ,€2eg) = A(M,e?teg) — 4m (3.14)

Indeed, choose ¢ € E1 (B (x,70),e%*g) with / lpgezufdvg =1 and let us write that
M

2
2etedy, — </ e?edy >
/Bg<x,ro> 7 Uy 7108

1 5 Ax (Bg (x,70) ,€%%g)
< = .
— Al (M/ 62”€g) /M |Vl/)€’g dUg )\1 (M, 62”€g)
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By Holder’s inequality, we deduce that

)L* B 7 7 2146
/ ngZLIdeg <1 _/ e2uedvg> < ( g (x 7’0) e g) .
Bg(x,r0) Bg(x,rg)

A (M, e2teg)
By claim 5, there exists 7o > 0 such that

8

1
Ve > 0,Vx € M, Piedv, < -
BS(X,I’()) 2

and (3.14) follows for this r.
Let’s fix

= C10min {d,r0} .

Then, for any i € {1,..., N}, any x € w;, by (3.11) and (3.14), we have that
Ax (B, (x,71),€7g) > A, (Bg (x,Cory) , e*eg) > 4m.

Writing thanks to (3.13) that

/ ezus dvg < Cﬂpz (Bgi (x’ 7") ng,- (x, rl))
Bg, (x,7) N A (Bgi (x,71), ez”Gg)

for all 0 < r < rq and thanks to the fact that g; is isometric to the Euclidean metric that

27
Capy (B, (x,7),Bg, (x,71)) = T
r
we get that
1
2u
etedo, < ——
/ngx,r) 727
for all 0 < r < rq. This clearly leads to the conclusion of the claim. &

We now focus on the eigenfunctions associated to the first non-zero eigenvalue of such a
sequence of metrics. We will prove that the nodal sets of such eigenfunctions can not concen-
trate to a point :

Claim 7. There exists 6, > 0 such that for any € > 0, any f € E; (e*"eg) and any x € M,

f(x)=0= 3y € 9B, (x,01) s.t. f(y) =0.

Proof. Assume by contradiction that for any j € IN, there exist ¢; > 0, x; € M and
fi € b1 (ezuei g) such that

fi (xj) = 0 and Vy € 9By (x;,277), fi(y) #0. (3.15)

Then, by the maximum principle, f; changes sign in Bg (x;, 277). By the Courant nodal theorem
(see [23]), there are two connected nodal domains D} and D]2 for f;. We know that for m €
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{1,2}, D}” N Bz—j(x]') # @. Therefore, thanks to (3.15) and what we just said, there is one of
this nodal domain, let’s say D}, which satisfies D} C BZ—j(xj).
Then f] is an eigenfunction on (Djz, e ) with Dirichlet boundary conditions. Since f] > 0,

it is an eigenfunction for A, (D]?, e2”€i> = A¢;. Up to a subsequence, xj — x € M as j — oo.
Thanks to claim 5, there is an open neighborhood of {x}, B, with

2Ue. 1
G < =,
/Be =2

Since Cap, ({x},B) =0, we can find ¢ € C°(M \ {x}) such that y =1 on M\ B and

/M V2 dog <27

We write then that

f 2|V¢|2 dog
Aoy = A, (D2éM) < et R APy

2Ue.

) D2 P2 idog
which contradicts (3.12). This ends the proof of the claim. &

At last, the non-concentration estimates just obtained gives the W?(M)-boundedness of a
sequence of normalized eigenfunctions :

Claim 8. Any sequence of eigenfunctions fe € Eq (e*'<g) such that [, f2e*edve = 1 is bounded in
W12(M).

Proof. We already know that / A% f€|§dvg = )1 (e**g) is bounded. We now prove that
M
{e**edv,} is a bounded sequence in W 12(M) = WL2(M)*.

Let us consider a finite covering of M by balls Bg (yj,70),j = 1,..., L where ry > 0 is given
by (3.14) and let (1;) be a partition of unity associated to this covering. For ¢ € W2(M), we
have that

. L
eZue do — / ,ezue do
/M Y § ]2 By (yjm0) L $

1
L

N2 2ue ’ Dute :
L </Bg<yj,m>(‘b””) ‘ d”g> </Bg<yf,ro>e d”g>

<y 1 () !V(ij\zdvgf
J=1 A (Bg (o mo) e2ieg)® AM

< Do [[$[lwrzm)

IN

where Dy is independent of i and €. Then {e?*dv, }. is a bounded sequence in W~'?(M) and
we get the following Poincaré inequality (see [116], lemma 4.1.3) : there exists D, > 0 such
that

2
Ve >0,V € C”(M),/M (1}] — /M I/Jezuedvg) dvg < D /M |V¢’§ dog .

56



3.3. Existence of maximal metrics in a conformal class

We apply this inequality to i = f. which has zero mean value with respect to e*'<dv, since fe
is a first eigenfunction with respect to e*'<g. We get that

/Mfgdvg < Dy /M |V felg dvg = DaAy (€2eg)

which gives the desired conclusion. &

3.3.2 Construction of a maximizing sequence

For € > 0 and x,y € M, we denote by pe(x,y) the heat kernel of (M, g) at time €. We let
M (M) be the set of positive Radon measures provided with the weak* topology and M1 (M)
be the subset of probability measures. For v € M(M), f € L' (M, g) and € > 0, we set

Kelv) (x) = [ pe(xy)avy)
and
Kelf1 () = [ pe(x,y)f(y) dogv)
so that
Kl @ dv(x) = [ fGKe V] dog(x) .

We refer to [6] for standard properties of the heat operator on Riemannian manifolds.
Let us now define the maximizing sequence we will consider. For € > 0, we set

Ae = sup A (Ke[v]g) - (3.16)
VGM](M)

Since Kc[v] > 0 and Kc[v] € C®, Ac < A1 (M, [g]). Moreover, since K¢ : M{(M) +— CK(M)
is continuous for all k > 0, every maximizing sequence for A. converges in M;(M). So let
Ve € M1(M) be such that

Ae = A1 (Ke[velg) -
We claim that
lim Ac = A1 (M, [g]) - (3.17)
We already know that A < A; (M, [g]) for all € > 0. Let # > 0 and pick up ¢ € [g] such that
Volg(M) = 1and Ay (§) > A1 (M, [g]) — g Let u € C®(M) such that § = ¢?"g. By definition

of the heat operator, K¢[dvg] = Kc[e?"] and we know that Kc[e*] — ¢** in C°(M) as € — 0 (use
the uniform estimates (3.28) given in [6]). Then, there exists €y > 0 such that

Ae = Ax (Ke [dog] @) > A1 (8) = 2 = Ay (M, [g]) =7

for all 0 < € < €p. This proves (3.17).

We let in the following
K [ve] = e

and we have that
Ae =M (€*g) — A1 (M, [g]) ase — 0.

Let us exploit the fact that v, solves the maximization problem (3.16) :
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Claim 9. Let’s fix € > 0. Then there exist ((])g,- X ,4)12(6)) € C®°(M, R¥) such that
— Vie {1, k(e)}, Agpl = Ace® L.
— / e || dog = 1.
M
——K€“¢41 >1on M.
— K¢ [|<I>e\2} =1 on supp (ve).

k(e)

Here . = (cpi,- » ,4)2((6)) and |®c|* = ) (cpé)z.

i=1

Proof. Since € is fixed, up to the end of the proof of this claim, we omit the € indices of A,

Ve and eZte.
Let p € M(M) and t > 0. We let

At = A1 (Ke[v +tulg)

Note that A = A;—g. By continuity, Ay =+ Aast — 0". We first prove that

- Ke [¢?] d
lim A — A —  inf _)\fM—W )
50+t peEr (e21g) S e do,

We let ¢ € E1 (Kc[v]g) = Eq1 (e*'g) and we write that

Jog PKe[v + tu] dog 2 ’
& (/M <(P [y Ke[v + tu] dog Kelvt-tuldog | < /M Vol dog

= A /M e*¢* dvg .

Since Ke[v + tu] = e® + tKc[p], we easily get that

A, </M ¢*e* dug + t/M ¢*Ke[p] dog + 0(t)> < A/M &2 dp,
so that
A A Ju 9°Kelp] dog
t B Sy Pe dug

Y fM Ke [‘PZ] dp
Sy 92 dvg

+0(1)

+o(1).

So far we have proved that

— Ke [¢?] d
limsup/\t A< inf <—AW>.

0+ T geE(ery) Sy P?e?dog

Let now ¢ € Eq (Ke[v + tp]g) with || ¢l 12k | = 1. We have that

v+tulg)

Agtr = MKelv + tulgy = Ay (2 + tKel]) g -
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For all t > 0 small enough, L?(K.[v + tu]g) and L?(e**g) are the same sets and define equiva-
lent norms and the constants in the equivalence are independent of t. Indeed, we have

1< Kel[v + ty]

<1 Czt/d,
SR ST,

where Cc > 1 is a constant such that C;! < p. < C. and for t < (CZ [}, dy)_l, we get

Vg € L*(e /4;1(6 Jdvg < /¢K€V+tydvg<2/(pl(€ Jdv, .

Then, up to the extraction of a subsequence, by standard elliptic theory (see [43] for Sobolev
embeddings : Corollary 7.11, page 158, and for elliptic estimates : Theorem 9.11 page 235),
there exists ¢ € Ey (¢*"g) such that ¢y — ¢ in C" as t — 0 and [|§|[ 2(215) = 1. We denote by
IT the orthogonal projection on E; (e?!g) with respect to the L?(¢**¢)-norm. Then we rewrite
(3.20) as

(cpt aH«pt) e ® g A=A P+ AtK (]t (321)

t 493 Ny
where
ar = [[pr — L[|, + £+ (A= Ap)

Then, up to the extraction of a subsequence we have that

t A —A
to = lim — and 6y = lim d .
=0t Ky t—0+t o

By standard elliptic theory (see the theorems above of [43]), up to the extraction of a subse-
quence,

11
e - P Roin C (M) ast — 0 (3.22)
t

where Ry € E1(e?"g)*. Passing to the limit in equation (3.21), we get that
AgRo — Ae™ Ry = o™ + toAKe[p]¢p (3.23)

and
IRoll +to+d0=1. (3.24)

Testing (3.23) againt ¢ and using the fact that Ry € E;(e*'g)* give that
o0 | 9Pdog = —tod | Kelulg?dvg = —toA [ Ke[9] dy.
0 Jus ¢~ dug 0 ME[P‘]‘P Ug 0 Me[(P] K

If to = 0, then &y = 0 and then Ry = 0 thanks to (3.23) and the fact that Ry € E1(e**g)*. This
is absurd thanks to (3.24). Thus ¢y # 0 and

fm A=A % ) Sy Ke[0] du
SO S ¢? dvg

This together with (3.19) gives (3.18).

Now, with a renormalization, (1 + ¢ f M du)Ay < A for all t > 0 and we deduce from (3.18)
that
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Vi € M(M),3¢ € E1(e*g) s.t. / ¢*e* dvy = 1 and / (1—Ke[¢p?])du <0. (3.25)
M M

Let us define the following subsets of C°(M) :

i=1

k
K — {w c CO(M),'HSDL"' ¢ € Eq (EZMg),lp — ZKe [4)12] —1,/M1Pd1/ :0}

and

F={feC(M)f>0}.

The set F is closed and convex. The set K is clearly convex since it is the translation of the
convex hull of

C = {K[9]:9 € B (8) , [#2) = 1) -

Since E; is finite-dimensional, the vector space spanned by C is finite-dimensional and C is
compact. Caratheodory’s theorem gives that K is also compact.
If FNK = @, by Hahn-Banach theorem, there exists 4 € M (M) such that

VfEF, /M Fdu >0 (3.26)

and

vy € K, /M pdu < 0. (3.27)

Then, p is a non-zero (by (3.27)) positive (by (3.26)) measure and for this measure, (3.27)
contradicts (3.25).
Thus FN K # @ and there exists ¢!, - - - ,¢* € E1(e?*¢) with

/ |®|% *“dvg = 1 and K, [|q>ﬂ >1
M

where ® = (¢%,...,¢"). Moreover, we can write that

1:/ yq>|2e2“dvg:/ Ke [|o] dvz/ dv=1.
M M M

Therefore, K. [[CI)|2] = 1 v-a.e. and since K, [[@]2} is continuous, K. [[CDIZ} = 1 on supp(v).
This ends the proof of the claim. &

Note that using Gauss’s reduction of quadratic forms, we can choose an independant
family (¢2, - - - cplec(e)) in Eq(e%) for which the claim 9 remains true. The number of eigenfunc-
tions k(e) depends on € but since the multiplicity of eigenvalues is bounded by a constant
which only depends on the topology of the surface (see [15]), up to the extraction of a subse-
quence, we assume in the following that k is fixed.
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3.3. Existence of maximal metrics in a conformal class

3.3.3 Estimates on eigenfunctions

We assume now that (M, g) is not diffeomorphic to the sphere. Then, by the rigidity result
proved in section 3.2, A1 (M, [g]) > 87 and we can use the non-concentration estimates of
the specific maximizing sequence {e?<g} of the previous sections. We denote by v the weak*
limit of {€**¢dvg}e~o. Then v is also the weak* limit of {dv.}. Indeed, for { € C°(M),

'/M g (dve — ezlfedvg)’ = ‘/Mg (dve — Ke[ve]dog)

- |/, €~ xdepan

<1)g ~ Kelel s —3 0.

We aim at proving that v is absolutely continuous with respect to dv, with a smooth density.

Up the end of the proof, we get finer and finer estimates on the sequence of eigenfunctions
given by claim 9. For that purpose, we shall use the uniform estimates of the heat kernel p,
on M as € — 0 (see [6])

1 _dgtew?
pe(x,y) = P E (a0(x,y) +ear(x,y) + Ea(x,y) + ), (3.28)
where ag, a1, ap, - - - are Riemannian invariants in C*(M x M) such that ag(x, x) = 1. We also

have a uniform bound : there exists Ay > 0 such that for all € > 0,

A dg (xy)?
Vx,y € M, pe(x,y) < ﬁe‘ S (3.29)

Claim 10. Foralli € {1,--- ,k}, the sequence {¢.} is uniformly bounded.

Proof. Let i € {1,--- ,k}. For all sequence (x¢) of points in M, up to the extraction of a
subsequence, we can assume that x. € w; for some / fixed and we denote in the following

Ge = 9k (expy, ., (¥)
so that
AzPe = Ae€®™ Pe in By (26)
with
ile = (Ue — V) (expghxl (x)) .
We also let in the following

Te = exp;xl (xe) -
Step 1 - We prove that for all R > 0, there exists a constant Ck > 0 such that for all
sequence (x¢) of points in M with dg(xe, supp(ve)) < Ry/€, we have

Ve > 0, <Cgr.

4’2(3‘6)

We let
Pe(x) = Pe (Vex + Te)
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Chapitre 3. Meétriques maximales pour la premiére valeur propre du laplacien sur des surfaces

for x € Dy, /e. Then
Arde = eAce? ™ (VertTe) g

in Dy . By (3.28), (epe) is uniformly bounded so that <ee2ﬁ€(\/gx”€)> is uniformly bounded.
Now, let ye € supp(ve) such that dg (xe,ye) < Ry/e. Thanks to claim 9, we have

Ke [0 (ve) = 1.

Let us write then thanks to (3.28) with a¢(x,x) = 1, that

1=K ||0cf] (ve) > Ke[ 2] (ye)

= /M pe (v, ve) (9 (y))2 dvg (y)

1 g
e (1+o(1>)/3g(yelzm)

¢t

(cpé(y))2 dvg(y) -

We let 7. = f (expgl v We) — xe) so that, up to a subsequence, 7 — yp as € — 0 and we
deduce from the previous inequality that, for any p > 0, there exists D, > 0 such that

h2dx < D, .
/]Dp(yo)cp :

Thus, by the Sobolev embedding W2 C C? ([43] Corollary 7.11, page 158) and the L? elliptic
estimate ([43], Theorem 9.11 page 235), it is clear that {¢.} is uniformly bounded in any
compact subset of R2. This gives the step 1.

Step 2 - Let (x.) be a sequence of points in M such that ¢} (xc) = sup,, |¢%|. Up to change
¢L. into —¢., such a x. does exist. We aim at proving that {¢.(x.)} is a bounded sequence and
the claim would follow. We set

0 = dg (xe,supp (ve)) .

We divide the proof into three cases.
Cask 1 - We assume that 5.1 = O(1).

Then, by (3.28), {e**<} is uniformly bounded in By (xe, % ) and by the claim 8, {¢.} is

bounded in L?(M). Thus, by the Sobolev embedding W2 C C° ([43] Corollary 7.11, page 158)
and the L? elliptic estimate ([43], Theorem 9.11 page 235), {¢L(x¢)} is bounded.

CaSE 2 - We assume that . = O (/€).
By Step 1, {¢.(xc)} is bounded.

CAsSE 3 - We assume that 6. — 0 and % — +ooase — 0.

We let
43€<x) = Pe (Jex + Xe)
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3.3. Existence of maximal metrics in a conformal class

for x € lDMgl. Then
Aé(i)é — 53/\662116(5636—0—3?6)(]‘56
in ID55€—1. Let y. € supp v, such that dg (x,ye) = e and set

Je =0." (exp;xl (Ye) — fe)

so that
Je - Joase — 0 (3.30)

after passing to a subsequence and set R = |jy|. Thanks to Step 1, we know that

e (Fe) = pL(ye) = O (1) . (3.31)

Thanks to the estimate (3.28) on the heat kernel, we also know that there exist D; > 0 and
r > 0 such that
6221 0ex %) < Dy in D, (0) . (3.32)

Assume first that ¢. does not vanish in Dsg (0). Then we can apply Harnack’s inequality
thanks to (3.32) to get the existence of some D, > 0 such that

$e(x) > Dagpe(0) (3.33)

for all € > 0 and all x € D;(0). Note here that @ is maximal at 0 thanks to the choice of xc
we made. Since ¢ is super-harmonic on D)5 | (7e) C D3g (0), we can also write that

v

Pe (Je) 3 e do .

Z "N~ |

27t |e| oDy (7e)
Keeping only the part of the integral which lies in D (0) and using (3.33), we clearly get the
existence of some D3 > 0 such that

Pe (Je) > D3e(0) -

Here we used the assumption that ¢ > 0 in Dsg (0). Thanks to (3.31), we conclude in this
situation that ¢ (0) = ¢e (xe) = O(1).

Assume now that 436 vanishes in D3z (0). By the claim 7, since 60 — 0 as € — 0, 436
also vanishes on 0ID4z(0). By Cheng results on the nodal set of eigenfunctions ([15]) and the
Courant nodal theorem ([23]), the first eigenfunction ¢, vanishes on a piecewise smooth curve
which connects two points a. € dD3r(0) and be € dD4r(0).

By [116], corollary 4.5.3, there is a Poincaré inequality which bounds the L?>-norm of a
function ¢ by the L% norm of its gradient with a multiplicative constant bounded by By »({y =
O})_% where B, is the Bessel capacity. The Bessel capacity is equivalent to the variational
capacity (see [110] Theorem 3.5.2) and we know that the variational capacity of a continuous
curve which connects two uniformly distant points is uniformly bounded from below (see
[52], pages 95-97).

Therefore, there is a constant C independent of € such that

Vzdx<C/ Ve |? dx .
~/]D4R(0) P o Dyg(0) ‘ ? ‘
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By the conformal invariance, the L?-norm of the gradient is uniformly bounded. Thus {¢. } is
bounded in L2 (ID% (O)) By the Sobolev embedding W2 C C° ([43] Corollary 7.11, page 158)

and the L? elliptic estimate ([43], Theorem 9.11 page 235), thanks to (3.32), we get also in this
second situation that {¢e (x¢)} is bounded. This ends the proof of the claim. &

We get now a quantitative non-concentration estimate on the L?-norm of the gradient of
Pl,i=1,...k
Claim 11. There exists Co > 0 such that

/ |Vd>€|§,dvg < G
Bg(x,7)

1
ln;

forall € > 0 and all r > 0. Here

& i
Vo) = Y| vei|
i=1 g

Proof. It is clearly sufficient to prove the result for any r small enough and any x € wy, |
fixed. Thus, setting as above

B = 9L (expy, ., (%))

and &, = (432)1':1 owe need to prove that, for r < ¢ and x € ID;(0),

o Cy
[ |9 dv; <
Jo! e J/inL

for some C, > 0. In the following, we shall assume without loss of generality that § < 1. Let
us set

Fe(n= [ o |Vl dor

Using the equation satisfied by ®., namely

where
ub = (ue —vy) (expxhgl (x)) ,
we get that

Fe (1’) = Ae Dy (x) 62112

®€|2 dv@'_}'/ ( )ée'ayéedag.
oD, (x

Using now claims 6 and 10, we can write that

D i 2
E(r)? < 1 +D2(/ ()\VCDe}gdag)

+ 27T1’D2/ }V&%E d(T{:
oD, (x)

<
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3.3. Existence of maximal metrics in a conformal class

We can write then that

1\ 1 1
<Fe(r) ln> (s) = Fl(s)y/In= — ————F(s)
r s 25\/1n%

Fe(s)? ln% D 1
27sDy 3 Fe(s)
2 27sD, (In1)?  2s4/Ini
-
s(Ini)?

for some D3 > 0 independent of x, € and s. Integrating this inequality from r to ¢ leads to

Fe (1) ln% < \/; /
N

where by the conformal invariance of the Dirichlet energy

I\J\m

IN

= 2 = 2
E.(5) :/D(S(X)}VCI)E|§dU§§/QZ V@[ dog < A

We clearly ended the proof of the claim. &
Thanks to the previous claims 10 and 11, we can compare precisely ®. and K[®P,] :
Claim 12. There exists B — 0 as € — 0 such that

Vx e M, |@(x)]* > 1— Be (3.34)

and
Vx € supp(ve), [Ke [[®e|] (x) — 1] < e (3.35)

Proof. We first prove that there exists fc — 0 as € — 0 such that

€
Yy € Mdy(x,y) < Y = [ (x) - B(y)] < B (336
€
For that purpose, let us set
1
e = lee |1,

Using claim 6 and (3.28), it is easily seen that 7. — 0 as € — 0. Indeed, for any r > 0,

4
ge?te(v) < (47r+o(1))/ dve +0(1) = 4rv (B (x,7)) +0(1) < 7IC11 +o(1).
Bg(x,r) In 7
We also have that
\’;eg — 4+ooase—0
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Chapitre 3. Meétriques maximales pour la premiére valeur propre du laplacien sur des surfaces

since ye > 3. Let now (xe,¥e) € M? with dg (xXe,ye) < % Up to the extraction of a subse-
quence, X, € w; for some [ fixed. Let us set as before

D, = P, (expg[,xl(x)>

which satisfies
~ | ~
As®e = A D,

with
L= (ue —v)) (expgl,xl(x)> .

éunzﬁ(@+¢%)

Ye

We set

where xe = exp, ., (%¢). We let a. be the mean value of @, in D3¢, (0). Using the Sobolev
embedding W22 c CO ([43], Corollary 7.11, page 158), the L? elliptic estimate ([43], Theorem
9.11, page 235) and the Poincaré inequality ([43], Formula (7.45), page 164), we know that
there exists D > 1 such that

e — ”‘EHLw(DZCO(o)) < D HACDG }L‘”(]Dgco(o)) +D qu)e ’LZ(]D3CO(0))
VC
< D[Pl CiAeve + D————
(nscke)
3C% /e
thanks to claim 11. Setting
VG
Be =2 | D||®ello, CoAeve + D——— | ,
(1nscie)
Ve

we then get that B — 0 as € — 0 and that

|Pe (xe) — Pe (Ve )| < Be,
which clearly proves (3.36).

We prove now that for all sequence {f.} of uniformly bounded functions which satisfy

Ve

Vx,y € M, dg(x,y) < B |[fe(x) = fe(w)| < Be, (3.37)
then, up to increase B, we have that
Vx € M, |fe(x) - Kel£e] (x)] < e - (338)

Indeed, for x € M,

fem KU1 < [ o 1el@) = felw)] peloy)deg(y)
s\ X ge
+ e o) = @)l pel oty

x,‘BT
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3.3. Existence of maximal metrics in a conformal class

By the property (3.37),

o) = Kelfll (] < Bet 2ol [, - o pelxy)iog(y)
s\ X ge

and with (3.29) and (3.11),

AN
~

/ (eydogly) < 22 [ " dog(y)
e(x,y)dv < — < dv
W By gy IR dre Jmoy, A4
A
+—/ e % dov
471€ JOoy\ By (%, %) s)

2
Ay -5 AnC? _
0, 4€C3+ 0 O/ e 4C(7jedy
R2\D

IN

4rte 47e

CoBe

_4€C2 4 Z2
< o|&- +AOC0/ et dz
€ 47t JrRA\D ,

C3pe

e_4eC(2] _ iz
< O +O<e 4C0’5€> )

Up to increase B, we get (3.38).

Up to increase B¢, we get (3.38) for fo = |<I>6\2, thanks to (3.36). Then, by claim 9, we easily
get (3.34). By claim 9, we also have that

Vx € supp(ve), |<I>€(x)]2 — 1’ < Be (3.39)

Again, up to increase B, we get (3.38) for fo = || thanks to (3.36). Then, by (3.39), we easily
get (3.35). This ends the proof of the claim. &

Thanks to claim 12, we can define ¥, = % € C®(M, Sk 1). Then, thanks to claim 8, {¥.}.
is bounded in W1? (M, Sk_l).

Claim 13. There exists C3 > 0 such that

26(M)
dg (x,Y)

[¥e(x) = ¥e(y)[* {/In <G

forall x,y € M and all € > 0 where §(M) is the diameter of M. In particular, the sequence {¥e}e is
uniformly equicontinuous in C°(M,SF1).

Proof. We first claim that there exists D; > 0 such that

1 / 5
su su —_— b..0) do, <
XEI\I:/)I ve‘f’e(x)ipﬁ?%*1 VOlg (Bg (x' 7’)) Bg(xr) ( ‘ ) §

(3.40)

for all » small enough and all € > 0.
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Forx e Mand v € ‘I’e(x)L NS the eigenfunction ®..v vanishes at x. Using claim 7, we
can argue as in the proof of claim 10 to get the existence of some D; > 0 such that

1 ) ,
Vol (Bo (x.1]) ®c.v)* dog < D / V(@02 d
Volg (Bg (x,7)) /Bg(x,r) (®e.v)” dvg < Do () |V (®e.ve) [ dvg

for all r small enough. We deduce thanks to claim 11 that

1 DG,

_— d..v 2 do, <
Volg (Bg (x,7)) ./Bg(x,r) ( )" dvg /ln%

for all ¥ small enough and (3.40) follows.

Assume now by contradiction that the conclusion of the claim is false, that is there exists
€, = 0asn — 400, x, and y, in M such that

1
¥e, (x0) — ¥e, (yn)[* 1n7 — fooasn — +oo (3.41)

n

where r, = dg (x4, yn) — 0 as n — +o0. Thanks to (3.34) of claim 12, up to the extraction of a
subsequence, there exists a fixed v € Sk—1 guch that

! 2 1—Be 1
: do, > "o
Volg (Bg (xn,7n)) ‘/Bg(xn,rn) (e, - )" dvg = B .

Thanks to the hypothesis (3.41), we now prove that there exists X, € ¥, (xn)l and Y, €
Y., (y,)" such that

1
v =X, + Y, and ]Xn|2+|Yn|2:o< 1n> : (3.42)

T'n

We denote a, = ¥, (x,) € S*1, b, = ¥, (yn) € gk=1 and IT,, the plane generated by a, and
b,. Let ¢, € 1, NS*1 such that {an, cy} is an orthonormal basis of IT,. We get 6, € R such
that

b, = cos6,a,, + sin,c, .

Then v = Pn+4qn with Pn € I, and qn € ]lnL. Notice that |pn| <1 and anl < 1. Leta, € R
such that = €
Pn = |Pn| (COS Ky + sin(xncn) .

We then set
Xy =tyCn +qn € u,f
Y, = su(—sinb,a, + cosb,c,) € bt
with
50 = — [pal oS &y,
" Pn sin 6,

cos &;, cos 0y, >

t1’l = ’pn’ (Sln “n “I‘ s]_n gn
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so that v = X,, + Y,,. Then,
‘Xn|2+ |Yn|2 = |qn|2+ti +55 <1+ fo, (an),

where for « and 6 € R,

Folw) = cos? n <sin COS (& COS 9)2 1+ cos? 6 cos 2 + cos 6 sin 6 sin 2a
? sin? sin 6 sin2 6 :
We easily prove that fy(a) < fo(§) = ;=L—;. Then,

1 1
%P+ <0 (i) o (L) o Ymi ]
1—cost, |ay — by n

Using (3.40) and (3.42), we write that

1
— 1) < . d
k +0( ) - VOl xn,rn /Bg (xn,7n) 8
< (D¢, - X)) d
= Volg (Bg (x4, 7)) /Bg Cura) )" dog
2Vol, ,2 1
n 0 ( (Yn,2rn)) / (@, - Yn)z do,
Vol, (Bg Xn, 1)) Volg (Bg (n,27n)) JBe(ya2r)
1 1
]_ -2 -2
< 2D |X,|? <ln ) +8C3D; |V, <ln 1)
n 2ry
= o(1),
where Cy satisfies (3.11). This is clearly a contradiction and proves the claim. &

Up to the extraction of a subsequence, one gets functions ® € W2(M, RF) N L®(M, RF)
and ¥ € W'2(M,S*1) N CO(M,S*1) such that

&, — @ in W2(M,RF) and & — ® in LP(M,RF) as e — 0 (3.43)
and
Ye = ¥in W2(M, S ) and ¥ — ¥ in CO(M,S ) ase — 0 (3.44)
where ¥ and & satisfy
|®|* >, 1and ¥ = ﬁ .
Claim 14. Fori € {1,--- ,k},
pLetedvg —* ¢idv . (3.45)
And, in a weak sense, we have that
Ngd' = A1 (M, [g]) pldv . (3.46)
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Proof. Let { € C°(M). Then
] @gteavg— [ ayiav = [ (Kelogl) - Celgl]) due

'VAE(K4¢k—%Km®ADd%
f@g@gﬁﬂﬂ—%ym
+ /M 4 <1/)£:d1/e — l/Jidv> .

The first term converges to 0 since {¢.} is uniformly bounded thanks to claim 10. The se-
cond term converges to 0 since (|®|) is uniformly bounded thanks to claim 10 and {y.} is
uniformly equicontinuous thanks to claim 13. The third term converges to 0 thanks to (3.35)
(see claim 12). The last term also converges to 0 thanks to the C-convergence of ¢ to ¢’ (see
(3.44)) and the weak*-convergence of dv, to dv. The first part of the claim follows. The second
part of the claim is obtained by passing to the weak limit in the equations satisfied by the
eigenfunctions thanks to (3.17), (3.43) and (3.45). &

We are now in position to end the proof of theorem 4. We test the equation (3.46) against
' and sum over i to obtain that

;/ VY, V') dog = A (M f/M( Vv = (M g)) .

i=1

Since

W)_VW 'V |D|
\V4 \V4 = — ,
V= <|<I>| o T o

we deduce that

o (Ve (P
_E/M<V1/J,ch>gdvg_/M< e )

Since &, — ® in Wlfz(M, R¥ ) and |®| >,.. 1, we have the sequence of inequalities

A (M,[g])—hm/ Vo2 dog > /M|vq>y§dvg

2
/ VL g
M [P

>

V@2
> A (M, [g]) + /M ||L,|||gdvg
> A (M,[g]) -

Thus all the inequalities are in fact equalities and we deduce that |®| = 1 so that ¥ = & and
that ®. — ® in W?(M,RF) as € — 0. We write that

1 k k
0= 38 (10F) = ¥ g — Y IVil} = A1 (M, [g)) [@f dv — [V}
i=1 i=1
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2
Vol

in a weak sense thanks to (3.46) and what we just said. Then dv = ———=—
] A1 (M, [g])

dvg and the

equation (3.46) becomes
Ag® = VO ®

with @ € C% (M, SF1) N W2 (M,S¥1). Such a @ is called weakly harmonic. By the regularity
theory for weakly harmonic maps by Hélein (see [51]), ® is then smooth and thus harmonic
and we can complete the proof of the theorem.

3.4 Existence of maximal metrics for the first eigenvalue

In this section, we prove theorem 5. Since it has already been proved in genus 0 (Hersch
[54]) and in genus 1 (Nadirashvili [83]), we prove it for v > 2. However, our proof clearly
works in genus 1 with light modifications (in the description of degeneracy of conformal
classes) and this together with the result of El Soufi and Ilias [34] give a new proof of the fact
that the flat equilateral torus is maximizing the first eigenvalue of the Laplacian among the
tori.

We let M be a smooth compact orientable surface of genus v > 2 and we let (c,) be a
sequence of conformal classes on M such that

Ao = A1 (M, cy) = N1 (7) asa — +o0. (3.47)

Let h, be the hyperbolic metric of curvature —1 in the conformal class c¢,. By theorem 4, we
know that there exists g, € c,, smooth except at a finite set of conical singularities, such that

Volg, (M) =1and Ay (ga) = A1 (M, ca) = Ag - (3.48)
Moreover there exists a smooth harmonic map &, : (M, h,) — Sk« for some k, > 2 such that
VP, |?
80 = | A“"” - (3.49)
®

Since the multiplicity of eigenvalues is bounded by a constant which depends only on the
genus 7y (see [15]), the sequence (k,) is uniformly bounded. Up to the extraction of a subse-
quence, we can assume in the following that k, is fixed, k, = k for all «.

The aim is to prove that there exists a family of diffeomorphisms 7, of M, such that the
sequence (T;h,) of hyperbolic metrics does converge smoothly to some hyperbolic metric up
to the extraction of a subsequence as @« — +-oco. For that purpose, it sufficies to prove that the
injectivity radius of h, does not converge to 0 by Mumford’s compactness theorem (see [82]).
Then, the sequence of harmonic maps ®, o 7, converges up to the formation of bubbles which
correspond to points of concentration of the measure dv:, (see [88], [100] or [115], theorem
2.2). It is clear that claim 5 applies when we allow the reference metric g to lie in a compact
set of metrics (here (7;h,)) instead of fixing it. Thus, the concentration of the measure dvrg,
(associated to the metric 7; g, which is conformal to 77h,) cannot occur and theorem 5 would
follow.

We proceed by contradiction and assume from now on that

in, (M) - 0asa — 4o0. (3.50)
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Then there exist s closed geodesics %}U ..., 7, whose length li goes to 0 where 1 <s <3y -3
(see [55], IV, lemma 4.1). By the collar lemma (see [55], IV, proposition 4.2 or [115], lemma 4.2,
for the version we use), for all 1 < i < s, there exists an open neighborhood P! of 7}, isometric
to the following truncated hyperbolic cylinder

Ch={(10), —pi <t<p,0<0<2m} (3.51)
with .
P —

Uy = i 7T — 2 arctan [ sinh 0} (3.52)

endowed with the metric

2

‘ Ii

W= —"2—~| (d*+d6?) . (3.53)
<2ncos (é‘;rt)) ( )

Note that we identify {§ = 0} with {# = 27} and that the closed geodesic 7}, corresponds to

{t=0}.

S
Let us denote by M., ..., M’ the connected components of M \ U Pi. Then
i=1

M= <U1 Pi) U (}Ul M{;) (3.54)

and this is a disjoint union.

For0 < b < yi, we let

Pi (b) = {(t,e),—y;+b<t<y;—b} (3.55)

. S .
after identification with C}. We let also M}, (b) be the connected component of M\ | J P;(b)
i=1
which contains M),. We claim that
Claim 15. There exists D > 0 such that one of the two following assertions is true :
(a) There exists i € {1,...,s} such that

Vol,, (P;; (aa)) >1- Z

for all sequences a, — +co with Z—‘f —0asa — tooforalll <i<s.
(b) There exists j € {1,...,r} such that

Volg, (M{; (9a,x)) >1- QB
[

for all sequences a, — +oco with ;—? —0asa — tooforall1 <i<s.
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Proof. We first construct test-functions for Ay = A1 (g») compactly supported in the hyper-
bolic cylinders and in the M}’s. We let b, — +c0 as & — 400 with z—i‘ — 0 as & — +oo for all
1<i<s.

Test functions in the hyperbolic cylinders.

For 1 <i <s, we define q); as follows. It is 0 outside of Pg‘ and on P;;, it is defined by

0 for —ul <t < —p +2b,
i _— . .
Ha ;f“+t for — ul, +2b, < t < —pp + 3b,
¢ (t,0) = 1 for — ' +3b, <t <y’ — 3by (3.56)
1 —_— —_— . .
u ;b“ t for py —3b, <t < p;, — 2by
o
\ 0 for u\ —2b, <t < u’
We clearly have that
/\vizdv —/\vfzdv _an (3.57)
M 4)“ 8u 8 ™ M qolx he ha = ba '
and that
1) dog, > Volg, (Pl (3b
[ (9h) dog. = volg, (L (30)) (3.59)
for1 <i<s.

Test functions in the connected components M.

For 1 < j <r, we define 1/],];( as follows. Itis 1 in Mﬁ, 0 in all the M{;’s, k # j. And, in the
P;;’s, it is defined as follows. It is 0 for — ‘u};‘ + .2b"‘ <t< ptf;‘ — 2by. And then, for a given i, it
depends : if {# = y’ } is on the boundary of M}, then we let

t+2b, — : :
-
1 for i, — by < t <yl

Otherwise, we let l/Jl],; = 0 for pi, — 2b, < t < yi. We proceed in the same way to define lpzK on
the other side of the hyperbolic cylinder P..
We clearly have that
i 27tm;
] ]
vt by

(3.59)

2 4 /ijd
Z)a: ‘ Uh,x:
Su 8 M lpaha

and that
/M (‘P‘{‘)z dog, > Volg, (Mj (b)) (3.60)
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Chapitre 3. Meétriques maximales pour la premiére valeur propre du laplacien sur des surfaces

for 1 < j < r where m; is the number of connected components of aM],,;. Note that m; <
2(3y—3).

We aim at testing these functions in the min-max formula for the first eigenvalue (see [104],
page 88).

Vol? dv
Ay = inf sup Ju| (szg“ e
E peE\{0} Sy 97 dvg,

7

where the infimum is taken over the set of two-dimensional subspaces of H'(M). Then, for
any two smooth functions ¢ and ¢ on M with disjoint compact supports, we have that

2 2
1. < max Ju |V(P|g[V dvg, ) Ju ’ng‘ga dvg,
- Ju@?dvg, " [y p?dug,

Applying this to any pair of the above test functions, which all have disjopint compact sup-
ports, we get thanks to (3.57), (3.58), (3.59) and (3.60) that

(3.61)

min {Volg,x (P;; (3b,x)> ; Volg, (Pg; (3ba)> } bg fori#£je{1,...,s} (3.62)
min {Volga (M; (b,x)> ; Volg, (M{; (ba)) } bg fori£je{l,...,r} (3.63)
min {Volga (P;; (Bba)) ; Volg, (Mg; (ba))} < b£ for1<i<sand1<j<r (3.64)

o

where C > 0 is some fixed constant independent of the sequence (b,).

Let D > 0 that we shall fix later and let us assume that the conclusion of the claim does not
hold. Let (a,) be a sequence of positive real numbers with a, — +oc0 and Z—f —0asa — +oo

14

for all 1 <i <s. Assume by contradiction that for any i € {1,...,s},

: D
l _
Vol,, (Pa (a,x)) <1-o (3.65)
and that, for any j € {1,...,r},
j D
Vol,, (Ma (9a,x)> <1-—. (3.66)
ay
Leti e {1,...,s}. Assume that
: 10C
1
> .
Voly, (p,x (3%)) > 2 (3.67)

Noting that Pi (3a,) C P} (a4), using (3.62) with 3b, = a,, we get that
; 3C o,
Volg, <Pu]¢ (aa)> < m forj#1i. (3.68)
Using (3.64) with b, = a,, we also get that
Vol,, (M{; (aa)> <Siori<j<r. (3.69)

Ay
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3.4. Existence of maximal metrics for the first eigenvalue

Since Volg, (M) = 1, we deduce from (3.68) and (3.69) that

C(r+3s—23)

Volg, (P; (a,x)) >1-— o

If we choose D > C (r + 3s — 3), this contradicts (3.65) and thus proves that (3.67) can not
hold. Thus, up to choose D large enough, we have proved that

; 10C
" < <i<
Volg, (P,X (3ua)> < 30 for1<i<s. (3.70)
Let now j € {1,...,r} and assume that
‘ 2C
j >
Voly, (Ma (3a,x)> > S (3.71)

Since Mﬁ; (3a,) C M{; (9a,), we can use (3.63) with b, = 9a, to write that
C
k < - '
Vol,, (Ma (9a,x)) < g fork # 5. (3.72)
Using (3.64) with b, = 3a,, we can also write that

Vol,, (p;; (9a,x)> < 33 for1<i<s. (3.73)

Ay
Combining (3.72) and (3.73) to the fact that Vol,, (M) = 1, we deduce that

C(Bs+r—1)
9a,

Voly, (M{,; (9%)) >1-

Up to choose D > M, this contradicts (3.66) and thus proves that (3.71) can not hold.

So we have proved that, up to choose D large enough,
; 2
Vol,, (M,]X (3a,x)) <X tri<j<r. (3.74)
3a,

Now equations (3.70) and (3.74) together with the fact that Vol,, (M) = 1 and that a, — +oo
as & — +oo lead to a contradiction. Thus we have proved that (3.65) and (3.66) can not hold
together, up to fix D large enough. This clearly permits to end the proof of the claim. &

We shall now prove successively that both situations in claim 15 lead to a contradiction.
Claim 16. If (a) holds in claim 15, then A () < 87t.

Proof. We follow ideas of Girouard [45]. Let a, — +oco with Z—‘f — 0 as &« — oo for all
1 <i <s. If (a) holds, there exists 1 < i < s such that

Vol,, (P;; (a“)> >1- Z . (3.75)

Thus all the volume of g, concentrates in the hyperbolic cylinder P.. We shall omit the sub-
script i in the following and we shall identify P, with C,, a subset of ST xR. Welet0 < e <1
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be a smooth cut-off function defined on M such that 7, = 1 on Pi (a,) and 17, = 0 on M \ P,.
Moreover, we may choose it in such a way that

/ Vialg, dog, = 0as & — +oo
M o

thanks to the fact that a, — +oc0 as & — +00. We let ® : P, — S2 be defined by

(t,0) = (2¢' cos0,2¢' sin 6, e* — 1) .

1
1+e2

This map & is conformal. Thanks to Hersch ([54], lemma 1.1), there exists a conformal diffeo-
morphism 6, of S? such that

/ (x 08y 0 @)1, dvg, =0. (3.76)
We let i, € {1,2,3} be such that
) 1 D
Aﬂ(am) <xi“ e} 90‘ ¢} @) 7]2 dvgm 2 g (1 - atx) (3.77)
and we set
Uy = g (xj, 00, 0 D) . (3.78)

Such a i, does obviously exist thanks to (3.75). It is then easily checked that

2 81

Then we have that

Aw <

This ends the proof of the claim. &
Claim 17. If (b) holds in claim 15, then Aq (y) < A1 (7 —1).

Proof. If (b) holds, there exists 1 < j < r such that

Vol,, (M{x (9%)) >1-2 (3.79)
Ay
Thus all the volume of g, concentrates in the connected component M{;. We denote by M, the
connected component of M \ (7L U---U+~3) which contains Mj. Then there exists a diffeo-
morphism T, : & — M, with T}h, = h, where (£, h,) is a hyperbolic surface (non-compact).
We have that
hy — hin Cjy. () as & — +00.

We let for 6 > 0
X5 = {x € Xs.ti (x) > 5}

so that
hy = hin C* (L;) asa — 4.
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3.4. Existence of maximal metrics for the first eigenvalue

Up to a subsequence, there exist a decreasing sequence J, — 0 and an increasing sequence
a, — o0 such that ‘

M}, (9a,) C T (Z5,) - (3.80)
We let ¢ = [h]. We denote by (£,¢) the compactification of the cusps of (£,c) (see Hummel
[55] sections 1.5, IV.2, IV.5 and V.1) : (£\ {p1,...,p:},¢€) is conformal to (£, c). Note that £ has

genus less than or equal to 7y — 1.
We also set

Py =DPyo1y
and
Sn =Ty 8a -
We shall study the asymptotic behaviour of the harmonic map ®, : (£,7,) — S*. By theorem
2.2 of Zhu [115], there exist x1,...,xy € X and a harmonic map ® : (X, h) — Sk such that

D, -+ P in Cp. (X\ {x1,...,xn}) asa — +o

and
N

/ VO, 2 doy, —>/ Vo2 doy + Y E;
Tﬂ():(ga) 2 i=1

where the E;’s correspond to the energies lost at the blow up points x;. Since A, is uniformly
bounded from below by 87 + €y (because A (7y) > 87, see theorem 4), we can adapt claim
5 to prove that all the E;’s are 0. Now, thanks to theorem 3.6 of Sacks-Uhlenbeck [100], the
harmonic map ® can be extended to % by

D (2, 6) — GK .

Choosing go € ¢ a regular metric, we have by conformal invariance of the L>-norm of the
gradient, (3.80), (3.79) and what we just said that

/ﬁ}vé\; dog, = A1 (7) .

We let
_1vél;
£ N ()
so that Voly (£) = 1. Let p € C* (£) be a first eigenfunction of g. Let also

e € CZ (E\{pr,--., pi})

8o

be such that t
i=1
and such that
2
/i|Vpe|g dvg - 0ase—0.

Then we write that

A < J£ IV (o) 3, dog, N
5 (Pel/’)z dvg, — ( [z petp dvg,)
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F1GURE 3.1 — Construction in genus 7y = 4

Passing to the limit as & — 400, we get that

J2 IV (peyp) |, dovg .
Js (pe)? dog — ([ petp dog)*

A (7) <

Passing to the limit as € — 0, it is easily checked that this leads to

A(y) M) <M (r—1).

This ends the proof of the claim. &

Thus we have proved that, if Aj () > Aj(y —1), then A () is achieved by a smooth
metric, up to a finite set of conical singularities. This ends the proof of theorem 5.

3.5 The infimum of the first conformal eigenvalue over all confor-
mal classes

In this section, we prove theorem 6. Fix v > 2 since the result is already known in genuses 0
([54]) and 1 ([45]). We consider a sequence M" of hyperbolic surfaces (with metric /1,,) obtained

by gluin§ 27y — 2 pairs of pants T), : these are surfaces containing 37 — 3 closed geodesics
yL, ., of length €, — 0 as n — +oo (see figure 3.1).
Each geodesic 7/, has a neighbourhood P! isometric to the truncated cylinder C, =
(=Vn, V) % (0,27) with
2 . €n
v, = o — o arctan (smh ?>

endowed with the conformally flat metric

2
o0 = (e” ent)> (d + d6?) .

271 cos (5

We choose that the negative part of P", thatis t < 0, is in T; while the positive part is in T .
We let a,, — +oo with f/—z — 0asn — +oco. We let ¢, ¢, ¢, 0, 0, be defined on C, as
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3.5. The infimum of the first conformal eigenvalue over all conformal classes

follows (depending on #n but we drop the subscript n) :

( 0 fOI' _Vn<t§_1/n“|_an
t+v,—a
% for —v, +a, <t<-—v,+2a,
n
Y = 1 for —v, +2a, <t<v, —2a,
Vy —a, —t
S forv, —2a, <t < vy —ay
n
0 forv, —a, <t <,
1 for —v, <t < —v, +ay,
20, — Vv, — t
(Pl == % for_Vn+an§t<_Vn+2an
n
0 for —v, +2a, <t <y,
( t+v
+ Vn for —v, <t< —v, +ay
An
1 for —v,+a, <t < -—v,+3a,

0 =
4an - Vn _t
an

for —v, +3a, <t < —v, +4a,

0 for —v, +4a, <t<vy,

and 0,(t) = 6,(—1), 9 (t) = pu(~t).

We can now define the following test functions on M" : for 1 <i <3y —3,

P onp;
¢ =
0 elsewhere
and
91 on Pl'
i =
0 elsewhere
0, onbP;
9r,i =

0 elsewhere
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For1 <k <+vy-2,
(¢, on Py

@r on Py

P41 =94 @ on Pyo

1 elsewhere in Ty, 1

0 elsewhere in M"

and
@y on Py_q

@ on Py

Pk =94 ¢ on Pzyiq

1 elsewhere in Ty

0 elsewhere in M"

We also define

Pr + @ on P]
@1 on P,
¢1 =
1 elsewhere in T}
0 elsewhere in M"
and
([ ¢r+ ¢ onDPs_3
@y on P3,y,2
P2y—2 =
1 elsewhere in Ty, >
0 elsewhere in M"

We let now g, € [hy,] with volume 1 be such that

An = A1 (gn) = sup Aq(g)Volg (M") .
8€[hn]

Such a g, does exist thanks to theorem 4.

We denote by & the set of all the above functions defined on M". Note that all these
functions have an L2-norm (with respect to g,) of their gradient converging to 0 as n — +oc0
(using the conformal invariance of this norm). Then, with the characterization (3.61) of the
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3.5. The infimum of the first conformal eigenvalue over all conformal classes

first eigenvalue, if u and v are two functions in £ with disjoint compact supports, we have
that

A, min {/ u dog, ; / v? dvgn} <o(l)asn — 0. (3.81)
n M?I
Thanks to this remark, we will prove that one of the following situations must occur :

a) Up to a subsequence, there exists 1 < i < 3 — 3 such that
/ Tizdvgn —lasn — +oo
MVI

where
T, = max {06, i} .

b) Up to a subsequence, there exists 1 < j < 27y — 2 such that
2
“dv, —lasn — +oo
/M" Tj %0
where for 1 < k < ¢ — 2 we define :

Nok+1 = Max { @ok+1; 0y 315 07 35115 01 3642}

ok = max { Pax; 0y 3k—1; 07 315 01 3k+1 }
m =max{¢1;0,1;60,1;012}

Noy—2 = max { @2y—2; 0,372 013,-3;0r3,-3; } -

Indeed, we set
F:{ueg;/ w2 /s 0asn — +ool .
M

Since we have

2 2 > 2 _
/n (r&%g({u }+urén;1\>§c {v }) dvg, > » rilea(;({u }dvg, =1

we easily get that

2
/ <max u> dvg, > 1—
n \ ueF

Then F # @ and we distinguish two cases :

) / v*dvg, — lasn — +oo. (3.82)
veE\F "

(i) There exists 1 < j < 2 — 2 such that ¢; € F. Then, up to a subsequence, [, gojzdvgn is
uniformly bounded below and thanks to (3.81), we get that F contains at most two functions,
with non-disjoint supports. Taking the maximum of these two functions, we easily obtain b)
from (3.82).

(ii) Forall 1 < j <2y -2, ¢; € £\ F. Since F # @, there exists 1 < i < 3y — 3 such that
{$i;6,0,;} NF #D.
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Then up to a subsequence, [y, T2dvg, is uniformly bounded below and thanks to (3.81), we
get that 7 C {¢;;6,;;6,;}, and with (3.82), we obtain a).

In both cases a) and b), we are in the situation of the lemma below and we deduce from it
that A, < 87 + 0(1). This concludes the proof of theorem 6. O

It remains to prove the following lemma we used during the previous proof :

Lemma. Let ¥ be a compact orientable surface of genus 0 with a boundary of k connected components
endowed with a sequence g, of metrics. Assume that there exists a sequence of functions 1, : X — R
in H' N CO such that :

ii) 1, is compactly supported in 5.

iii) / n2 dvg, — lasn — +oo.
b

iv) / ]V;yn@ dvg, — 0asn — +oo.
Z n

Then there exists uy, : & — R in H' N C° compactly supported in 5. such that / uy dvg, = 0 and
z

2
fz ‘Vun |gn dvgn

<8 1).
fzu%dvgn < 8m+o0(1)

Proof. We first build a conformal diffeomorphism ¥, : (i, n) — (X4, h) where X, = ‘I’n(i
) C S? and h is the round metric of 5.

Let Uy, - - -, Uy some disjoint neighbourhoods of each connected component of the boun-
dary which are diffeomorphic to annulus and such that, by the uniformization theorem for
annuli (see [55], 1.5), we get some conformal diffeomorphisms

q)ii : (ui/gn) — (Arlnlg)
where 0 < r; <landfor0<r <1, A, C D is the annulus
A={zeCr<|z| <1}.

Gluing k copies of D instead of A,;, one can define a natural surface 5, endowed with a

conformal structure [/g\,:] which extends (%, (gn])- %, has a zero genus and by the uniformiza-
tion theorem, there is a conformal diffeomorphism

Yot (T, [gu]) = (82 [H]) .

Setting ¥, = ‘/E{'
permits to end the proof. %

3 gives the expected conformal map. Following the arguments of claim 16
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Chapitre 4

Maximiser les valeurs propres de
Laplace sur une surface

Dans ce chapitre, nous étudions les fonctionnelles de valeurs propres de Laplace
Ak (Z,8) Volg () sur des surfaces compactes sans bord. Nous démontrons que sous
certaines hypotheses naturelles, ces fonctionnelles ont une métrique maximale. Ceci
donne aussi I’existence d'immersions minimales dans des spheres par des k-emes fonc-
tions propres.
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4.1 Introduction

Let X~ be a smooth compact connected surface without boundary. Given a Riemannian

metric ¢ on X, the spectrum of A = —div,V, the Laplace-Beltrami operator, is a sequence
0=10 < M(%g) < Aa(E,g) < < M(T,g) < -+

of eigenvalues counted with multiplicity. We can view all these eigenvalues as functionals
of the metric g. For obvious scaling reasons, it is more interesting to look at the functionals
Ak (Z,8) Volg (). Then one can try to get bounds on these eigenvalues, depending on the
geometry of ¢ or depending only on the topology (genus and orientability) of the surface. One
can also try to find critical points of these functionals (under possibly additional constraints).
Of course, these functionals are not C! so we have to deal with critical points in a generalized
sense. But these critical points are really interesting to search for because they come with a
corresponding minimal immersion of the surface into some sphere.

The study of eigenvalues of the Laplacian on surfaces has a very long history but one
breakthrough was obtained by Yang and Yau [113] in 1980. They proved that, in dimension 2,
the first eigenvalue can not be made arbitrarily large (except by reducing the volume of the
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surface). More precisely they proved that, on any smooth compact orientable surface of genus
7, for any metric g on X,
M (5, 8) Volg (Z) < 87 [7;3} .

In the case of the sphere (y = 0), they recovered the celebrated isoperimetric inequality of
Hersch [54] who proved in 1970 that the first eigenvalue on any sphere of volume 1 was less
than or equal to 87, with equality for and only for the round sphere. Later, this result was
extended by Li and Yau [74] to non-orientable surfaces and a link between various natural
functionals on surfaces was made. They showed in particular that

A (5,8) Vol () < 2V, (%) < 2/ \H do
M

for any metric ¢ on %, for any immersion of X into some R"” with mean curvature H, where
V: (¥) is the conformal volume of %, defined as the minimum over branched immersions of
2 into some sphere 5" of the maximum of the volume of this branched immersion composed
with a conformal automorphism of the sphere. These functionals are all really interesting to
study, their critical points leading to various interesting surfaces. The Willmore functional has
been the subject of a lot of recent works (see for instance the surveys Marques-Neves [76] and
Riviere [98]). For the conformal volume, much less studied, we refer to the original Li-Yau
[74], to Montiel-Ros [80] or to the more recent Riviére [99].

Then Korevaar [67] extended this result of Li and Yau to higher eigenvalues by proving
that there exists a universal constant such that, on any smooth compact orientable surface of
genus 7, for any k > 1 and for any metric g on %,

A(g)Volg (X) < Ck(y+1).

Thus a natural way to find critical points of these functionals is to maximize them. If X is an
orientable surface of genus <, we define the topological invariant

Ae(y) = sgp A (Z,8) Volg (2) .

And the aim is to prove that it is achieved by some smooth enough metric. This variational
problem is deeply related to minimal surfaces theory. A maximal metric for Ag(7y) is the
pull-back of the induced metric of a minimal immersion of X into some sphere S", possibly
with branched points, and the coordinate functions of this immersion (as a map into R™*1)
are k-th eigenfunctions associated to Ax(7y) (as proved in Fraser-Schoen [39] for instance).
Conversely, since Takahashi [108], we know that the coordinates of any minimal immersion
into a sphere are necessarily eigenfunctions associated to the same eigenvalue A. Moreover,
the pull-back of the induced metric by this minimal immersion is critical (in the sense of [34]
and [83]) for the Ay functional where k is an integer such that Ay = A. Classical existence
results of minimal immersions of surfaces into the sphere 5" were given by Lawson [72] for
n = 3 and Bryant [11] for n = 4. Since then, despite numerous works on the subject, a
complete classification of minimal surfaces into spheres is very far from being discovered,
even for embedded ones. For instance, Yau [114] conjectured that minimal embeddings in $°
all come from first eigenfunctions. Recently, Brendle [7] proved the Lawson conjecture which
states that the only minimal embedded 2-torus in S® is the Clifford torus, (which is known
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to be the only minimal torus immersed into S° by first eigenfunctions since Montiel and Ros
[80]). Looking for critical metrics for A, with fixed k is another point of view for the study of
minimal immersions into spheres. This is the subject of our first theorem.

Before stating our theorem, let us mention that it can be proved by standard gluing tech-
niques, see for instance Colbois-El Soufi [22], that

Ae(y) 2 max  Aj (1) 4+ Ai(rs) - (4.1)
i1+ +is=k
Vm, iy >1
Tty <y
1<y if s=1

Our existence result reads then as follows :

Theorem 8. Let 3. be a compact orientable surface without boundary of genus <. If the inequality
(4.1) is strict, then there exists a metric g on X which is smooth except maybe at a finite set of conical
singularities such that A (y) = Ar(X, §)Volg(X). Moreover this metric g is the pull-back of a minimal
immersion from ¥ into some sphere S" by k-th eigenfunctions. At last, under this condition, the set of
such maximal metrics is compact.

In the case k = 1, this theorem has already been proved in Petrides [91]. When k = 1, the
gap assumption of the theorem reads as Ai(y) > Aq(y —1). This condition holds for y =1,
see [83], there are some numerical evidences that it holds for v = 2, see [56], and it does hold
for an infinite number of v > 1 since, combining a remark of Fraser and Schoen [39] based on
results by Buser, Burger and Dodziuk [14] and Brooks and Makover [10] with (4.1), we know
that

A(r) 2 Ty 1) + 87k~ 1) (42)

for vy large enough.

Note that the gap assumption asserting that (4.1) is strict is somewhat necessary since, for
instance, it has been proved in Nadirashvili [84] and Petrides [92] that A,(0) = 2A1(0) = 167
and the maximum is not achieved. Note also that the fact that the maximal metric obtained
is not completely smooth and may have conical singularities is the optimal regularity result
one can hope since the minimal immersion we obtain may have branched points. Moreover,
for k = 1 and 7y = 2, it is conjectured that there are maximal metrics which have conical
singularities (see [56]).

Our proof relies on a second theorem and on the simple remark that maximizing the k-
th eigenvalue among metrics with fixed volume can be done first by maximizing it among
metrics in a fixed conformal class and then maximizing among conformal classes. That’s why
we introduce the conformal invariant

Ar (3, [g]) = sup A (£, g) Volg (X)
gelgl

on any smooth closed surface X equipped with a metric g. Here [g] denotes the conformal
class of g consisting of all metrics which are a multiple of ¢ by a smooth positive function.
Then we have that

Ax (7) =sup Ar (%, [g]) -
(8]
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The starting point of the proof is the following remark : it is more convenient (even if not
simple) to maximize our functional in a given conformal class because everything depends
only on a function. Then, given the existence of this maximizing metric in a given conformal
class, we can pick up a special maximizing sequence for A () which consists in maximizers
in their own conformal classes. These maximizers come, as we will see, with corresponding
harmonic maps into spheres and the proof of Theorem 8 relies on a careful asymptotic analysis
of these harmonic maps when the conformal class degenerates. With the assumption that (4.1)
is strict, we can in fact rule out this situation and prove a convergence result on the sequence
of conformal classes.

Once again, one can check, by gluing techniques, see [21], that

Ar(Z,[g]) 2 max (Ak—j(z‘/ [g]) + i A, (S, [Cﬂ”])) (4.3)
i tis=] =l

for all (%, [g]) and k > 1. It is believed that Ay (S?, [can]) = 87tk for all k > 1 and this has been
proved for k = 1 ([54]) and for k = 2 ([84] and [92]). If this is true, then (4.3) reduces to

A (Z,[8]) = Ak-1 (X [g]) + 8.
Concerning the maximization of this conformal invariant, we prove :

Theorem 9. Let (X, g) be a closed Riemannian surface and let k > 1. If (4.3) is strict, then there exists
a maximal metric § € [g], smooth except maybe at a finite number of conical singularities, such that
Ar(Z,[g]) = A(Z, &) Volg(X). Moreover, there exists a family of orthogonal k-th eigenfunctions for
§ giving rise to a smooth harmonic function into some sphere S". At last, we have that the set of such
smooth maximal metrics is compact.

In the case k = 1, the assumption reads as A1(Z, [g]) > A1(S?, [can]) = 87 which holds
true as soon as ¥ is not diffeomorphic to S5? as proved in Petrides [91]. It should also hold
true for k = 2, for some specific surfaces of genus 2. Indeed, thanks to (4.1) and to the values
A(1) = % and A;(2) = 167 respectively obtained in [83] and conjectured in [56], we get

that Ay(2) > 2A1(1) = 1%2 > 247 = A1(2) + A1(0). This indicates in particular that there

should be an open set of conformal classes [¢] which satisfy that (4.3) is strict on surfaces X of
genus 2 for k = 2, that is Ap(%, [g]) > A1(%, [g]) + 87. Therefore, Theorem 9 applies in these

cases and we get smooth (outside conical singularities) maximal metrics.

If Theorem 9 applies, maximal metrics for Ay (%, [¢]) exist and the conformal factor related
to ¢ of such a maximal metric § is \VCD@ where ® is some smooth harmonic map from X into

some sphere S". Conical singularities naturally appear as zeros of ]VCD@ which are isolated
as proved in Salamon [101].

Theorem 9 was already proved for k = 1 in Petrides [91] using that any maximizing
sequences for A1(%,[g]) is compact thanks to the assumption A;(%,[g]) > 8. Indeed, if
some concentration points appear, some test functions, particular to Ay, permit to prove that
A1(Z, [g]) = 87 (see Kokarev [65], Lemma 3.1). A non-concentration assumption is sufficient
to prove that the specific maximizing sequence selected by a regularization process converges
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Chapitre 4. Maximiser les valeurs propres de Laplace sur une surface

to a "smooth" metric. However, in the general case, we cannot remove a priori the concen-
tration points of maximizing sequences, even with the assumption that (4.3) is strict. Thus,
assuming that concentration points occur, we have to perform a multi-bubble asymptotic ana-
lysis on the specific maximizing sequence to obtain regularity estimates and convergence to a
"smooth" metric at each scale of concentration. We also have to verify carefully that no energy
is lost in the necks. Only at the end of the proof, we obtain natural test functions which permit
to prove the case of equality in (4.3), and Theorem 9 follows.

Note that we do not prove either that any maximizing sequence does converge to a maxi-
mal metric nor that maximizers in a possible "weaker sense" are regular. Instead, as was
initiated by Fraser and Schoen [41] for the study of the first Steklov eigenvalue, we carefully
select a maximizing sequence by a regularization process which does converge to a smooth
maximal metric.

The paper is organized as follows :

In Section 4.2, we introduce some notations and recall some more or less classical tools
we shall use during the proof. Section 4.3 is devoted to the set up of the proof of Theorem 9,
proof carried out in Sections 4.4 to 4.7. We refer to the end of Section 4.3 for a detailed sketch
of the proof of Theorem 9.

We prove Theorem 8 in Section 7, studying a maximizing sequence of metrics for Ag(7y)
whose k-th eigenvalue is maximal in its conformal class (given by Theorem 9). The proof of the
convergence of this sequence of metrics can be done thanks to the study of the asymptotics of
the harmonic maps into some spheres 5" they define. In particular, thanks to the assumption
that (4.1) is strict, we remove all the degenerations which could occur.
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4.2 Preliminaries

4.2.1 Notations

Let (M, g) be a smooth Riemannian surface with Vol,(M) = 1.
We donote by A(M, g) the k-th eigenvalue of the Laplacian. It satisfies the min-max varia-
tional characterization :

Vo|?do
Ak(M,g):énf sup —fM‘ 4;'; 8
e geba (o) Ju P70

4

where the infimum is taken over the spaces of smooth functions Ej; of dimension k + 1.

We denote by M (M) the set of positive Radon measures provided with the weak* topology
and M (M) the subset of probability measures. For an open set (3 C M we denote by A, (€, g)
the first Dirichlet eigenvalue in (Q), g).

For all the paper, we fix § > 0, a constant Cyp > 1 and a family (x;),_, _; of points in M
and smooth functions v; : M — R such that

— forany ! € {1,...,L}, the metric g = e~ g is a flat metric in the ball By, (x;,26) = Q).
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4.2. Preliminaries

L
— M= U w; where w; = Bg, (x7,9).
1=1
— Forany 1 §Z§L,C52§ezvl gcg.
— For any x € w; and 0 < r < &, Bg(x,Cy'r) C By, (x,7) C Bg(x, Cor)
For 1 <1 < L and a point z € IDy;(0), we let

201(2) _ 2oi(expg ()

and z' = expy, v, (2)
and for x € (); and a set Q) C (),

i = expgfl}xl(x) and () = exp;xl(()) .
For a smooth density ¢?* with e?g € [g], we let

2il(z) _ ,201(2) 2u(expy , (2)

/ ezudvg = /~ A dx .
0 o
For other functions ¢ € L!(M) or measures v € M (M), we let
(ﬁl (Z) = ¢(expg,,x1 (Z)) and 171 = expgl,xl (V) *
Let pe(x,y) be the heat kernel of (M, g) at time € > 0. Then, for y,z € ();, we let
20;(z)
e

so that for Q) C ),

ﬁé (z,y) = " pe(expy, , (2), expy, ()

so that for a density e?*\¥) = [ pe(x,y)dv(y) for Q C Q) and some measure v, we have

A = [ Pl yany)
and for ¢ € L1(M),
L, #@pLz 0z = | )pe( y)ivg(x).

When the context is clear, we drop the exponent / in all the notations.
Now, for parameters a € R? and « > 0, we denote the following rescaled objects by

X = _aandf):Q_a,
®
1) = 22102 10) (7)) = G(az +a) and 0 = H,(7),
Pe(zy) = pe(az +a,ay +a),
where H,,(x) = ax + a, so that if e*(*) = = [q Pe(x,y)dv(y), we have
20 — [

A : ZI\

[ ¢@pe(z0)dz = [ 9(x)pe(x,)dog(y)

We also let for z € R?,
Z=exp, (az +a)

so that £ = z and
Q= expghxl(aQ +a).
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Chapitre 4. Maximiser les valeurs propres de Laplace sur une surface

4.2.2 Uniform estimates on the heat kernel

The heat kernel pe(x,y) of a compact Riemannian surface (M, g) at time € > 0 satisfies the
following uniform estimates as € — 0

pe(r,y) = —— (a0(x,y) + €ar(x,y) + €%az(x,y) + O(€®)) ase — 0 (4.4)

uniformly, with ag, a1, a, - - - € C®(M x M) some Riemannian invariants such that ag(x, x) = 1
as proved for instance in [6]. We have also a uniform bound : there exists Ag > 1 such that for
any € > 0,

1 dg (xy)? Ag _dgww)?

A047T€e_ e < pe(x,y) < —e &= . (4.5)

M
vy €M, ~ 4re

We deduce the same uniform properties for the rescaled heat kernel pe(x,y) by some
parameters a. € R? and a, > 0 such that a. — a € R? and ac — 0 as € — 0. We have for any
R >0,

o~ i (1+0(1)

pe(z,y) = T(l +0(1)) uniformly on Dg x Dg, (4.6)

where 0. = ﬁ and we have the following bound for any fixed 0 < p <1

o

72 .2
ei ‘,‘/492' (1+p) ei ‘y492| (17p)

Tee(l —p) < pe(zy) < T&)e(l +p) (4.7)

for all € > 0 small enough.
Let’s prove (4.6). We fix R > 0 and we have uniformly for (x,y) € Dg x Dgr ase€ — 0

‘Xgezvl(i) dg(f,y‘)z

pelvy) = 2 e 0y (.9) +0(1)
22271((1) de(% )2
_ale gy
= S o1 ™

by (4.4). We have that
dg(%,7) = € |x — y| ae(1+0(1))

uniformly for (x,y) € Dg x Dg. This leads to the desired approximation (4.6).

For a sequence of measures v € M (M), we also have uniform bounds for R > r > 0 and
0. >0ase —0:

| @bl yvey) =0 [ € i @8)
su aipe (X, y)dve = . .
xe]DE,, M\Dg P ¥ Y Be
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We prove it thanks to (4.5) and (4.7). Let x € Dgr_, and let us write that
z Cuty) = e [ g
o /M\DR pe(X, y)dve(y) e oD Pe(x,2)d0e(z)

2 <
€ 7 de
e, el y)ve(y)

CZR
e_\xg—gz\z
< / " dhe(2)
]DC%R\]DR 27-(96
2 2
asAg _ By
/ e dve(y)
\Bg de,” C ) 4rme
- 895 7)2
< ’

where D, C Bg(de, aeCor) C Bg(ac, aeCoR). This proves (4.8). We also have that

_ (R-1)?

e 80¢
sup / pe(x,y)dvg(y) = O( g ) -
XGM\DR €

Let x € M \ Dg. We assume that x € Dezg \ Dg. We write that

_lxzp? 12 @2

1
= p X < e < — e
/ID, pe(x,y)dvg(y) /]D Pe(z, %)dz < 276e o e dz g

€

if € is small enough and if x € M\ chR C M\ Bg(de, xeRCp), we write that
y)d </ y)d
/}D r pe(x,y)dog(y) < b (1) pe(x, y)dvg(y)

AO / _ dg(xy)
—_— e~ %= dv
471€ JBy(ac,ucCor) 32

ct%(Rfr)2
e e

O )

IN

O(

This proves 4.9. Now let’s prove that

lim lim sup ’/ Pe(z,x)dz — 1‘ =0.
Dr

R—+o00e—0 x€D,

We fix 0 < p < % and R > 0. Then for € small enough, we have by (4.7) that

_ lx=zP(1-p)

. e % 1+p
< _ = —
/]DR Pe(z, x)dz < /]R2 10, (14 p)dz =

(4.10)
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for any x € D, and that

_ lx=zP(14p)
/ je(z,x)dz > / ﬁ(l—)dz
by Pe(z, x)dz = A P P
= ez (1+p) . lxal?
> [ q-py —/ "4
- /IRZ 470, (1=p)dz R2\Dp 27T€ z
1—
> 1+2+0(1)as€—>0

uniformly on ID,. Letting € — 0, then R — +oc0 and then p — 0 gives (4.10).

4.2.3 Poincaré inequalities and capacity

We first notice the following consequence of the classical computation of the capacity of
annuli in R2.

Claim 18. Let (M, g) be a compact Riemannian surface. Then, there is C > 0 and ro > 0 such that
forall x € M and all 0 < ry <y < 1o, there exists a smooth function g xsr, : M — R with

- 0 S Ug,x,rl,rg S 1

— Hgxr,m = 1 on Bg(x,12)

— Hgxri,re € Cgo(Bg(xi 1’1))

— St [Viigrraly dog < ﬁ

]

We now recall two theorems giving Poincaré inequalities on surfaces.

Theorem 10 ([1], Lemma 8.3.1). Let (M, g) be a Riemannian manifold. Then, there exists a constant
B > 0 such that for any L € W—12(M) with L(1) = 1, we have the following Poincaré inequality

Vf € W(M), /M(f — L(f))*dvg < B|[L|}y-12u) /M |V £I3 dog .

We denote by

C112<K) = inf{/ 472d7)g +/ |V¢|§d0g,¢ S CCOO(]R2>,(P > 1 on K}
R? R?

the capacity of a compact set K C IR? and

Capy(K, Q) = inf{/Q |V¢]§ dvg; ¢ € C°(Q),¢ > 1 on K}

the relative capacity of K CC ().

Theorem 11 ([1], Corollary 8.2.2). Let () C R? be a bounded domain with smooth boundary. Then,
there exists a constant Cqy such that for any compact K C Q with Cy,(K) > 0 and for any function
f € C®(Q) such that f =0on K,

Ca
< V .
||f||L2(Q) = C12(K) | f”LZ(Q)

92



4.3. Selection of a maximizing sequence

Q) is a bounded extension domain means that the extention by 0 on IR? of every function
in WS’Z(Q) is W12 in IR%. This is true for the familly of sets we consider during the proof :

S
Q=D \ |JDy(x),
Fim1

where p > 0, x; € D1 such that if i # j, then x; # x; and
o

10p < min [ mind(x;, 0D 1 )‘minM
i VU i 2 '

We now set
S
Qk = D%p \ | Dk,
i=1
for some fixed number 1 < K < 10 chosen independent of the problem we consider. We obtain

the corollary :

Corollary. Let r > 0 fixed. Then, we have a constant C, > 0 such that for every f € C*(Q)) which
vanishes on a smooth piecewise curve I' CC Qg which connects two points of distance r > 0,

1flli2) < G IVEll2(q) -
Indeed, it is proved in ([52], pages 95-97) that

Ko

Cap,(T,Q)) >
In(

N =

)

and that
Cllz(r) 2 K1Cap2(F, Q)

for constants Ky > 0 and K; > 0 which only depend on () and K.

4.3 Selection of a maximizing sequence

Let (M, g) be a smooth compact Riemannian surface without boundary of unit volume. We
fix k > 1. As in [91] for the maximization of the first non-zero eigenvalue, we build a specific
maximizing sequence for Ag(M, [g]) thanks to the heat operator. Let € > 0. We denote by K.
the heat operator so that for a positive Radon measure v € M (M), K¢[v]dv, is the solution
at time € > 0 of the heat equation on the Riemannian surface (M, g) which converges to v as
e — 0 in M(M). Given x,y € M, we denote by pe(x,y) the heat kernel of (M, g) so that for
ve M(M),

Kell() = [ pe(xy)dv(y) .

For f € L'(M), we let K¢[f] := Kc[fdv,] so that

/M Ke[fldv = /M FKe[v]dv, .
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For € > 0, we set
Ae = sup  Ap(Kelv]g) (4.11)
veM;(M)
so that by continuity of v € M;(M) — Ax(Ke[v]g), a maximizing sequence for the variational
problem (4.11) converges in M;(M), up to the extraction of a subsequence, to a measure
Ve € M1(M) such that
Ae = A(Kelvelg) -

We set e?c = K.[ve]. This sequence of smooth positive functions {e?“c}.~( defines a maximi-
zing sequence for Ax(M, [g]) as € — 0.

Indeed, Ac < Ar(M, [g]) for all € > 0 and if # > 0, we have some metric § = e*¢ € [¢] such
that Vol; = 1 and Ax(§) > Ax(M, [g]) — 4. By definition of the heat operator, K¢[dvs] = Kc[e?"]
and by the estimate (4.4) in Section 4.2.2, we have K.[e?] — ¢** as € — 0 in C°(M). Then there
exists €g > 0 such that

/\e > Ak(Ke[dvg]) > Ak(g) - > Ak(M/ [g]) -n

N

for € < €. This proves that Ac — Ax(M, [g]) as e — 0.
We first obtain an Euler-Lagrange characterization associated to the maximization problem
(4.11).

Proposition 2. Fix € > 0. Then, there exists a family ®. = ((pg, e (e)H) of smooth functions,
independent in L*>(M, e*"<g), such that

(i) Vi€ {1,--- ,n(e) + 1}, Agpl = Ace? gL,

(ii) Ke[|®@e|?] > 10n M,

(iii) Ke[|®e|*] = 1 on supp(ve).

Note that the proof is the same as in [91], Claim 5, and that the number n(e) + 1 of
independent eigenfunctions can be chosen independent of €. Indeed, there exists a bound on
the multiplicity of k-th eigenvalues on surfaces which only depends on k and the genus of the

surface (see [15]). Up to the extraction of a subsequence, we thus assume in the following that
n(e) = n is fixed.

We now denote by v the weak* limit of {e*dv,} as € — 0. Notice that v is also the weak*
limit of {ve}. Indeed, if { € C°(M),

‘/M g (e dvg — dve)

] (Kelg) = E)ave
< sup|Ke[g]
M

which goes to 0 as € — 0 by uniform continuity of .
We aim at proving that v is absolutely continuous with respect to dv, with a smooth
density. We organize the proof of Theorem 9 as follows :

In Section 4.4, we give regularity estimates on the densities ¢?*c and the associated eigen-
functions ¢. defined by Proposition 2 (see Claim 21). These estimates permit to pass to the
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4.4. Regularity estimates on the surface

limit on the eigenvalue equation (Proposition 2 (i)) as € — 0 (see Claim 22). However, we
cannot pass to the limit on the whole surface. We have to avoid some singularities for the
maximizing sequence which could occur. In the general case k > 1, we cannot remove a priori
some concentration points of {e*'¢dv,} even with the assumption that (4.3) is strict. Note that
in the case k = 1, this same assumption permits directly to rule out the appearence of these
concentration points (see Petrides [91]) Other harmless singularities are also carefully avoided
(see Claim 20).

From Sections 4.5 to 4.7, we assume the existence of concentration points for the maximi-
zing sequence and we aim at deducing the case of equality in (4.3). In Section 4.5, we detect
all the concentration scales thanks to the construction of a bubble tree. This leads to the proof
of Proposition 3, page 107.

We then give in Section 4.6 regularity estimates on the eigenfunctions at each scale of
concentration and pass to the limit in the equation they satisfy. Notice that this work is divided
into two subsections, depending on the speed of convergence to zero of the concentration scale
a. as € — 0.

Finally, in Section 4.7.1, capitalizing on the energy estimates for the limiting measures and
equations given in Section 4.4.2 on M (see (4.30)), at the end of Section 4.6.1 (see (4.76)) and
Section 4.6.2 (see (4.81)) on some spheres 5%, we both prove the regularity of the limiting
measures at all the scales of concentration, and that no energy is lost in the necks in the
bubbling process. This is given by Proposition 4, page 142. Thanks to this proposition, we
prove in Section 4.7.2 that the presence of concentration points imply the case of equality in
(4.3) by a suitable choice of test functions for the variational characterization of A = Ay(e?<g).

Therefore, since the specific maximizing sequence {e?dv,} does not concentrate with the
assumption that (4.3) is strict, the proof of Theorem 9 just uses the second part of Proposition
4 in Section 4.7.1. Notice that in the case k = 1 on surfaces which are not diffeomorphic to
the sphere, we already know that any maximizing sequence does not concentrate as proved
in [91] since we have A1(%, [¢]) > 8. Thus, in this case, we did not need the multi-bubble
asymptotic analysis of Sections 4.5 and 4.6.

4.4 Regularity estimates on the surface

We refer to Section 4.2.1 for the notations, in particular in the charts of computation on the
fixed metric g.

4.4.1 Regularity estimates far from singularities

In this subsection, we will adapt the arguments used in [91], Section 2.3, in order to get
finer and finer estimates on the eigenfunctions which appear in Proposition 2, and pass to the
limit on the equation they satisfy.

We first get, by point (iii) in Proposition 2, uniform estimates on the eigenfunctions {¢f }
on sets of points which lie at a distance to supp(ve) asymptotically smaller than /€.

Claim 19. For any R > 0, there exists a constant Cr > 0 such that for any sequence (x¢) of points in
M with dg(xe,supp(ve)) < Ry/€, we have

¢L(xe)| < Crforalle > 0.
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Proof. We refer the reader to Section 4.2.1 for the notations used during this proof. We can
assume that x. € w; for 1 <[ < L fixed and we set

de(x) = Bl <\/Ex + ;zle)
forxe]D%.Then

Aot = ereet (Vg
in Dy z for 1 <i < n+ 1. By estimate (4.5) of Section 4.2.2, (€pe) is uniformly bounded so
that <662ﬁé<\/5x”l€ )> is uniformly bounded.

Now, let ye € supp(ve) be such that dg (xe,ye) < Ry/e. Thanks to Proposition 2, we have
that K, [|CI>6|2} (ye) = 1. Let us write then with (4.5), in Section 4.2.2, that for p > 0,

o

1=K ||0cf] (ve) = ’EKe[%

n+1 2
= Z/ pe (v, ye) (9L(y)) " dog(y)

n+1 1 e ; 2
> L g, (mease) (P0)) o)
>

n+1
> : 26_[32(:(2] /
= 4 A Ch D

. (¢e< >)

0

We set Z, = ﬁ (e — %¢) so that, up to a subsequence, Zc — zp as € — 0 and we deduce

from the previous inequality that, for any p > 0, {$.} is bounded in L?(ID,(zo)). Thus, by the
Sobolev embedding W22 C C° (see [43], Corollary 7.11, page 158) and the L? elliptic estimate
(see [43], Theorem 9.11, page 235), it is clear that {436} is uniformly bounded in D, by some
constant D,. Setting Cr = Dac,r gives the claim.

¢

Now, we aim at locating all the singularities for the maximizing sequence {eZMfdvg} which
could appear, on small balls around a finite number of points, in order to continue the esti-
mates far from these points. Let’s formulate the singular properties that a point x € (M, g)
could satisfy, forr > 0and e > 0:

Are Ay (Bg(x 1’) ZMEg) (Ag [8})

B,. There exists f € Ex(e*"<g) such that f(x) = 0 and the Nodal set of f which contains x

).

does not intersect dBg(x,

We say that x satisfies P, if it satisfies A, or B,.. Note that if r; < r, then A, = A,
and B, ¢ = By, . For a manifold M, a sequence of densities {62”6} and r > 0, we define the
singular set :

X, (M, {e**g}) = {x € M; there exists € > 0 such that x satisfies P} . (4.12)

Note that if 11 < 15, then X, (M, {e**g}) C X, (M, {¢**<g}). The following claim holds true :
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Claim 20. There exists a subsequence {ezuef g}jzo0 with € — 0 as j — +oo and there exist s points
p1,-,ps € Mwith0 <s < k such that

— Yp > 0,3 > 0,X,(M, {e"g};20) C Ui_; Be(pi,p),

— For any subsequence {ezuej(””g }m>0 of e S}tizor

Vp>0,¥r>0V1<i<s X, (M, {ez“eﬂ"”g}mzo) N Bg(pi,p) # . (4.13)

Proof. Assume by contradiction that for any sequence €¢; — 0 as j — oo, for any series of s
points p1,- - -, ps with s <k, there exists p > 0 such that for all » > 0,

X (M, {"*1g}20) \ | B(pirp) # @ (4.14)

i=1

Thanks to this hypothesis, we will deduce by induction the following property Hs for
1<s<k+1:

: there exist sequences €; — 0 and ri \¢ 0 as j — oo and s distinct points pl, e, p; and
p1, -+ ,pssuch that forall1 <i <s, pl — pi as ] — oo and such that for all j > 0, pl satisfies
Prie;-

Let’s first prove H;. We apply (4.14) for s = 0 and for a sequence 27", so that for a fixed
j € N, there exists p]i € Xy-i (M, {e*2"dvg }u>0). For j > 0, we choose €; = 2-"0) such that
p]i satisfies Py It is clear that €; — 0. Up to the extraction of a subsequence, there is p; € M

such that p]i — p1 as j — oo and we get Hj.

We assume now that H; is true for some 1 < s < k. We consider the sequences {e]-}, {r]-},

{pf} and the points {p1,- -, ps} given by H;. Let us prove Hy,1. By (4.14), there is p > 0 such
that forall » > 0,

X, (M, {E7g) 10)\ U Be(pip) £ @

Let piH € X, (M, {e2”€fg}]>0) \ Ui—1 B¢(pi,p). For j > 0, we let «(j) be such that p'+1 satisfies
Py c,- Since rj — 0 as j — +oo, it is clear that a(j) — +o0. We set m(j) = min{j,a(j)}. By

H;, for 1 <i<s, pi(') satisfies Pr ) and since 7; is decreasing, pf‘(') satisfies Pr .

, () €aj)”
Moreover, p/ 41 satisfies Py ¢ . and since 7; is decreasmg, P 41 satisfies P - Up to the
extraction of a subsequence we can suppose that r,,j) 0 as j — oo and we let ps+1 € M
such that p/ 41— Pst1 as j — +oo. Since p. 41 € M\U _1 Bg(pi,0), Ps+1 & {p1,--- ., ps}. This
proves Hy 1.

The proof of Hy is complete. Now, we prove that Hy; leads to a contradiction. We define

k +1 test functions for the variational characterization (4.2.1) of A¢; = Ak(ezuff Q) 17{ forj € N
and 1 <i<k+1,as follows :
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Chapitre 4. Maximiser les valeurs propres de Laplace sur une surface

— If p{: satisfies Ay, ¢, 17{ is an eigenfunction for A, <Bg(p5, ), o2l g) extended by zero in
M\ Bg(p{:, ri). In this case,

12
vl d
|Vl 2% wantg)

Ju () dog 2

— If pé does not satisfy Ar;,ej/ it satisfies B,,.,ej and in this case, 7711 is some eigenfunction

for A, (DZ, > g) extended by zero in M \ DZ where D{ is a Nodal domain of some

(4.15)

eigenfunction associated to A¢;, which is included in Bg(p{: ,7j). Such a domain exists by
the assumption Brj,ej' In this case,

= (D], eeg) = A, . (4.16)

For j large enough, we have

min dg(p{, pf:,) —3r; > ! min  dq(p;, pir) >0

1<i<i'<k+1 2 1<i<i’<k+1

so that the functions 17{, e, 17,{ .1 have pairwise disjoint supports. Thanks to (4.15) and (4.16),

the min-max characterization of A, = A(e™ <) (4.2.1) gives that

)
fM )V’ﬁ dvg
Ao, < max §

T T 1<i<kt N2 4
Ju (i) dog

since for j large enough, Ae, — Ax(M, [g]) > %’[g]). Then, all the inequalities are equalities

and by the case of equality in the min-max characterization of the k-th eigenvalue, one of the

< Ae,

]

functions 7/ is an eigenfunction on the manifold for Ae; = M(M, e g). Since supp(iylj ) C

Bg(pf, rj), this contradicts the maximum principle.

Therefore, we have proved that there exist a subsequence of {ezuei dvg}i>o and p1,- -, ps
for some 0 < s < k such that

S

Yo > 0,3r > 0,X,(M, {e"ig}i=1) € | Bg(pirp),
i=1

which is exactly the first part of the claim.

Let’s prove now the second part of the claim. If there exists a subsequence j(m) — +co as
m — +oo such that there exists p > 0, r > 0 and 1 < ip < s with

X, (M, {e2”€f<'">g}mzo) N Bg(pig, p) = D,
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4.4. Regularity estimates on the surface

then, taking the subsequence j(m), we can remove the index iy € {1,---,s} so that

zue-m
X (M {7 ™g)y U Be(pip).
{1, 5P\ {io}

We go on with this process until we cannot find a subsequence such that (4.13) does not hold.
This ends the proof of the claim.

o

Up to the extraction of a subsequence, we assume in the following that {¢**c¢} satisfies
the conclusion of Claim 20. For p > 0, we let

M(p) = M\ ) Be(pip)

i=1
We are now able to get regularity estimates on the functions e?*c and ®. in M(p).

Claim 21. We assume that mo(p) = limeo [y, €*dvg > 0 for any p > 0 small enough. Then we
have the following :
— Estimates on ®. :

Vp > 0, EICl(p) > O,Ve > 0, Hq)€HW12(M(p)) S Cl(p) ’ (4:17)

Vp > 0,3C2(p) > 0,Ve > 0, [|Pel[copp(p)) < Calp) - (4.18)

— Quantitative non-concentration estimates on e*c and |V<I>€|§, :

D
Vp > 0,3D1(p) > 0,Vr > 0,limsup sup ezufdvg < 1(f) , (4.19)
e—0  xeM(p)’Bs(x7) In(;)
. 2 D> (p)
Vp > 0,3Dy(p) > 0,¥r > 0,limsup sup |V [3dvg < . (4.20)
e—=0  xeM(p) Bg(x,7) ln(%)

Proof. We first prove (4.17) by using Claim 20 and the assumption my(p) > 0.

VATPS

ezﬁgdvg} is bounded in W=12(M(p)). Let p > 0 and

let > 0 be such that X, (M, {e%4e C Ui Bo(p;,0). Then, for all x € M(p) and all € > 0,
8 i=1 bg\Pi, P [

Aw(Bg(x,7),€%g) > %’[g]). By the compactness of M(p), we can find yq,---,y: € M(p)
such that

For that purpose, let’s prove that { T €
M(p)

M(p) < | By (yi,7) -

i=1

Let i1, -+, ; be a partition of unity associated to this covering, so that Y!_; ¢; = 1 on M(p)
and supp(ip;) C By(yi, ). Let L : W2(M(p)) — W'?(M) be a continuous extension operator.
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Chapitre 4. Maximiser les valeurs propres de Laplace sur une surface

Then, if p € W2(M(p)),

2u
e edvg

t
b = L[ P
/M(p) fM(p) e2tedug ; M(p)NBg (yir) fM(p g

AN INA
/N —
m\
o
<
>
—~
S
h
—~
<=
SN—
N—
N
=—
o
&
[
o
~
NI

IN
.MN

IN

(2452) o)
< Av(p) [9llwre ()

for some constants Ap(p) and A;(p) which do not depend on € > 0.

By Theorem 10 in Section 4.2.3, we now get the following Poincaré inequality : there exists
some constant A, (p) such that for any f € C®(M(p))

2
e2tedy
V>O,/ / 8 dv, < A / V12 do, .
‘ M(p)( ff emdv) % = A2P) J,, ) IVl 20s

We deduce from this inequality that

22ued 22u€d
Pl < (40 [ 90+ a0t Ui
M(p) 8 (fM(p) 62u9d0g>

Since mo(p) = lime—0 [y, €**dvg > 0, applying this inequality to ¢, together with the fact

that )
i
/. |vet i

and that, by (iii) of Proposition 2,

N\ 2

gives (4.17).

Nl—

N|—

dvg = Ac /M g2t (cpé)z dog

Letp > 0,1 <i < n+1and up to change ¢. into —¢L, let (x.) be a sequence of points
such that ¢’ (x¢) = SUP (o) |pL|. We set

O = dg(xe,supp(ve)) .

We divide the proof of (4.18) into three cases.
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4.4. Regularity estimates on the surface

Cast 1 - We assume that 5;! = O(1). Then, by (4.6), {¢**<} is uniformly bounded in
By (xe,min{‘;e, 2}) By (4.17), {¢.} is bounded in L2(M(%)) and {¢.(xc)} is bounded by

standard elliptic theory on the eigenvalue equation.

CasE 2 - We assume that 6. = O(1/€). Then, {¢\(x.)} is bounded by Claim 19.

CAsSE 3 - We assume that 6. — 0 and f — 0ase — 0. We let
Pe = Pe(ex + F) and ¥V = §2e20el0exte)

for x € ]DMQ] so that
Ape = /\eezw€lpe in ID5§E—1 .

Let ye € supp(ve) be such that dy(xe,ye) = e and set ze = y€ so that ze — zpas e — 0

up to the extraction of a subsequence. We set R = |z|. Thanks to Claim 19, we know that
Pe(ze) = ¢.(ye) = O(1). Thanks to estimates (4.8) on the heat kernel, there exists D; > 0 such
that

€2w€ < Djon ]Dg .

We first assume that 1. does not vanish in ID3g. Then, we can apply Harnack’s inequality
and get some constant D, > 0 such that

l/JE > Dzl/)e<0) on IDg

for all € > 0. Since ¢, is positive on ID| |(z¢) C D3, by the equation, it is also superharmonic
and we can write that

Yelze) > ~—

do .
- 27-[ ‘Ze‘ BD\ZQ\(ZE) 1106

Taking only the part of the integral which lies in ng, we get the existence of some constant
D3 > 0 such that

Pe(ze) > D3ype(0)

and this concludes the proof of (4.18) in this case since ¢.(xc) = 9.(0) = O(1).

We now assume that i vanishes on Dsg. Since 6. — 0 as € — 0, and x. € M(p), by Claim
20, e vanishes on a piecewise smooth curve in D4z which connects two points of distance
greater than R. By the corollary of Theorem 11 of Section 4.2.3 for () = Dsg, we get some
constant Cg > 0 such that

Y2<Cr [ Ve dx
Dsr

Dyr

which proves that {} is bounded in L?(ID4g). By elliptic regularity, 1 is bounded in L*(ID R )

which gives that {¢.(xc)} is bounded. The study of these three cases completes the proof of
(4.18).

Thanks to Claim 20, we have the existence of some r1(p) > 0 such that for any 0 < r <

r1(p),
1

(B, 1), eg) = MM, [g])

Ve > 0,Vx € M(p),
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Chapitre 4. Maximiser les valeurs propres de Laplace sur une surface

By isocapacity estimates (see [77], section 2.3.3, corollary of Theorem 2.3.2)

/ eZuSdU CapZ(Bg(x/r)/Bg(xrrl))
By(xr) £ A(Bylxr), eteg)
CapZ(]DCL/]DCOrl)
< 2 0
Ae(M, [g])
< 47

Ad(M, [g)) In ()

and we get (4.19).

Finally, following the proof of Claim 7 in [91], we can use (4.18) and (4.19), to get the
estimate (4.20). This ends the proof of the claim.
&
In the following claim, we aim at passing to the limit in the equation (i) and the condition
(ii) given by Proposition 2. The limiting functions would then satisfy (4.24) and (4.25).

Claim 22. We assume that mo(p) = lime_ fM(p) e*edvy > 0 for any p > 0 small enough. Then,
the following assertions hold :
— Forany p > 0, there exists Be — 0 as € — 0 such that

Vx € M(p), |Pc|* (x) > 1—Be.. (4.21)
— For p > 0 and x € M(p), we set ¥c = %' Then for any p > 0, {¥e} is uniformly

equicontinuous on C°(M(p),S").
— For any p > 0, up to the extraction of a subsequence of {®.}, there exist functions ® €
WL2(M(p), R"1) N L*®(M(p), R*™1) and ¥ € W2(M(p),S") N C°(M(p),S") such that

O — @ in WH2(M(p), R"™) as e — 0 (4.22)
and
Ye — ¥in C°(M(p),S") as € — 0 (4.23)
with ®
D> >0 land ¥ = — . (4.24)
|D|
Moreover, for 1 <i<n+1 ‘ ‘
Agdp' = A(M, [g])y'dv (4.25)

in a weak sense on M(p).

Proof.

Ster 1 - Let 1 < i < s. We prove that at the neighbourhood of the singular points defined in
Claim 20,

2

sup @) pe(x,y)dug(y) = Oe™ %) .
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4.4. Regularity estimates on the surface

Let x € M(p). Then, by estimates (4.5) of Section 4.2.2

2.2
AO 31{)2 fBg(pul%) |¢€| e uedvg

ﬁz/ 5 -
ese |CI) (y)’ p (x,y)dv (]/) < e~ 006 i
Bg(qu%) € € 8 47T€ lnfBg(pi,%) eZL{E
3]p2
Ap e~ 100e
: e
47te lnfBg(Pi/%) o2

since by Proposition 2, (iii),

[ 1@ o = [ Kel|@cPldve =1.
M M

We assume by contradiction that

_a1p?
. e~ 00e
inf e <
Bg(Pi/%) €

Let y € By(pi, £5) be such that e2ue(y) = infp (o) ¢?!e. Then, by (4.5) of Section 4.2.2,

e_(%)zz%e

zue(y) :/ d 2 7/ d ‘
e MPE(%X) ve(x) > 4rtAve  JBy(pify) v

We deduce from this and the previous inequality that
2702
/ dve < 4mwAge 0
Bg(pi/ %

Let z € Bg(pi, 2%), and let us write thanks again to (4.5) of Section 4.2.2 that

_ 1

e 502
)dl/e—l—e €20 A% 2 Ay _ 2
< —HeT Mo - ——¢ Tolle |

2uc(z) A fBg(PirlpTJ
=0 47e € 47e

e

Then, eZL‘fHCo(Bg(p, oy 0 as € — 0. Then A, (Bg(pi, 45),€*<g) — +o0 as € — 0 which
1720

contradicts (4.13) in Claim 20. This completes the proof of Step 1.

StEP 2 - For any p > 0, there exists B — 0 as € — 0 such that

Vx € M(p),

@ (x) — Ke[|e*) ()| < Be (426)

and
Vx € M(p) Nsupp(ve), |Ke[|Pel](x) — 1] < Be . (4.27)

Note that (4.26) implies (4.21) by Proposition 2. We refer to the proof of Claim 8 in [91] to
get Be — 0 as € — 0 such that

Va,y € M(p), dg(x, ) < }f = [ (x) — Pe(y)] < Be (8.28)

€
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Chapitre 4. Maximiser les valeurs propres de Laplace sur une surface

using (4.18), (4.19) and (4.20) of Claim 21. Let’s prove (4.26). For x € M(p), we write thanks to
(4.18) that

2 2 </
o - kfoefl[ () <

2 (x) = [l ()

pe(x,y)dvg(y)

8§\ Be

26, (£ d
+ 2(10) /M\Bg( \[) pe(x’y) Ug(y)

+2 -y |2 @perdee )

(pi, 10

We can estimate the first right-hand side term thanks to (4.18) and (4.28), the second RHS term
thanks to (4.5) of Section 4.2.2 and the third RHS term thanks to Step 1 to obtain that

1 2

1@ — Kel|@e ]| (x) < 2Co(p)Be +Ole ) +O(e%).

Up to increase B we get (4.26). Thanks to Proposition 2, (iii), we deduce, up to increase B,
that
Vx € M(p) Nsupp(ve), ||Pe(x)| = 1| < Be -

By (4.26) and the previous arguments for |®,| instead of |®.|?, up to increase ., we get (4.27).

Let p > 0. We follow Claim 9 of [91] in order to prove the uniform equicontinuity of
the sequence ¥. on M(p), using the Poincaré inequality of Theorem 11 thanks to Claim 20.
Therefore, up to the extraction of a subsequence we get some functions ® and ¥ such that
(4.22), (4.23) and (4.24) hold true. Let 1 <i <n—+1.

STEP 3 - We have that

pLe*edvy —* ¢idv as € — 0in M(M(p)) .

Let { € C(M(p)). Then
/M €¢é€2ued7)g - /M €¢idv = /M (Ke [g¢g] — K. [4;2]) v
+ /M€ (Kelgt] — yiKe[|@el] ) dve
+ [ € (virdiod) - vi) dve
+ [ ¢ (vidve—yiav)

(4.29)

Let us estimate these four terms. We have for x € M that

Kelggi] - TKelgl]| (x) = /M@(y)—§<x>>¢z<y>pe<x,y>dvg<y>\
< a(f) /M(p) 12y) — ()] pe(x, y)dog (y)
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4.4. Regularity estimates on the surface

since supp({) C M(p) and thanks to (4.18) of Claim 21. By Step 1 and since supp(g) C M(p),
we deduce that this function uniformly converges to 0 in M as € — 0. Thus, the first RHS
term in (4.29) converges to 0 as € — 0. For x € M(p),

() < [ [6E0) = i) 19el )] pel e ()

S oo 12910 = 00| el y)dogy)

Ke[‘l)le] - 11L7ZEK€H®€H

)0 B LR PRCOIENG

YL(y) — 9L(0) | pe(x y)dog ()

VAN
@)
)
—
. B
R —
—
=
)

thanks to (4.18) of Claim 21 and Step 1. Thanks to the uniform equicontinuity of {¥.} on
M(£5), it uniformly converges to zero in M as € — 0. Thus, the second RHS term of (4.29)
converges to 0 as € — 0. Thanks to (4.27), we can write since |¥¢| = 1 that

'/M5 (Wekel|@el) = ¢L) dve| < e [

so that the third RHS term in (4.29) converges to 0 as € — 0. At last, we use the convergences
Y. — ¥ in C°(M(p)) and v —, v on M(p) to obtain that the fourth RHS term in (4.29) also
converges to 0 as € — 0. This clearly ends the proof of Step 3.

Finally, passing to the weak limit in M(p), for p > 0, in the equation satisfied by ¢! permits
to end the proof of the claim thanks to all these steps. &

Thanks to Claim 22, with the assumption m(p) = lime_y |, M(p) eZufdvg > 0, a diagonal

extraction gives some functions ® : M\ {p1,---,ps} = R"land ¥ : M\ {p1, - ,ps} — S"
such that for all p > 0 the conclusions (4.22), (4.23), (4.24) and (4.25) hold true for ® and Y.

4.4.2 Energy estimates

Now we give some energy estimates which will be useful later.

Claim 23.
lim lim V|2 do >/ @dv > Ap (M, | ])m+/ Mdv (4.30)
P00 gy 8T8y T = B Mo (@ '

where m = lim, 0 mo(p).

Proof.
By Claim 18, there exists C > 0 such that for any p > 0 there exists a nonegative function
1 € C®(M) such that supp(n7) C M(p), 7 =1on M(,/p),0<#n <1and

[ Vnidog < mb
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Then, we test the equation (4.25) against 73" and sum over i to get that

n—+1

]:_ij/M <V’7fV<l>i>gt/fdvg+ Z/ v, ch> ndv, = Ag(M, [g])/M ndv .

Since

T ) V¢ ¢V O
V=V (o) =1 — ,
Y (rd>| o T o

we deduce that

IVCDI R
/ndv-/ (Vn, V |®|) dvg+/ @) ndog .

Since ®. — ® in W'2(M(p), R"*!) and |®| >,.. 1, we can write that
. 2 2
>
lim [ IV@fdu 2 /M(p) Vo2 dog
V|
/ ndv —/ (V1, Y |@]), dog

+/ |V|<I>||g N
m o] 1%

, [ C Vo3
> A(M,[g]) moly/p) — C @ L

where C and C’ are some constants independent of p. Passing to the limit as p — 0, we obtain
the claim.

v

¢

4.5 Scales of concentration for the maximizing sequence

4.5.1 Concentration, capacity and rescalings

In this section, we aim at describing all the concentration scales of the sequence {e?*dv, }.
We denote by Z(M, {e**<dv,}) the concentration points of a sequence of measures {e*'<dv, }
on a surface (M, g), that is

Z(M, {e*dvg}) = {z € M; hmhmsup e*'edvg > 0} .
e—0  JBg(zr)

Taking the maximizing sequence {e*'<dv,} for A¢(M, [g]) given by the previous section, which
converges to v in M (M), we clearly have that

Z(M, {e**dvg}) = {z € M;v({z}) > 0}
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4.5. Scales of concentration for the maximizing sequence

and that
Z(M, {e*g}) C () Xo(M, {e**g}) = {p1,---,ps}, (4.31)

r>0
where the p;’s are given by Claim 20. This is a consequence of Claim 18 in Section 4.2.3 :
indeed, for x € Z(M, {¢*<dvy}) and for r > 0 small enough, let Hgxrs2 b€ given by Claim 18.
Then

2
S| Vg ns 4o c

Aw(Bg(x,1),e%) < <
fM <;,lg,x’r’r2>262uedvg 11’1 (%) fBg(x,rz) ezlledvg

so that

lim li Av(Bg(x,7),e%) = 0.
fim lim sup (Bg(x,7),e7)

Then there is a subsequence {¢;} for which x satisfies A, for all r small enough. Thanks to
Claim 20, this gives that x € {p1,---, ps}.

We now define some functions which will rescale the problem at the neighbourhood of the
concentration points. For a € R? and « > 0, we let

H,o(y) = ay +afory € R?.

For p € §?, we define the stereographic projection with respect to the pole p, o : $?\ {p} — R?,
by

_z—(zp)p
o(z) = 1— (z.p)
and its inverse )
_ 2y — (1 —
() = Y= Igl P
1+ |yl

In this section, we prove the following :

Proposition 3. There exist some points a§,- - - , a5y € R? and some scales
0<afy <afy_q<---<aj

such that for1 <i <N,
af - 0ase—0 (4.32)
and letting
do(as,as
F = {j > i,-g(alf) is bounded } )

7
€
1

we have for j # i that

€

jGFi:>a—]%—>Oase—>O (4.33)
1
and that
dg (a5, a5)
j¢F= """ toase—0. (4.34)

i
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Chapitre 4. Maximiser les valeurs propres de Laplace sur une surface

There exist some disjoint sets Mg, M3, - - - , My, C M, some sets DY, - - -, D§; C R? and 55,---,5y C
S? given by

€ €
ﬂi,ﬂéi

DS = H ! (A“/ff’") and S¢ = (Hy s 00) - (AZ.GZ") ,
some associated densities defined by
PhidE = (Haf,zxf)* (62‘72 d§> and e*" dv;, = <Haff“f o a'>* <eza?d§) ,
some masses m; > 0 satisfying
Vol pue o (M) = Volgz,;lgg(Df) = Vol »e, (Si) — miase — 0 (4.35)

for1 <i < Nandsomel; € {1,---,L}, and mo > 0 satisfying

Vol pue o (MG) — mg as € — 0 (4.36)
such that
Z(S?, {1s:e* dvy}) = @ (4.37)
for1 <i <N,
Z(M, {1pee*dog}) = @ (4.38)
and
N
Y mi=1. (4.39)
i=0

4.5.2 Proof of Proposition 3

Let us denote by zj, - - - , zy, the atoms of v with Ny < s < k, where s is given by Claim 20
(see (4.31)) so that

No
eZ”SdUg —* g+ Z m;d,
i=1

where vy € M (M) has no atoms. Let mo = [,,dvg > 0. All the m;’s are positive for 1 < i < N,
and

Let 1 < i < Np. We choose [; € {1,---,L} such that z; € wj,. Up to the extraction of a
subsequence, one can build a sequence {r¢} such that 7§ > 0 and r{ — 0 as € — 0 with

/ eZuedvg —mjase — 0.
Bg(z,-,rf)
We associate to sequences a5 € R? and af > 0 that we shall choose later the sets

—_— li
Df = Hle <Bg(z,', r) > C R?,

5= o YD) c &2,
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4.5. Scales of concentration for the maximizing sequence

M{ = By(zf,77) and

and the densities

qe 2 2(#d+9,)oH,
2ul:(“l§)e(e 1) a

e il : D - R and

i do, = o*(e*Mdx) : S§ - R.
For the notations, we refer to Section 4.2.1.

Note that
No
M= MjU (M
i=1
with Vol o(M§) — m; as € — 0 for 0 < i < Np. We assign to the subset M a test function
17§ € CZ(MY) given by Claim 18 in Section 4.2.3

ni=n 1 for1<i<Np,

Nl—

1
i=1 g,Zl‘,(i’f) 4,(1’1-5)

Note that these test functions with pairwise disjoint supports and small Rayleigh quotient
may also be used to prove that Ny < k if mp = 0 or Ny < k —1if my > 0.

For 1 < i < N, let’s now adjust the parameters af and af in order to detect other scales
of concentration of the mass in the neighbourhood of z;. By Hersch theorem (see [54], lemma
1.1), we can choose 4§ € R? and a¢ > 0 such that

/5 3 1gdv, = 0. (4.40)

Note that 2§ — z; and that af — 0 as € — 0. This normalization of the center of mass
gives a dichotomy in the description of the concentration points of {BZﬁflsl,edvh} vif z €
Z(S?, {emflsisdvh}), then some mass is also concentrated in the opposite hemisphere {x €
8% (x,z) < 0} and we can increase the number of test functions with small Rayleigh quotient
on the manifold among 77, - -, 7§, . From this remark, we will build by induction a finite
bubble tree which describes the concentrations at all the scales they appear.

A tree T is a set of finite sequences

jeN

where || is the length of v which satisfies
— (@) € T is the root of the tree
— if v € Ujen N/ and i € N, then (v,i) € T = 4 € T and (7, 1) is called a son of 7.
— If (7,0) € T then Vi € IN, (,0,i) ¢ T. (,0) is called a leaf of T. We denote by Lt the
set of leaves of T.
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— If y € T, then {i € N; (,i) € T} = {0,--- ,N,} with N, € N and N, is the number of
sons of 7.
Let T be a tree. We let |T| = sup{|y|;y € T} be the depth of the tree. We let also T; = {7 €
T; || < j} be the truncated tree of depth j € IN. We say that ¥ € T is a descendant of v € T if
there exists 7/ € Ujen IN/ such that § = (7,7/).

In the following, we define by induction a tree T with

— some sets Mfr C MforyeTand ny C R?, Sg C S%fory € T\ LT,

— some parameters [, € {1,--- L}, 75, > 045 € R?and af > 0 fory € T\ Lr,

— some points z, € $*if y € T\ Lrand |y| > 2and z, € Mify € T\ Ly and |y| =1,

— some measures vy € M(M) of mass mg = [,,dvg > 0, v, € M(S?) of mass m, =

sz dv, > 01if v € Lt and |y| > 2 and some masses m, > 0 for y € T\ Lr,

— some functions ﬁfy : Dfr — R and LVLEY : Sfr — R,

— some test functions 75 : M — R with 5 € C°(MS) fory € T
depending on €. We describe the process of construction, by induction, of this tree now and
will prove in Claim 24 that it is a finite tree.

If vy € T and |y| = 1, these objects are defined at the beginning of Section 4.5.2.

Assume now that these objects are defined for all y of length |y| < j. Lety € T\ Lt with
|7| < j. Then, up to the extraction of a subsequence,

Ny
15§€2u7d7)h — V(4,0) + ZM(%I‘)(SZ(W.) (4.41)
i=1

where for1 <i < N,, My >0, M) = st dv(%o) and V(y,0) 18 without atom. As we will see
in the proof of Claim 24 and by the same arguments as in the previous subsection, Claim 18
provides some test functions which prove that N, < k. Notice that

N’Y
D Miai) = My -
i=0
Let1 <i < N,. We define I, ;) = I, and up to the extraction of a subsequence, we can build

{ra l.)} such that r{, , > 0and r{, ) — 0ase — 0 with

/ T doy, — me,pyase€—0.
By (Z('y,i)/rf,y,i) )ﬁSfV

We define

—1 -1 -1
(@] [e) (@]
o H af s exp %0,

and

-1 -1 -1
o oH oex
o a,ey,vcfy € pg,7,9c17

—c — 1 o
o) l; Mhzniy )

=
Nl—

A7)
naturally extended by a constant on M so that ﬁfy iy € C*(M). For 0 < i < N, the function
€

Moy = M5 ()
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4.5. Scales of concentration for the maximizing sequence

satisfies (4.43) in the proof of Claim 24 and that

supp(n(, i) Nsupp(n(, ) = D for i # jand supp(n(, ;) C supp(;) -
The use of these test functions proves that N, < k.

Let 1 <i < N,. We define the sets
_ g1 -1
Dlvi) = H”fm[)’“?w) (H”%""GW (D§ ne (Bh(z(“"i)’r?%i))))) ’
€ _ -1 €
Styi) =7 ( (%0)

€ _ € _ T3¢
My = eXPg, . (Haz,iy%,a (D(m)) =Dy~
N’Y
€ _ € €
M, 0) = M35\ U1 Mi,
1=

and the densities

eZﬁfw') doy, = 0" (eZﬁfw')dx) ,

and by Hersch’s normalization, we choose the parameters ufv i) and tva i with
206
/ xe” (r)lge dvh =0 (4.42)
g2 ()
and
ne Ve
gzufdv = ezu(%i) = eZu(W-) =M~ -
e g De s (7.4)
(i) (1) ()

Claim 24. T is a finite tree.

Proof.

StEP 1 - We prove thatif v € T\ Lt, then

either Ny, = 0 or {0 <i < Ny;m, ;y > 0} > 2

Since m,,; > 0 for 1 <i < N,, we get Step 1 if N, > 2 or N, = 0. We now assume that
N, = 1. By (4.41) and (4.42),

/Sz(x’z(%l))dv(%o) g =0

Since m,, 1) > 0, we get that v(, ) # 0 and m, o) > 0. This proves Step 1.
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Chapitre 4. Maximiser les valeurs propres de Laplace sur une surface

STEP 2 - We prove thatif v € T\ L7, then

Ju ‘Vﬂfw‘) )Z dog
Ju (’7?7,1'))2 e?edvg

and that if , ¥ € T with |y| < |¥|, then
— if 7 is not a descendant of v, then supp(n5) Nsupp(n5) =
— if 7 is a descendant of v, then supp(n5) C supp(y5) = @

—0ase—0 (4.43)

@

We prove (4.43) by induction on |y| < j. This is clearly true for j = 1. We assume it is true
for all |y| < j with j > 1. We have

2
Ju ‘Vﬂfw’) ¢ dvg

fM <17€,yli))282uedvg N fM (ﬂ%ﬁfy/i))zghedvg

2
Jos |V,

with

2 12 o
gdvg < 2 </M|Vﬂ7‘gdvg+/M‘vrl(’}’,i) gdvg>

= 2 (o (/M (nfy)zez"edvg> - 0(1)>

by the induction assumption and for i > 1,

) 2
€ 7€ VAT > / 211€ .
/M (17’)/17(7,1)) e dvg = 2 17]1,2(%1'),(7’9 )%,Te : e TISwdvh

(rd) (vi

- 2ie
= /Sze lsgﬁBh(z(%f’)’rf%i))dvh

/M ’Vﬂ'eyflf'y,i)

7.i)

and for i = 0, fixing p > 0,

2 Ny 2
€ =€ VAT > / _ 041 .
/M (177;7(7’0)> ¢ dvg T s 1 1:21 Wh,zw-),(re )%,(r(ew))% € vlswdvh

(7i)

eZu

Y

g156 dUh
/SZ\U?Z B (pip) !

Ny
= dv + Y m, 0, . | +o(1
/SZ\Ulm] Bh(pi,p)< ) + LMy w) (1)

= dv +o(1
/SZ\Bm,p) o) o)

as € — 0. Gathering the previous inequalities, together with

2
/M (172) eZ”Edvg < /M ezuedz}g =1
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4.5. Scales of concentration for the maximizing sequence

we get (4.43).

We now prove the second part of step 2, also by induction. Assume that, for some j > 1
fixed, for all v, 4 € T with |y| < |§| < j we have that

— If 4 is not a descendant of v, then supp(y5) Nsupp(y5) = .

— If 7 is a descendant of v, then supp(n5) C supp(n5).
Let us prove now that this is still true for any v, 4 € T with |y| < |§| < j+ 1. If |§]| < j, there
is of course nothing to prove. Assume that || =j+1

If |y| =j+1, then,

supp(n5,) Nsupp(n5) C supp(if,) Nsupp(7s)

which is empty if and only if ¢ # .
If || < j, we denote ¥ = (§,i) with 0 < i < N4. We can apply the induction hypothesis to
71 < [4] <. Then,
— if supp(ny) Nsupp(in,) # @, we get supp(yy) Nsupp(i,) # @ since supp(y3) C
supp(n4). By the induction assumption, § is a descendant of v and ¥ is a descendant
of 7.
— If 4 is a descendant of +, then, 4 is a descendant of y and by the induction assumption,

supp(i13) C supp(ipy) C supp(1y).
The proof of Step 2 is complete.

Step 3 - We prove the following assertion H; by induction on j.

H; : If Tj # Tjy4, then, Tj;1 = T or there exist j + 1 test functions with pairwise disjoint
support in the set {15,v € Tj1}.

Notice that by (4.43) in Step 2, the assumption Tiyq # T would give a contradiction.
Indeed, it suffices to test the k + 1 functions given by the assumption Hj,; in the variational
characterization (4.2.1) of A = Ax(M, e*<g). Therefore, the increasing sequence of trees {T;}
is stationnary, and Claim 24 will follow.

Note that Hj is true by the existence of {#{}.

Let j > 1 and we assume that H; ; is true and that T; # Tj;1. Then, Tj ; # T; and
H; 1 gives j test functions with pairwise disjoint support in the set {#5;y € T;} denoted by
N5, "~ 11y;- We assume that Tji4 # T. Then, there is v € Tj such that N, > 1. By Step 1, there
are two indices i1 # i, such that m(, ;) > 0 and m, ;) > 0.

If v is not a descendant of one of 74, - -, Yir then we take the set of test functions

{ﬂ’eh" o ’U’GYj’Uf’y,ﬁ)} :

If 7y is a descendant of one of 1, - - -, 7;, then, by Step 2, since the functions 17,6”,- . ,17%
have pairwise disjoint support, there is a unique 1 < i < j such that 7 is a descendant of v;
and we take the set of test functions with pairwise disjoint support

Ul e My U’en’ ﬂfw&)’ ﬂf%iz)} :
Thus H; holds. This ends the proof of Step 3 and as already said the proof of Claim 24.
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Chapitre 4. Maximiser les valeurs propres de Laplace sur une surface

¢

Thanks to this construction, the parameters (afw (xg) define separated bubble or bubbles
over bubbles. This reads as a formula which originates from [8] and [106] in the context of
bubble tree constructions :

Claim 25. Ify € T\ Ly, a5, — 0as e — 0and if y1,72 € T \ Lt with 71 # 72, then

d(ﬁe,ﬁ€> € €
B Tl Ty Ty ogse — 0.
as, +«f as, ol

1 T2 T2 s

Proof. We recall that there exists Cy > 0 such that forall 0 < r < 4,
Bg(x,Cy''r) C expy . (D, (&) Be(x, Cor)

for all x € w; with 1 < < L. On the spheres, there also exists C; > 0 and some J; > 0 such
that for all 0 < r < 4,

By(zy, C;'r) € 071D, (2,)) C By(zy, Ci7)
for all v € T\ Lt such that |y| > 2 and z, # p, where 2, = 0(z,) ; and
Bi(p,C'r) € ™' (R2\ Dy ) C Bu(p,Cur) .
Now, given 71,72 € T\ Lt, we let v € T such that y1 = (7, 71), 72 = (7,92) and |v| is
maximal. We consider 5 cases in order to prove the claim.
Casel- v = (@). Then v = (i, 1) and y2 = (j, 71) with i # j.
Since
M, C Bg(z;,17) C eXPg, x, (DCOrf (Z’)) ,
we get with (4.40) that
|Ell€ - Zl'| S Coi’f
and
Déf S Coi’f + ‘ﬂle — Zi|
so that aj — Z; as € — 0 and af — 0 as € — 0 and the same is true for j. Then, since z; # z;,
dg(ﬁf/ ﬁ;) dg(ZZ‘,Z]‘) +0(1)

= — 4o0ase —0.
ocf+oc]? ocf+¢x]?

CasE2 - v # (D), 91 = (D), 42

Then, we have

(j, ”)\/2) with Z(,w-) 7é p.

€

Ms, C ME, ) Cexpy o Doy os (6520, +a5) )
so that by (4.42), we have that

€

) T a5 = afw’)‘ < Ciry, %5

x (v.) %
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and
€ € € 25 € €
Ny T8 Z () Ty — A

an

(vi)
CAsE 3 - Y 7& (@)/ r?l = (®)r '7/2 = (]’ /)\/2) with Z(’y,j) =P

e )7[15/
( )+uc€

€

Lo
is bounded and we prove by contradiction that - — +oco as
v

We assume that

€ — 0. We assume that IX(’Y h = = O(a5). Then, it is clear that M%%‘ is bounded and we have
v
by (4.42) that

Oc,ey ‘
aé‘ . > _ a€ _ ae .
(vj) = v $2))
Ciri

so that

€ € _ €

) > LI i a(w)‘ — f+ooase —0

as, Clrf%i) s

which contradicts the assumption “?7]') = O(lX ). Thus, ae — +ooase — 0.
CAsE 4 - 77&(®)1 (l 'Yl) <]/')’2> Wlthl#], Vi #pandzw #P
ai, » = a(%].)‘ = af ( 2(0i) —z(w)‘ +o(1 ), % =0(1) and W =0(1) by

Case 2 so that

dg (ﬁf%i)’ﬁfw))
ocf + zxi

— tooase — 0.

Vi) Vi)
Case5- 7 # (), 71 = (i,1), 72 = (j,42) with 2, # p and z(, ) = p.
As in Case 3, we assume that W is bounded and we will prove by contradiction
i v
that % ; — 400 as € — 0. Let’s assume that ocf%],) = O(txf%i)). Then,
€ € € _ 4€ € _ A€
Yorp) ~ O Yop) ~ il | %\
€ — € €
" F ) A% I %)
€ € € €
< P "l e ]
T Mgy T D‘f%]’) a5 +o(as)
ag . —ag .
() (i)
< PN +0(1)
(vi) — ")
since af, ;) = o(as5) i,y — (5). Then, ’ aeﬁ "‘(a: is bounded and by

«f af . o L.
Case 3, 22} — +o0 as € — 0 so that - — 400 as € — 0 which gives a contradiction. Thus,
7 ()

af_ .
2l — 400 as e — 0.
(1)
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Gathering all the cases, the proof is complete. &

Now, we are in position to prove Proposition 3. We denote by L™ C Lt the set of leaves
7 € Lt such that m, > 0.

To simplify, we now denote the elements of L™ by {1,---, N} and all the indices v € LT in
Mfy, Dg Sg, afy, och ey o2y v, and m., are replaced by the corresponding indexi € {1,---,N}.

Up to the extraction of a subsequence and up to reorder the «f’s, we get (4.32), (4.33) and
(4.34) thanks to Claim 25. By construction, we obtain the remaining facts of the proposition.

4.6 Regularity estimates at the concentration scales

In this section, we aim at proving some energy estimates in order to prove later Proposition
4 page 142. We fix i € {1,--- , N} given by Proposition 3 and up to the end of the section drop
the index i of the parameters [;, af, af the functions 7§, we defined. As described in Section
4.2.1, we let
®e(2) = B o Hyp, (2) = DLz + ac)

and

Then, for 1 <i <n+1 and for p > 0 fixed, we get the equations
Aspl = Aee®™ Pl on D; . (4.44)
o

As we will see, the properties gathered in Proposition 2 and Claim 20 are in some sense
invariant by dilatation. Indeed, this is clear in the equation (4.44). We also have that if Q) C wy,

A(Q, e21) = A, (), e2e)

where we set () = H. L (ﬁl ) The heat equation is also invariant by dilatation, up to some

errors on the surface M we precised in Section 4.2.2 (see (4.4) and (4.6)), thanks to the following
identity in the Euclidean case

3 vl

“ flay)dy .

1 Jx—y|? o
—e  de dy = R
R2 47‘cee f(y) Y R2 47‘cee

Therefore, we can derive regularity estimates of the eigenfunctions at all the concentration
scales.
However, we have to divide the proof into two cases, depending on the speed of concen-

tration & when compared to €. In section 4.6.1, we treat the case when % — 4oc0ase — 0.In
section 4.6.2, we will treat the case when a2 = O(e).

2
4.6.1 Regularity estimates when ¢ — +oco

2
We first assume in this subsection that % — +ooas e — 0. We set 6, = m, where
€

ac—a€R*ase—0,and ig € {1,---,No} such that z;, = a. Then

0. >0ase—0. (4.45)

116



4.6. Regularity estimates at the concentration scales

We will adapt the technics of Section 4.4.1 to the surface (SZ, ezaedvh). First, notice that
e*ledx — dv. —, 0in M(R?) ase — 0. (4.46)

Indeed, for ¢ € C?(]DRO) for some Ry > 0, and R > R, we can write that

/]R2 7(x) (eme(X)dx —dﬁe(x)) = /M\DR </JD“R Pe(y,x)C(ﬁ)dvg(}/)> dve(x)
(6 -2 peteaz ) aoe()
v ( /D R ﬁe(z,x)dz—1> C(x)die(x) .

By estimates (4.9) on the heat kernel, we have that

/. ( /. pe<x,y>ré<y>\dvg<y>> de(x) < [Zllo sup [ pelxy)dog(y)

Ro xEM\HjR

(R—Rg)?
e W
< O( 0 ) —+0ase—0.

€

By estimates (4.7) on the heat kernel, we have that

xeDg
— Qase—0

since  is uniformly continuous on IR?. Finally, we have by the heat kernel estimate (4.10) that

he(z,x)dz—1| =0,
/]DRpe(zx)z ‘

lim lim sup
R=+e0e=0,cp,
0

so that we get (4.46). We denote by ¥ the weak star limit of both {e?’<dx} and {7, } in M(RR?).

Let’s tackle a generalization of Claim 20 at all the scales which appear between &, and dy.
For a sequence {.}, we let

. _ —~1
() = 202 (vex ) and BT (x) = De (yex + ac)
and for a sequence of domains Q. C wy,
~ e — ~!
Qe = Hae/l')/e <Q€>

so that
)L* (QEI eZugg) — /\* (Qier)/eleleg% g)
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Chapitre 4. Maximiser les valeurs propres de Laplace sur une surface

and
AT = A DT
We also let A, be the annulus D; \ D,.
I

We recall that X, (0, {e**"¢}) is the set of points of QO C R? such that there exists € > 0
which satisfies P, ¢, that is A, ¢ or B, .

Are s Au(Dy(x),¢2) < Mbls)

B, : There exists f € Ex(M,e?*g) such that f'*(x) = 0 and the Nodal set of /¢ which
contains x does not intersect 0D, (x).

Note that for y. = a, ¢21’e — ¢2le and that the set of concentration points satisfies
Z(Q, {e*dx}) C X, (Q, {e**¢}) (4.47)
for all r > 0. We write wj < wf$ if two sequences {w$} and {w$} satisfy % —0ase — 0.

Claim 26. Up to the extraction of a subsequence, there exist some sequences {w$} with0 <i < t+1
and 0 < t < k such that

0 = wi K] K wj L - L wp L wjp =0,

there exist Ry > 0 and some points p;j with 0 < i < tand 1 < j < s; such that if 1 < i < ¢,
pij € Ay andifi =0, poj € Dg,, with
0

t
s—1+ Z s;i <k
i=0
and forall 0 < p < 2170, there exists some r > 0 such that forall 1 <i <t,
—wf i
X (A 2= axy) € Uy (),
j=1
A SO
Xy <1D%/{€2”€dx}> C U Dp(po,)
j=1

for all sequence {y¢} such that %f < Ve < pwf q with 0 <i <t fixed,
X, (ARop, {ezmwedx}) =0Q,

and forall 0 < p < ;ﬂ,for allr >0, forall0 <i <t 1<j<s;and for all subsequence €,, — 0 as
m — oo,

X, (D;,{ezmwi dx}m>0> NDy(pij) #D. (4.48)
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Proof. By contradiction, we assume that for all subsequence €,, — 0 as m — +oo, for all
{w™} >0 with 0 <i <t and

0 =w) K W] KW L - L wp L wgpq =0,
for all families of points pij € RZwith0 <i<tand1l < j <sisuch thatif 1 <i <,

pij € A% and if i = 0, po; € Dg,, with

0

t
s—1+4+) si<k
i=0

1
'M}}fgi’;o{(ﬁo,ﬂ}z%} +1,

there exists 0 < p < ZlTO such that for all r > 0, either there exists 1 < i < f such that

and

Rp = max max max ‘pi,j
1<i<t1<)<s;

X, (8, (2 ax}) \ UDy(pij) £ ©, (4.49)
j=1
or s
X, (lD%, {eZﬁfdx}) \ D, (po)) # O, (4.50)
j=1

or there exists a sequence {7, } such that %"e < Ye < pwi,, for some 0 < i <,
X, (AROp, {ewedx}) £Q. (4.51)

With this assumption, we prove by induction the following property Hs for s —1 < § <
k+1

H; : there exists sequences €,, — 0 and r,, \, 0 as m — +0o, some scales
0 =wi K K w; L - L wp LK wi g =0,

some points p*, p;; € R2\ {0}if1<i<t1<j<s;and Poss Poj € R?if 1 <j < sp with

t
5—1‘1‘251':5
i=0

in

T'm,€m

and p;; # pij if j #j for 0 <i <t suchthatforall0 <i <t 1<j<s, pi; satisfies P
(1RZ, (27" g}mz()) .

We already have H;_1, let’s prove H;. We fix p > 0. By assumption, since we apply it with
all s;’s equal to 0, either (4.51) or (4.50) happen. Let’s study these two cases :

Casg (4.51)s_1 : There exists a sequence {7, } with % < Ye,, < pdp and some x,, €

Xop—m (Ap, {ezw dx}). We choose €, such that x,, satisfies Py-n ¢ . It is clear that €,, — 0 as
m — o0.
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— If I» — o0, we set a new scale wi" = 7., and pj; = x,, € A,. Up to the extraction of

Kep

a subsequence, pi'; — p1,1 € R?\ {0} as m — +co. Itis clear by Claim 20 that wi" < o
up to reduce p, and we get H; in this case.
— If Y= js bounded, up to reduce p, one gets that (4.50) holds and we can go to Case

ey

(4.50),_

CasE (4.50)s_1 : There exists x,; € Xp-n (Dl,{ezﬁfdx}). We set pf; = x, and up to the
1 ,

extraction of a subsequence, pg'; — po1 as m — +o0 and we get H; in this case.

Now, we assume that H; is true for some s < § < k. Let’s prove Hz 1. We define all the
parameters €, y, w;", pi; and p;; given by Hs. We fix p > 0. By assumption, one of the
assertions (4.49), (4.50) and (4.51) must happen. Let’s study these three cases :

Casg (449); : Let1 <i < tand x, € X, (Ap, {ezl‘emwimdx}) \U?’L D, (p;j). For m > 0,

we set p;-’”Si 41 = Xm and we let €p(m) be such that pqu 1 satisfies Py, €pm . Since 1, N\, 0, as

B(m)
i

. Up to the extraction of a subsequence, we can assume that

m — +oo, setting M(m) = min{m, B(m)} gives that pl
B(m)

i+1 VM( 1) 7€ B(m)
Pl it Pisi+1as m — —|—ooandthatrM N\ 0asm — +oo. Since pf | € A \U] 1Do(pi),

satisfies PrM () EB0m) foralll <j <s;

and p; / satisfies P

Pisie1 € R\ {0, pi1- -+, pis }- The proof of H; 1 is complete in this case.
Cask (4.50); : The proof of Hs1 is the same as in (4.49)s.
Cask (4.51); : Let {1, } be a sequence such that

€m

V€
< Ve < pwe’"l and x,, € X, (ARop/ {ezueq qu}q20> .

— If Z;’L’, — 400 and g% — 0, we define a new scale w;"; = 7., and piii, = Xm- Up to
1
the extraction of a subsequence, p}, | € A, satisfies Py, c,, piq1 — pri11 € R?\ {0}
and ry, \, 0 as m — 4co. Up to reorder {w:™}, we get Hs4 in this case.

— If i = 0 and Z}i’;’, is bounded, up to reduce p, we get that (4.50) holds and go back to
0
Case (4.50)s.
— The case i =t and tj 1 js bounded leads to a contradiction by Claim 20.

— The other cases lead to the fact that (4.49) holds up to reduce p and we are back to Case
(4.49)s.

Gathering the three cases, we deduce Hs, 1. Therefore, Hy 1 holds true and we now prove
that this leads to a contradiction. We will define new test functions for the variational charac-
terization (4.2.1) of A¢(e?*eg) on M, 17 for0<i<t 1<j<s;.

— If pj; satisfies A;, ,, 77;; is defined by an eigenfunction for A, (Q??, o2l g) extended

€m

by 0in M\ O, where Q; C M is defined by D, (p:”]) = Qimjw" .
— If pi; does not satisfy Arm ens it satisfies B, . and 7" s defined by an eigenfunction

for A, ( D e e2lem g) extended by 0 in M \ D where D; € M is the Nodal domain of

an eigenfunction associated to A, such that D;.”]- e D, (p! ].).
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We also use the functions 5" for {1 < i < s}, already defined in the proof of Claim 20. Note
that these k + 1 functions have pairwise disjoint support for m large enough. Then

2
m 2
Ju ‘V’hj gdvg S [Vt [ dog
Ae,, < max max 5 ,rr;éax 75
OSiSt,lﬁjSS‘ 2 i#iy m el dv
o () oy P Lo

= €m

The last inequality comes from the definition of the properties A and B and we have equality
if and only if one of the test functions is an eigenfunction for A, = Ax(M, e?“en ¢). This contra-
dicts the maximum principle since the test functions vanish on open sets of the manifold.

Therefore we proved the first part of the claim. Up to make successive extractions of sub-
sequences of {€, } and up to remove some points p; ;, one easily proves that the last condition
(4.48) also holds.

&
For p > 0, we set
S0
Q(p) = D1\ [J Dy (poy)
j=1
As previously remarked, the set of concentration points of {¢*’<dx} satisfies
Z(R?, {e*™dx}) C {po1, -+, Pos} (4.52)
and letting
m;(p) = lim e,

€=20.J0(p)

we have that m;(p) > m; +o(1) > 0 since we have (4.35), (4.37) (4.52) and m; > 0. We aim at
getting regularity estimates on &, and ¢?% in Q(p). We follow the proof of Claim 21, thanks
to the fact that m;(p) > 0 for p small enough.

Claim 27. We have the following
— Estimates on &, :

Vp > 0,3C1(p) > 0,Ve >0,

ci)€HW1r2(Q(p)) < CGi(p), (4.53)

O || o) < C2(p) - (4.54)

— Quantitative non-concentration estimates on e*% and |V ®¢|? :

Vo > 0,3C2(p) > 0,Ve > 0,

0 D
Vp > 0,3D1(p) > 0,Vr > 0,limsup sup e?le < 1(1p) , (4.55)
e—0  xeQ(p) /Dr(x) In(3)
Vp > 0,3Dy(p) > 0,Vr > 0,limsup sup IV |? < D:(p) . (4.56)
e=0  xen(p) /IDr(¥) In(1)
Proof. )
We first prove (4.53) using Claim 26 and the fact that m;(p) > 0. Let’s prove that {%}
J0(p)

is a bounded sequence in W~12(Q(p)). Let p > 0 and r > 0 such that X, (Q(p), {e*"dx}) = @.
Then, for all x € Q(p), and € > 0, A, (ID,(x),e**¢) > %’[g]).
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Chapitre 4. Maximiser les valeurs propres de Laplace sur une surface

By compactness, we let y,-- -, yx € Q(p) be such that Q(p) ¢ UX, D, (y;) and ¢y, - - -, %
a partition of unity associated to this covering so that Zle P, = 1 on Q(p) and supp(y;) C
D, (y;). Let L : W'2(Q(p)) — W'2(R) be a continuous extension operator. Then, if i €
W2 (Q(p)),

Zu€ dx

2ugdx
/ 1'bf e2edy ZZ;/ )N, (;) 4L fQ e2ledx
1

/ (lplp)zﬂ ’
i—1 \/Q(p)NDr(y:) : fQ(p) e2fedx

1

\o  eMedx :
( oy O dx)

Qp)
(Jo 0 IV L@)90) )

=LA (Dy(yi), eeg)? (fo(p) emdx)

A
. A(MH;}@; L) [z
<%) m;(p)
< Ai(e) [¥llwiza))

for some constants A (p) and A;(p) which do not depend on € > 0. By the Poincaré inequality
of Theorem 10, there exists some constant A(p) > 0 such that for f € C*(Q(p))

e2ledx
v >0,/ / dx < A / V2 dx .
: Q(p)< I d) v i) [ (Vs

We deduce from this inequality that

VAN
1=

IN

IN
=

N|—

N—=

fQ( )fzemfdx) 1 (fo fz 2uedx>

<|A 2d T
”fHLZ(Q(p)) = ( Z(P) /Q(p) ‘vf| x+ fQ(p) 220 d fQ e20e dx

Since m;(p) > 0, applying this inequality to ¢\ gives (4.53).

We now prove (4.54). Let 1 < i < n+ 1. Up to change §. into —¢., there exists a subse-
quence {x.} of points in Q(p) such that ¢i(x.) = SUPq(p) |pL|. We set 8 = dz(xe, supp(De))
and we let ye € supp(¥e) be such that 6c = |xe — ye|. We divide the proof into 3 cases :

% 0) (x¢) by estimates

Case 1- 6! = O(1). Then, {¢*"} is uniformly bounded in lein(;,Z

on the heat kernel (see (4.8)). By (4.53), ¢\ is bounded in L? (Q (8)) and {%(x¢)} is bounded
by standard elliptic theory on the equation (4.44).

Casg2- 6. =0 <\f> Using Claim 19, we get that {§%(x,)} is bounded.

CaSE3 - 0. — 0ase — 0and ‘[ — 0 as e — 0. We set

eZwE(x) — 5362ﬁ6(x6+56x)
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4.6. Regularity estimates at the concentration scales

PYe(x) = Ph(xe + 6ex)
1

zZe = E(xe —Ye)

so that
Ape = Aee® 1 in Ds . (4.57)

Up to the extraction of a subsequence, there is zg € R? with |zg| = 1 such that ze — zg as
€ — 0. By estimates (4.8), there is D; > 0 such that

¢ < DyinDy .

By Claim 19, since ye € supp(Ve), Pe(ze) = O(1) as € — 0.
We first assume that i does not vanish in ID3(0). Since ¢(0) > 0, ¢ > 0 in ID3(0). Then,
by Harnack’s inequality, we get D, > 0 such that

Vx € Dy, (%) > Daye(0)

Since . is positive, . is superharmonic in D, ((z¢) C ID3(0) by the equation (4.57) so that

1
Ze) 2 ——
lpe( €) - 27T |Z€| a][)‘zd(ze)

Pedo

and keeping the part of the integral which lies in D 1, we get a constant D3 > 0 such that

¥e(ze) > D3pe(0). We conclude that ¢l (xc) = ¢(0) is bounded.

We now assume that i vanishes in D3(0). Since X,(Q(p),e*c) = @ by Claim 26, .
vanishes in ID4(0) on a piecewise smooth curve between two points of distance greater than 1.
By the corollary of Theorem 11 of Section 4.2.3 for Q) = ID5(0), we get some constant C; > 0

such that
/ Y2dx < c1/ Vel doxc
D4(0) D5 (0)
By elliptic estimates on (4.57), {¢¢} is uniformly bounded on D 1 (0) and ¢ (xe) = ¥e(0) =
O(1).
We now tackle the estimate (4.55). Let r; > 0 be such that for all 0 < r < r1(p),

X, (Qp), {27¢)) =@

Then,
1 - 2
"A(Dr(x)) T MM, [g])

By isocapacity estimates (see [77], section 2.3.3, Theorem 2.3.3),

Ve > 0,Vx € Q(p)

ey capa (Dy(x), D, (x)) am
/]D,me TS TN D0, ) S MM, gD (3

And we get (4.55). The last estimate (4.56) is a consequence of (4.55) as proved in [91], Claim
7.
¢

We now need an estimate of {®P.} on the whole surface in order to prove later that no
energy is lost in the necks.
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Chapitre 4. Maximiser les valeurs propres de Laplace sur une surface

Claim 28. For any p > 0, there exists a constant Co(p) > 0 such that

ii i=0 j=1

r@uwsgmw&(uﬁ*””)+0,

Ke

Vx € M\ (U Be(pio)UU U Qi,j) :

where N
O = Wi Dp(pij) + ae and e = expy !, (ae) -

Proof. Let 0 < p < 20171{0 and let r > 0 which satisfies the conclusion of Claim 26 for this p.

STEP 1 : We have that for 0 < i < ¢, there exists A;(p) > 0 such that forall 1 < g <n+1, for
all sequence {7.} with % < 7e < pws 4, either
7!3’)/6
Vx € Aiorgp, |Pe (x)]| < Ai(p)
or .
4 (y)‘ . .
Vx,y € Atorgpr ———— < 4 (x)] < Ai(p) 4 )| -
T Ailp) T
We let A;(p) be such that
—QRYe
o 7" )
max sup  sup{ min{ max f (x)|, max —
1§ﬁ§n+1 W€ e>0 xEAlORop x,yeAlORop ﬁ')/e
T <ye<pwtyy Pe (y)‘

€
wm

and we assume by contradiction that A;(p) = +oco. Then there exist 1 < p < n+1, ;) <
Yem < PWS, 4 such that ¢,, — 0 as m — 400 and
T%m
g Yem €m (x)
min rér;ax fm (x)], rr}Aax =7 ( " te™asm— t+oo.
xe xXy€ em
10Rgp YER10R)p (Pgm (y) ‘
T’Yem T%m
Let xy € Aqor,p be such that |ge,  (¥m)| = maxsen,o, [Pe,  (¥)|- We set

Om = d (xm, supp (ve, "))

and take y,, € supp (ve, ") such that |x, — ymu| = 6. We study 3 cases, each one leading to
a contradiction.

Casel-6, =0 (‘4:7"1) We apply Claim 19 for the sequence of points {expgl,xl(’yem Xm +

de, ) }m in M and we get a contradiction.
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4.6. Regularity estimates at the concentration scales

CASEZ-(Sm—>0and%—>+ooasm—>+oo.Weset

7. JE
eZan — (5%162145"’ " (xm + (Smx) ,

1

T%n
l/]m = (lbem (xm + 5mx) ’
1
Zm = T(ym - xm) ’
m

so that

Ap = A, € P .
Up to the extraction of a subsequence, there is zg € R? with |zo| = 1 such that z,, — z( as
m — 4-co. By (4.8), there is D1 > 0 such that

ezw’” < D; on ID% .

By Claim 19, since y,, € supp (Ve,” ), m(zm) = O(1) as m — +oo.
We first assume that ¢, does not vanish in ID3(0). Up to take —,,, we can assume that
P > 0 on ID3(0). Then, by Harnack inequality, we get D, > 0 such that

Vx € Dy, Yu(x) > D2y (0) .

Since iy, is positive, ¢, is superharmonic in D\, |(zn) C D3(0). Then,

Ym(zm) > !

—_— do
- 27 ‘Zm’ a]D‘Zm‘(Zm) lpm

and keeping the part of the integral which lies in D 1, we get a constant D3 > 0 such that

Y (zm) > D3, (0). We conclude that Eem (xm) = ¥, (0) = O(1) which is absurd.

We assume now that ¢, vanishes in ID3(0). By Claim 26, i, vanishes in ID4(0) on a
piecewise smooth curve between two points of distance greater than 1. By the corollary of
Theorem 11 for Q) = ID5(0), we get a Poincaré inequality

2 4 <C/ V| dx .
/D4<o>¢"’x_ gy | Pl

—3 Yem
By elliptic regularity theory, ¢, is uniformly bounded on ID 1 (0) and Em (xm) = Pm(0) =

O(1) which is absurd.

CaAsE 3 - % = O(1). Up to the extraction of a subsequence, we assume that x,, — x in
A1oRryp as m — +oo.

€

.
We first assume that ¢, := cpfm vanishes in Asg,. We get by Claim 26 and the corollary
of Theorem 11 for (3 = Asg,, a constant C; > 0 such that

2 2
dx < C / v, 2 dx .
/. Ry A

By (4.8), there are some constants 7 > 0 and D; > 0 such that

eXen™™ < Dy on D (x) .
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By elliptic estimates, {1, } is uniformly bounded on Asg, NID ; (x) which gives a contradic-
tion. —

We assume now that ¢, := (,bgm " does not vanish in Asryp- Up to take —1py,, we assume
that Py > 0O on ASROp-

Let’s assume that y,, — y as m — +oo with y € Ayg,,. By Claim 19, ¢, (y) = O(1). By
(4.8), there exists a constant D1 > 0 such that

Hlen™ " < Dy in D;_5(x),
where § = min (g, %). By Harnack’s inequality, there exists D, > 0 such that

Vz € Agrop MDDy _p5(x), P (xXm) < Dapp(2) -

By superharmonicity on D;5(yu) C Asg,p,

1
Y (Ym) = Ymdo .

= 271 x 35 Jaby;(ym)

We keep the part of the integral which lies in Agg,, NID;_,;. Since the length of 9D;5(y,) N
Agryp NID;_,5is uniformly bounded from below, we get a constant D3 > 0 such that ¢, (ym) >

3 Yem
D3y (xy). Then, gbeﬁm (Xm) = Ym(x) = O(1) which is absurd.
Assume now that vy, € R? \AgRop. By (4.8), there is a constant Dy > 0 such that

TG .
ezuem " < D;iin A9R0p .

By Harnack inequality, there exists a constant C; > 0 such that
Vz € Paorops Y| (xm) < C1 |¢pm] () -

By definition of x,,, we get

Yem
€m

Yem
€m

(z),

() <

(xm) <C

il
(Pem o

which also leads to a contradiction.

Vz,Z € AlORopz

STEP 2 : We have that for 1 < i < t, there exists B;j(p) > 0 such that forall 1 < g < n+1,
either
S; 71016
vx € A\ U Dp(pij), |98 (x)] < Bilp)
j=1
or )
PR
Si Pe (]/)‘ ?wie ?wf
vy € A\ UDy (), ol < o (0| <o) |of )
=1 l
We set
i
—gt e (%)
) = e i (9 (0] g w)
€
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4.6. Regularity estimates at the concentration scales

with

We prove that Bj(p) < +o0. Let 1 < B < n+1, a subsequence €, — 0 as m — +oo and let
o, (x)

and take y,, € supp <@“’i€m) such that |x,, — Y| = ém. We consider 3 cases.

€
w{m

4)5"1 l (xm)

w

xm € U, be such that

= Mmaxyey,

. We set 6, = d(xp, supp (Wm“’igm>)

Casel-6, =0 (gf,?}) We apply Claim 19 for the sequence : {exp,, . (w"xm + de,,) }m of

€
w‘I’H

¢h, " (xm)

points in M and we get a uniform bound for

CASEZ-cSm—>0and%—>+ooasm—>+oo.Weset
m
_fm
esz - 5%162]/[6"1 ' (Xryz + 5mx) 7
€m

P
Y = Pe,,  (Xm+0mx),

Zm =

(Ym — Xm) ,

)=

so that
AP = A, €2 Py .

Up to the extraction of a subsequence, there is zg € R? with |z9| = 1 such that z,, — zo as
m — +o0. By (4.8), there is D; > 0 such that

ezw’” < D;onD; .
2

By Claim 19, since y,, € supp (Ve," "), P (zm) = O(1) as m — +co.
We first assume that ¢, does not vanish in ID3(0). Up to take —1,,, we may assume that
P > 0 on ID3(0). Then, by Harnack inequality, we get D, > 0 such that

Vx € Dy, n(x) > Datpu(0) .

Since ¢y, is positive, ¢, is superharmonic in D, |(zx) C D3(0). Then,

1
Zm) > ———
wm( YH) — 27_[ ‘Zm’ a]D‘Zm‘(Zm)

Ppdo
and keeping the part of the integral which lies in D 1, we get a constant D3 > 0 such that

P (zm) > Dap(0). We conclude that ¢F. " (xm) = m(0) = O(1).

We assume now that ¢, vanishes in ID3(0). By Claim 26, i, vanishes in ID4(0) on a
piecewise smooth curve between two points of distance greater than 1. By the corollary of
Theorem 11 for Q) = ID5(0), we get a Poincaré inequality

24 <c/ V|2 dx .
/D4<o>lpmx_ gy |V Pl
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Chapitre 4. Maximiser les valeurs propres de Laplace sur une surface

~p Tem

By elliptic regularity, ¢, is uniformly bounded on D (0) and ¢, (xm) = Pm(0) = O(1).

CASE 3 - (%m = O(1). Up to the extraction of a subsequence, we assume that x,, — x in U,
as m — +oo. .
7“]] m
We first assume that ¢, := 4)2” vanishes in U ‘. We get with Claim 26 and the corollary
of Theorem 11 for Q) = TU%: a constant C, > 0 such that

2 4 <c,/ Vip 2 dx
[Ugwmx_ V¥l

By (4.8), there are some constants 7 > 0 and D; > 0 such that

€
m

e?"en ' < Dy on Dy (x) .

7 Yem
By elliptic estimates, {¢,,} is uniformly bounded on U ¢ ND; (x) so that cpfm (xm) = O(1).

Em

We assume now that ¢, := (])fm " does not vanish in U,. Up to take —1,;, we may assume
that ¢, > 0 on TU%.

Let’s assume that y,, — y as m — +oo with y € U%. By Claim 19, ¢ (ym) = O(1). By
(4.8), there exists a constant D7 > 0 such that

e <D;inD; j(x),
where § = min (¢, 15). By Harnack’s inequality, there exists D, > 0 such that
Vz € U% NID;s_o5(x), Ym(xm) < Do (z) .

By superharmonicity on dID;5(ym) C Us,

Ym (]/m) > ! led(T

= 271 X 30 JaDy;(ym)

We keep the part of the integral which lies in Us NID;_,5 since the length of 0ID45(y) N
10
U NID;_,;5 is uniformly bounded below and we get a constant D3 > 0 such that ¢, () >
10

€
wm

D3t (x). Then, ¢, () = i (x) = O(1).
Assume now that y,, € R2 \ Us,. By (4.8), there is a constant D; > 0 such that
10

€
m

e?len ' < Dy in Uy, .
10
By Harnack inequality, there exists a constant C; > 0 such that

Vz € Uy, [ (xm) < C1 [Ym| (2)

By definition of x,, we get

(2) < P’ 2)

7&)-&"
cpem ]

which concludes the proof of Step 2.

Vz,Z € Uy,

@wfm’ (xm) < C
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4.6. Regularity estimates at the concentration scales

STEP 3 : There exists By11(p) > 0 such that forall 1 < < n + 1, either

Vx € M\ U By (pi,p),
i—1

¢ (x)| < Bria(p)

or

o)
Bi11(p)

vx,y € M\ | Be(pi ), #E(x)| < Bria(p) ¢ (v)] -
i=1

The proof is the same as in Step 2. Notice that if my(p) > 0, the first inequality holds by
Claim 21.

Step 4 : We prove that there exists K;(p) > O such that for 0 <i < t,and forall x € Dz \ Dy,
IE| (x) < Ki(p) {max || +In (‘ﬁ’) } (4.58)
D¢ t
where t{ = 10Row}, 7, = 10’131 and Fe(x) = CI/DVEI(ae + x).

Let1 < B <n-+1. We set
Nf = {t <t <t53x € R? |x| =tand F.(x) =0} .

Then, by the Courant Nodal theorem, Nf has a finite number of connected components, boun-
ded by k + 1, since each connected component adds at least one nodal domain for the eigen-

function CIDE . By Step 1, we clearly have that

Vx € R% |x| € Nf =

)| < Aip)- (4.59)

We let

be such that

tf' \U ijs 1]

with {gc} a bounded sequence of integers. Let 1 < j < g.. Then, Ff does not vanish on
]Dd[ej \lDij, and we can assume that F > 0 up to take —FP. By the eigenvalue equation, P is
then superharmonic on Dye \ Dy . We set
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Then,
/(t) . fB]Df ava(x)da(x)
€ N 27t
— Jip, AFE (x)dx
N 27t
- Jb. AFP (x)dx — fo\D . AFP (x)dx
_ i j
N 27t
so that
chgv AFP (x)dx , y fDM\D& AFP (x)dx
— L O . _ L]
fe(t) = felciy) 21 In (c&) /cf,j 27U du.
By a Holder inequality,
: ! ;
b, AFf(x)dx < </M (4)5) 32“6d0g> (/M 32“6d0g> <1
Ci,j

and since Ff is superharmonic on D e \Dcfj,
L] )

1 t
fe(t) < felcij) + Eln <CZ€]> forcj;, <t <dj;.
By the second condition of Step 1, we have for cf’]. <t< df,j that
Vx € 0Dy, FP (x) < Ai(p) fe(t) .

Gathering these inequalities, for 1 < j < g., we get a constant K;(p) > 0 such that
t

+1n (F)) , (4.60)
1

We are now in position to prove the claim. By Step 2, we get some constant L;(p) > 0 such
that for1 <i <,

Vx € aIDt, Peﬁ

FE(x)| < Ki(p) (max

OD,e
1

which is exactly Step 4.

sup |Fe| < Li(p) ( inf |F| +1) . (4.61)
Dye \De Die\Pre

By Step 3, we get some constant L1 (p) such that

sup |Pe| < Li+1(p) (max |Fe| + 1> . (4.62)
M(p) M,
By (4.54) in Claim 27,
1
sup |Fe| <G| ——— | . 4.63
pIEI < oz ) (463)

ID,e
0
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Gathering (4.58), (4.61), (4.62) and (4.63), we get the claim.
¢

In the following claim, we aim at passing to the limit in the equation (i) and the condition
(ii) given by proposition 2 at the scale a.. The limiting function would then satisfy (4.67) and
(4.68).

Claim 29. We have
— Forany p > 0, there exists B — 0 as € — 0 such that

Vx € Q(p), |®e|” (x) > 1B . (4.64)

— For p > 0and x € Q(p), we set ¥ = %. Then for any p > 0, {¥c} is uniformly

equicontinuous on C°(Q(p),S").
— For any p > 0, up to the extraction of a subsequence of {®c}, there exist functions ® €
WL2(Q(p), R™H N L*(Q(p), R™1) and ¥ € W2(Q(p),S™) N C°(Q(p),S") such that

& — & in W2 (Q(p), R (4.65)
and
Y. = ¥inC(Q(p),S") ase =0 (4.66)
with R
1B > Land ¥ = & (4.67)
||
and for1 <i<n+1, ‘ ‘
MG = Ax(M, [g])¢do (468)
in a weak sense on Q(p).
Proof.
StTEP 1 : We recall that a. — a as € — 0 with z;, = a.
Forlgjgsoand()e:m,
p 2, 2
sup Dc(z)|" pe(z,x)dz = O(e™ %) (4.69)
xeQ(p) D{LO(POJ)
) L _ e
For0<i<t 1<j<s;and 7{ = 76251(”(&)5)2,
——wf 27(“6 Ne _SP%
sup D, ‘(z)‘ pe | z,—x |dz=0(e ). (4.70)
xe(p) /D p (pij) w;j
For1 <i<sandi # i,
2
sup | ®e(2)]? pe(®, 2)duvg () = Oe ™) . (4.71)
xeQ(p) B (pirts)
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Note that (4.71) was already proved in Step 1 of Claim 22. Note also that the proof of (4.69)
reduces to (4.70) fori = 0. Let 0 <i < tand 1 <j <s;. Then, for y € Q(p),

02 2
I ——wf - €
25T . 1(2)’ P w; (Z, ey) dz
Do i i
10 (Pij
€ 2 €
Wi 21 i 2092 1 1
o |BT@[ T i
fo 0
. —wf X €
infp , (, )€ T
£ \Pij
_ 3
CO e 40Ti
S 24w€ TE
. e ¢
mf]D%(pi/j) e=re 1

where we used the uniform bound (4.7) on @“’fg on D: x ID:. We assume by contradiction
p P
that

inf %% ] < ¢ -
D%(Pi,j) T
Let y € M be such that 7*i € ]Dl%(pzj). Then,
et (7 2
ST = W) (wf) | Pe(ty)dve(y)
> [ Py )
D p (pij)
10
PZ
807¢
> lX()e c / dwa
Tl ]Dﬁ(pz])
10
Forz e D%(pilj),
Ao [, Al + 0 e_%(ﬁ_%)
e 0 D (pij) €
e?_ue i(z) <«
- 4rte
2 _ 32
e lér'[l.€ +O e SOUOTiE
Ap
47t € ’

1

Then, 2T g uniformly on CO(]DZ%(pi,]-)) as € — 0 and M(D%(pi,j),erﬁ

€ — 0 which contradicts (4.48) in Claim 26. This concludes the proof of Step 1.

&) — +oo as

StEP 2 : There exists a sequence . — 0 as € — 0 such that

V0
Be

Vx,y € Q(p), |x —y| < = ‘ﬁ)e(x) _Ci)e(y” < Be - (4.72)
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1
We set e = [|0ce? S’O(Q(p))' We have that 7. — 0 as € — 0. Indeed, for r > 0, and

x € Q(p),

(A A Agd(D, (x)) Ao (p)
2ie(x) 0 / < 0 r <
Oce < (471 +0(1)> b0 dve +0(1) < e +0o(1) < 74711n(%) +o(1)

since we have (4.45) and thanks successively to (4.8) (4.7) and to (4.46), (4.55). We also have
1

3 |
\}5? — +o0 as € — 0 since i% = HEZMEHCOS(Q@)) < mi(P)*% is bounded and we have (4.45). Let

xe and ye € Q(p) with |xe — ye| < %. We set

Ve

Ye

Fe(z) — &e(k‘e -l-

z)

and we let a be the mean value of F. in ID3. Then, by Poincaré and Sobolev inequalities, we
get a constant K > 0 such that

[Fe = aellpomy0)) < KIAFe|l 1o py0)) + KIIVEell 205 (0))
Da(p)

In (3%‘)
< KG(p)Aeve + K%
In (m%’) 4

IN

K HqA)GHL""(Q(p)) Aeve +K

ST

thanks successively to (4.56) and (4.54). Setting

Be = 2KCa(p)Aeve + 21<Di2(m

Be — 0 as € = 0 and we get Step 2.

StEP 3 : There exists a sequence . — 0 as € — 0 such that for all x € M,

£€Q(p) = ||e(2)

"= Kel|e ()] < pe @73)

and

£ € Q(p) Nsupp(0e) = [Ke[|@el] (x) — 1] < Be (4.74)

Note that (4.73) gives (4.64) for x € supp(ve) by Proposition 2. Let x € M be such that
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%€ Q(p).
& a2
(@)~ Kel|@eP))| < [ peln ) || @)~ [@e ()] o ()
< / pelz,9) ||e(2) = |®e(2)[| 2
]D\{Ts:(f)
+1Ie
$X [ e pey)dng(y)
iZio ? Bs (Pirto)
+22/ “’E<z(xaﬁ)dz
i=0 j=1Do(pi)
where

Iez/ .
M

\D\gﬁ (% Ne

_ 2
pel) <c§<p> + i) (1 (1+ W)) +1) ) dog(y)

Here, we used Claim 27 and Claim 28. By (4.69), (4.70), (4.71) and (4.72),

2

* Kel|@cP)(0)| < 2Ca(p)Be +Ofe )+

[®c(2)
and there exists some constants Ko(p) > 0 and K;(p) > 0 such that

le < Ko(p)ln (5(05\:1 )>2 /M\Qz pe(x,y)dvg(y)

+K / he(z, %) (In(1+ |z))>+1) dz .
1(p) QZ\DJF(@P( ) (In(1 + |z[) )

2
Since % — 4+ooase — 0,

In (52(14))2 /M\Q, pe(x,y)dvg(y) <1In (526{4))2 x O (e‘Zﬁﬁ)z ) =o0(l)ase — 0

and by (4.5),

pe(z, %) (In(1 + |z])> +1) dz
/ﬁl\%mm ) (In(1+ J2])? +1)

IN

,IA72I2 )
/1R2\1Dr a6t (In(1+ |z])* +1) dz

/ AO ﬁ<1n<1+‘ ) —|—1>dy

R*\D
=0(1) umformly for £ € Q(p) .

IN
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4.6. Regularity estimates at the concentration scales

Up to increase B¢, we get (4.73). The same estimates can be obtained for |®,| instead of \CI>€|2,
and we get up to increase B for x € M such that £ € Q(p),

|| ®e(2)

- Kqu’eH(x)‘ < Be -

Since, if z € supp(ve) N Q(p), we have
5 2
[®e(2)]" - 1| < pe,
up to increase Be, we get for x € M such that £ € supp(7:) N Q(p),

[Ke[|Pe|](x) — 1] < Be .

We follow the proof of Claim 9 in [91] to prove that ¥ is uniformly equicontinuous on
Q(p). Indeed, we can use the Poincaré inequality of Theorem 11 thanks to Claim 26. Therefore,
up to the extraction of a subsequence, ¥. — ¥ in C°(Q(p),S") as € — 0.

STEP 4 : We have that

PLeledx —, §'v in M(Q(p)) ase — 0.

Let ¢ € C2(Q(p)) and R > ;. Then
[ 6) ()20 dz — i (2)ao )
~ Lo, (o et y>§<y>¢é<y>dvg<y>) e
( [ @) i )ﬁe(z,xwz) 40 (x)
/ ¢(x) (/ llJe( ) — é<X>) |De(2)] f)e(Z,x)dz> 0. (x)
# [ e () (9@ 1) puenis) druto
- /Q(p) <€(x)¢é(x) </]DR ﬁe(zfx)dz> d0e(x) — ¢ (X)lif(x)dﬁ(x)) .

We have by (4.9) that
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By Step 1, Claim 28 and (4.7),

[ ([, 66 - etz do.

< sup [ [4(z) = 3(%)] |§L(2) | Pe(z, x)dz
xeDg Y/ Dr
<Y sup [¢(x)] $.(2)| pe(z, x)dz
j=1x€Dg Do (Po,j)
+ sup 10(z) = 2(x)] |PL(2) | Pe(z, x)dz

x€Dg ]DR\U]s'il D%(F’OJ)

50
<lelle ), sup < /
;xeﬂ(p) DlﬁO(POJ)

1
2

b (z2) ‘2 Pe(z, x)dz)

|x—z|?
e 80
+Cole) (1 +1n(1+CoR)) sup [ [8(z) = £()] g
=o(l)ase — 0,
and
bi(z) — ¢ b (2)| pe(z,x)dz | dv
Jo 20 ([ (822) = 90)) 902 ez )z ) )
S0 R 5 %
<2¢]l, sup Z( @) ﬁe<z,x>dz>
xe0(p) j=1 \"Pg (po,)
+1¢lln o (£5) sup PL(x) = i (2)| pe(z, x)dz
10 x€Q(p) Q({fp)
+2 0 G 1+ In(1+CyR)) su e(z,x)dz
12l Colp) (1+In(1+-CoR)) sup [ Pelzr)
=o0(l)ase —0,
where by (4.7),

Pe(x) = §e(z)

Sup /
xeQ(p) Q(%)

1
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4.6. Regularity estimates at the concentration scales

We also have that
oy E0000) ([ (e(2)] =1) pela 0z (o
<l swp [

xeQ(p)Nsupp(Ve

e (z)| — 1) pe(z, x)dz .

We use (4.74) of Step 3, in order to obtain that

sup / (|®e(z)| — 1) pe(z, x)dz — 0 as e — 0. (4.75)
xeQ(p)nsupp(ve) 7Dk

Let x € M be such that £ € Q(p) Nsupp(ve),
Kellee)() =1 = [ (12ey)] 1) pel,y)dog(y)
+/DR (|De(2)| — 1) pe(z, #)dz

and

o, (2] = Dpeley)iog (y)
iy

Ke

= /M\Qz pe(x,y)dvg(y)Ko(p) In <

FKilp) [, pelz ) (1+In(1 +[e])) de

1 \Dr

_s(m)y?
<0 ( : m(w))
47te e
_ g2
e 80¢

+ Ki(p) /RZ\]DRAO g (1 In(1+ [20))dz

R2\D _g_

<O 6_% (1+ln(1+ 2+ /0y )) dz)
Vo

=o0(l)ase —0.

This gives (4.75). By (4.10),

it sup | [ pee 1| =0,
0

so that

im i ([ (et ([ petzz) ave(x) 20 (an(s) ) ) =0,

R—+00 e—0

Gathering all these computations, we get Step 4.
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As a conclusion, (4.73) in Step 3 gives (4.64) for x € supp(ve) by Proposition 2. In the
remark before Step 4, we get (4.66). Then, (4.64), (4.65) and (4.66) give (4.67). We finally get
(4.68) passing to the limit in the equation satisfied by ¢. thanks to Step 4. This ends the proof
of the Claim.

¢

Thanks to Claim 29, a diagonal extraction gives some functions & : R?\ {pg1,- -, pos,} —
R and ¥ : R?\ {po1,- -, Pos,} — S" such that for any p > 0, the conclusions (4.65) (4.66)
(4.67) and (4.68) of Claim 29 hold true for & and ¥. We denote by v the measure without atom
such that

e?ledy —, vin M(Q(p)) as € — 0

for any p > 0. (Notice that, v =9 on R?>\ {po1, -, Po,s, })
Claim 30.

212 212
o L 2 Vo V| @]
limlim | |V| dxz/Rz Dgidx = Ac(M, [g])/]RZ dv+ [ etbdr @76)

where [, dv = limy_,o m;(p) > m;.

Proof.
Let 7 € C°(Q(,/p)) be given by Claim 18 with 7 > 1 on Q(p) and

()

Integrating against 1’y the equation (4.68) and summing over i give that

V| <
le

A

A2 A2
V[ |v]#] )W
D

MM g)) [ ndo = [ (V¥ |B]) dx + R2< = P

Since . — & in W2(M(p), R"*!) and ‘CiJ‘ >qe 1 we get

lim [ Vo fax > [ v ax
€=0.J0(p) Q(p)
Vo[
)
> Ar(M,g]) ndﬁ—/ (Vi V | @) dx
R2 R2
2

ME
+/]RZ 7‘@ ndx

wip) [ 4 VIl
> A (M, [g]) mi(/p) C@*/pr) & "

where C and C’ are some constants independent of p. Passing to the limit as p — 0, we get
(4.76). Thanks to (4.35), (4.37) and (4.52), we finally get the claim.

dx

1R217

¢
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4.6. Regularity estimates at the concentration scales

4.6.2 Regularity estimates when “¢ = O(1)

We now assume that “f = O(1), we let 6y = lim¢_, 20}( pIAomw and we denote by ¥ the weak*
limit of 9 in M (IR?). Let Ro > 0 and x € Dg,. We have by (4. 7) that

e?e (x)

Wmﬁ/mﬁymuw

A 20; (¥
Oe / dve

ma t+o(1)) .

Since m; > 0, we get that 6y < +o0. Now, we let ¢>" be a smooth function on R? defined by

e
RrR2 476y
Let Rp > 0, R > Rg and x € Dg,. We have that

ao(y) . (4.77)

Phel) — 20} — ‘/M “?Pe(f,y)dve(y) — )
S, P )
_%
. . e R
| pelodiety) — [ paanty)
(R—Rp)?
< o)+ 2 (1o(1))e
470,
e,\x;ang
+ /JDR (pe(x,y) 1260 )dve
.- \xs—(%\z .- \x;(%\z
dv. — dv dav
+ /]DR 47-[90 ( Ve V) +/1RZ\JDR 47-[90 Y
A _ (R—Rg)? e_\x4—%|2
86, A
47_[906 0 /]RZ\IDR Trcto diase — 0.

Letting R — 400, we get for any Ry > 0 that

e 2 in CO(Dg,) as € — 0.

With Claim 19, {§.} is bounded in L?(IDg) for any R > 0. With (4.78) and elliptic estimates
on the equation

A‘f)le = /\eezﬁeff’é ’

(4.78)
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we get some smooth function ® on R? such that for any Ry > 0
¢. — ¢ in C}(Dg,) as € — 0. (4.79)

and
AP = Ar(M,[g])e* ¢ in R? . (4.80)

We now prove the following :

Claim 31. We have the energy inequality

/Rz (Vo (x)[*dx > Ar(M, [g]) /Rz ol (4.81)

Proof.

SteP 1 : Up to the extraction of a subsequence, there exists some sequences {wf} with 0 <
i<t+land 0<t<kand

Ne = Wi K Wi K -+ L Wi = dy

and for 1 <i <tand 1 <;j <s; some points pij € Al% with Ry > 0ands—1+2f:15i <k
0
such that for all p > 0, there exists Cy(p) such that

Vx € M\ (U Be(pi,p) U U Qi,j) ,

i#iy i=1j=1
do(de, x
|@c| (x) < Colp) <1n (1 + g(f€)> + 1)
where 61/] = W'D, (pij) + ae and d. = exp;xl (ac). We also have that for all p > 0,
2
——wf 2 . N _Le
sup N (z)’ Pe’i (z, €x> dz=0(e 7). (4.82)
xe(p) /D p (i) w;j
fOI'lSigt,lg]’SSiaHde:Wand
2
sup | @c(2)]? pe(¥,2)dz = O(e ) . (4.83)

For1 <i<sandi # i.

For the estimate of ®., we follow the proof of Claim 26 and Claim 28, using (4.78) and
(4.79) instead of the estimates of Claim 27. The proof of (4.82) and (4.83) follows the proof of
Step 1 in Claim 29, which is a consequence of Claim 26.
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4.6. Regularity estimates at the concentration scales

STEP 2 : We have that

A

O(y)

‘2 e
47‘(90

dy > (4.84)

Jo

In order to prove (4.84), it is sufficient to use Proposition 2 and to prove that for Ryp > 0
fixed, x € M such that £ € Dg,, there holds

s e

(y)‘ 47‘[90

A

/<I>
]R2

Let’s prove (4.85). We fix r > 0 and R > r. Let x € M be such that £ € ID,. We fix p > 0. Then,

Kell@ef ) - [

— Ke[|®e|*](x) = 0ase —0. (4.85)

_ g2

A 2e %o

O e dZ| = /M\]DR [@e(y)I* pe(x, y)dvg(y)

There exist some constants Ko(p) > 0 and K;(p) > 0 such that, by Step 1,

2
/M\]DR\<I>e(y)lzpe<x,y)dvg(y) < Ko(p) /M\Qlln (5(\/]\;)) pe(x,y)dog(y)

K / In(1 21 1) po(z,£)d

+Ki(p) a,\DR(“( +12])? 4 1) pe(z, 2)dz
t s

DR
121]21 D%(Pi,j)

+ ) / Y| pe(x, y)dvg(y)

17&10 pl 10
2 _am)?
<0 ln<5(M)> e g
NG €
_°
+O (e 8T15>

Kl(P)Ao/ > e
+ 2700 Jre\ (In(1+|z])*+1)e * dz.

e 2 e
. (z)‘ Pei (z,j}i:ﬁ) dz

i

Passing to the limit as € — 0 and then as R — +oo, we get (4.85) and then (4.84). This ends
the proof of Step 2.
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STEP 3 : We have that

AdM[g)) [

R2

d(y) 2t )dy</ Vb (x)| dx . (4.86)

By contradiction, we assume that there is €y > 0 such that

AdM[g)) |

| | 2 )dyZ/ ]V@ | dx +ep.
R2
We fix R > 0. By the equation (4.80),

1
2

B> = A (M, [g])e* | D" — V| .

We integrate on Dg,

1 512 _ 20 |G |2 £
- a]DRaV(’q)’ )da_/]DR (MM, [g))e?" [ & — | v

2>>@
-2

for any R > Ry, for some Ry > 0, since Ax(M, [g])e?" |d g Vo ? € L'(IR?). We set
£(r) = Jop, @‘ dU
27tr

Then, for R > Ry, 2mrf'(R) < —% so that

f(R) <—£1 R£+f(R0)—> —ooas R — +o0

which contradicts the fact that f(R) > 0. This ends the proof of Step 3.

We are now in position to get the claim. We integrate (4.84) against ¥ and (4.77) against dx,
and we obtain

/m @)y > [ a0 = /m 210y (4.87)

and we get (4.81) with (4.87) and (4.86).
¢

4.7 Proof of Theorem 9

4.7.1 Regularity of the limiting measures

In this subsection, we aim at proving the following no neck energy and regularity result,
keeping the notations of Proposition 3.

Proposition 4. For i € {1, -, N}, there exists g;1, - ,qis, € S* and ¢*"i € L%(S*), smooth
except maybe at one point, positive except maybe at a finite set of points (which correspond to conical
singularities of the metric e*"ih on S? such that for all p > 0,
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4.7. Proof of Theorem 9

with S;(p) = 8%\ (Bh(p,p) VUL, Bh(qi,j,p)> and [g, e*lidvy, = m;.
If mg > 0, there exists p1,--- ,ps and a density e*'0 on M, smooth, positive except maybe at a
finite set of points which correspond to conical singularities of the metric e*0g on M such that

e*edvg —, e dvg on M(M(p)) as € — 0

with M(p) = M\ Ui_, B¢(pi,p) and [,,e*dv, = my.
Proof. Let N be such that for 1 <i < N,

1<i<N= — +ooase — 0

e

Ve

and .
1

N+1§i§N:>&isbounded.

e

We now reintroduce the indices i we droped in section 4.6 :
For1 <i < N, Welet {gi1, - ,qis,} = {07 (pop), -+, 0 Hpos,)} defined by Claim 26
and we recall that (4.52) holds in order to apply Proposition 3. We recall that

and that v; is a measure without atoms which is a limit up to the extraction of a subsequence
eXedx —, v;in M(Qi(p)) ase — 0

for any p > 0.
For N +1 < i < N, the notations just before Claim 31 define e2li ag

" 2
e?e — i in C1(D1) as e — 0

o=

for any p > 0.
We also take {pj,- -, ps} such that (4.31) holds and let

M(p) = M\ | B(pi,p)

i=1

and vy be the measure without atoms such that
ezufdvg —, 1o in M(M(p)) ase — 0

for any p > 0.
Then, we clearly have by (4.35) and (4.37) that

/R vz (4.88)
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and by (4.36) and (4.38) that

/dvozmg.
M

Considering for 1 < i < N the set M{(p) such that

(Huf,af)_l (A%li) = Qi(p),

(4.32), (4.37) give that
M(p) N M; (p) =@
and (4.34) or (4.33) and (4.38) give that
i #j = Mi(p) " M;(p) =@

for € small enough.
By (4.90) and (4.91), we have for p > 0 and € small enough

N
Vo, 2 do, > 1 / V. 2 do, + / Vi
/M| el dvg = Tny>0 M(p)’ el dug l; Q’_(p)‘

2
dx ,

(4.89)

(4.90)

(4.91)

(4.92)

Then, applying (4.30) if mg > 0, (4.76) for 1 <i < N, (4.79) and (4.81) for N+1 <i < N,

(4.88), (4.89) and the conservation of the mass (4.39)

we get from (4.92) that

AdM,[g]) = limlim /M\chey;

p—0e—0

Vo[ N |V N .
> Lo [ s dvg+i21/w st 1 R
V@[
>
> Lyg>0 (Ak(M/[g]) Mdo /M @] 1%
+) o (A(M[g]) | dvi+ %
i=1 i
N
L MM [
i=N+1
> Ad(M, [g]) +1 /' 1l , ﬁ/
= k /18 mo>0 M ’q)| g = R2

Therefore, all the inequalities are equalities in Claim 23, Claim 30, Claim 31, (4.88) and (4.89)

and we get for 1 <i < N that

<T>l'2=10n]R2
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for1 <i <N, that

/ [Ill/l' = m;
R2

P> =10on M

/dv():mo.
M

Let1 <i < N.Then, ¥, = &; and the equation (4.68) gives

and if my > 0, that

and that

1 2 12 & 12
0=A (}cpz-\ ) — (M, [g))dv; — |V, [* dx
: 2 |V, |* o :
in a weak sense on R*\ {g;1, - ,qis }. Then, dv; = de that is v; is absolutely conti-
nuous with respect to dx and
Ad; = |V|* &
which means that ®; is weakly harmonic on R?\ {g;1," - - ,gis }- Coming back to the sphere
with the pullback by ¢, by Sacks-Uhlenbeck (see [100]), since st ’ch)i’2 dv, < 400, we can
extend ®; as a weakly harmonic map on S2. By the regularity theory for weakly harmonic

maps of Hélein [51], ®; is smooth and harmonic on S2. Setting e = I\J(VT% gives the first
part of the claim for 1 <i < N.

For N+1<i <N, the convergence (4.78) ends the proof of the first part of the claim.

If my > 0, then, ¥ = ® and the equation (4.25) gives

1
0= 58 (19°) = Ax(M, [g])dvo — |V} dog

Vo[
in a weak sense on M \ {p1,- - -, ps}. Then, dvy = A' s

mdx that is v is absolutely continuous

with respect to dvg and
2
A® = [VO[ D
which means that ® is weakly harmonic on M\ {ps, - - - , ps}. By Sacks-Uhlenbeck (see [100]),
since [, \V@@ dvy < +o00, we can extend & as a weakly harmonic map on M. By the regularity
theory for weakly harmonic maps of Hélein [51], ® is smooth and harmonic on M. Setting

210 — ‘V¢‘g . .
e A Mg Bives the second part of the claim.

¢

4.7.2 Gaps and no concentration

We prove now by contradiction that N = 0, so that the maximizing sequence {e*'<dv,}
does not have any concentration points. Therefore, by Proposition 4 with mg = 1, the proof of
Theorem 9 will follow.

We now assume that N > 1 and we use Proposition 4 and the gap assumption (strictness
of (4.3)) in order to get a contradiction.
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For 1 <i <N, let 6; be the maximal integer such that

Ay, (SZ)

1

< Ax(M, [g])

and let 6y be the maximal integer such that

Agy (M, [8])

o < Ae(M, [g])

if mp > 0. We set 6y = —1 if my = 0. We get that fori € {1,--- ,N},
Ng11 (8%) = mise(M, [g])
and
Agy+1 (M, [g]) = moAr(M, [g])
Then, by the spectral gap assumption of the theorem, we have that

N
Y (641) > k+1.
i=0

Indeed, if YN, (6; + 1) < k, the spectral gap gives that

N
Y Ao (%) 4+ Agra (M, [g]) < Ac(M, [8])
i-1

and this contradicts (4.39), (4.95) and (4.96).

(4.93)

(4.94)

(4.95)

(4.96)

(4.97)

Now, we will define at least k + 1 test functions for the min-max characterization (4.2.1) of

Ae = (M, ezufg).

Let 1 < i < N. We denote by (¢?, - - ¢') an orthonormal family in L? (M, e2“0do,) if i = 0
and in L%(S?,e*idvy,) if i # 0, such that if 0 < j < 0;, (pg is an eigenfunction for )\j(M, e?hog) if

i = 0 and for A;(S?,¢*h) if i # 0. Such functions exist by Proposition 4 and lie in C'.
We fix p > 0. We denote by 7; some function defined with Claim 18 by

— 10 € C2(M(y/p)), 0 > 1 on M(p) and [y, |Vipol3 dog < -5

ln(%)'
— Ifi #0,17; € C2(Si(\/p)), i > 1 on Si(p) and [, \V;y,-]fl doy, < I
We set for 0 <i < N and 0 < j < 6; some test functions C{, defined by

Go = 1opy on M

and if i # 0, d depends on € and satisfies for any € > 0
vyl . )

(d)e =7]ip; on S

extended by 0 on M.

Note that all the test functions é‘{ lie in C! and are uniformly bounded. Note also that by

(4.90) and (4.91), if € small enough,
i 1 = supp()) Nsupp(&)) = @
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j<6;iand 0 <j < 6y.For1l <i < N, we let E; the vector space
) and with (4.97) we deduce that

VE dv
0<1<N§6E\{0} [y G2e?uedu,

for i,i’ € {0,-- } <
spanned by (&Y, , &

(4.98)
Leti€ {1,---,N}. For & = ¥/ w;é] € E;, with pj € Rand ;2 = 1, we get

6; NG
Vel dog = | 'v (m wﬁ)
/M 8§78 Je ];‘J] ,

and denoting ¢ = Z?":O ‘ujzp;, we have

dl)h

[ 1Velidog = [ 00 Vol don+2 [ me (Vi Vo) doi+ [ ¢* Vil do

1 1
/|v 2 doy +2 | n:0| /|v 2do, ) / V2 do, )
g Y Pl TifPlleo \ Joo IV Pln 40 g | ¥ il 40

+ gl [ 1Vl doy
asp — 0.
)

1
< Vol?d +0 | ——
- /52| §0|h Un ( 11‘1(

IN

=

We also have that
/M CPe*edug = /5 1797 oy, .
By Proposition 4, we get that
/ geMedvg = / n?@*e*idv, +o(1) ase — 0
M s

so that
hm/ geMedvg > / @*e*ido, +o(1)asp — 0.

The same work can be done on for ¢ € Ey, so that passing to the limit as € — 0 and then as
p — 0in (4.98), we get

2 2
Ax(M, [g]) < max< max sup M su M
- 1ISN geppoy Jsz 972 dvn” yep oy Sy PPe2Nidog

where F; is the space spanned by (p?, cee, (pZ Therefore,

MM, [g]) < max{ max_ Ay, (S2,e*in), Aoy (M, ezuog)}

1<i<N
Ag. (82
< max{ max —o ( ), Agy (M, [g])}
1<i<N m; o

which contradicts (4.95) and (4.96). Therefore, there is no concentration of {ez”fdvg}.

Therefore, N = 0 and by Proposition 4 with my = 1, Theorem 9 follows.
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4.8 Maximal metrics for the topological invariant

We prove Theorem 8 in this section. Notice that light modifications of the proof allow us to
prove that if we have that (4.3) is strict, the set of maximal metrics for Ax(M, [g]) is compact,
and if we have that (4.1) is strict, the set of maximal metrics for Ai(7y) is compact.

Let v > 1 and [g.] be a sequence of conformal classes on a compact oriented manifold
without boundary of genus < such that

Ao = Ak(M, [8a]) = Ax(y) as a — +o0, (4.99)

where g, denotes the unique metric with constant curvature 0 for v = 1 or —1 for ¢y > 2 in its
conformal class. By the gap assumption of Theorem 8, we have in particular that

S

AWM, [gu]) > max e (M [82) + 3 A, (5% [ean])
ot s = m=1
for a large enough. This gives by Theorem 9 some unit volume metrics §, and smooth harmo-
nic maps ¢, : (M, g,) — S™ for some n, > 0 such that

Ve,
8a = )\a 8u

and Ag (M, ) = Ax(M, [ga])- Since the multiplicity of Ay is bounded by a constant which only
depends on k and <y, we can assume that n = n, is fixed.

Let us mention the following result by [88] and [100] often used in the proof of Theorem
8.

Proposition 5. Let (M, g) be a compact Riemannian surface without boundary. We refer to the nota-
tions introduced in Section 4.2.1 for the metric . Let qq,--- ,qr € M. Let ®y : (Mg, ga) — S" be a
sequence of harmonic maps on open sets M, C M such that

— For any p > 0, there exists a, > 0 such that for any & > ny, My D M\ Ui_1 B¢ (qi,0)-

— Forany p >0, go — gin M\ U'_1 Bg(qi,p) as & — +oo.

— limsup, , o [y ]VCIDWE,’X dvg, < +o0.
Then, up to the extraction of a subsequence there exist

— Some harmonic map ® : M — S"

— Sequences of points pl, - -, p of M converging to some points p',- -, p* of M\ {q1," -+ ,q:t}

as & — ~+oo and sequences of scales 5}, - -, 65 converging to 0 as & — ~+o0 with

dy(phpe) | O %

5+ 4 5 T3 — 4o00as a — 400 (4.100)
w n w u

— Some non constant harmonic maps wy, - -+ , Ws : G2 5 gn

such that .
2 2
/M|V<I>]gdvg+2/SZWwi\hdvh:5 (4.101)
=1
where
£ =1lim lim VD, 2 do,,
p—0a—r+00 M\, Be(q:0) 8

148



4.8. Maximal metrics for the topological invariant

and for any p > 0,

V@[3, dog, — VO3 dvg —, 00n M(p) , (4.102)
.2
‘ch; dx — [Vé|>dx —, 0 0n Qi(p) (4.103)
where we denote the sets
t
M(p) = M\ | | Bs(gi,0) U U By (z,p)
i=1 z€Z(M\Uj Bg(qifP)f\V‘ba\gmdUga)
Qi(p) = Dy \ U Dy (z)

z2€Z(Dy,| Vi [ dx)
P
and the functions on Q;(p) C R?
iy —1,
&l (x) = D, (0ix + pli) and &; = wioc !,

where 1 < I; < L is chosen such that p' € wj, and o is the stereographic projection with respect to
some pole p € S2.

We first assume that g, — ¢ as & — o0 for some metric ¢ with constant curvature 0 for
v = 1and —1 for v > 2. We apply Proposition 5 for M, = M, ®,, g, and g. Notice that the
use of Proposition 5 together with the assumption that (4.1) is strict follows exactly the same
paths as the use of Proposition 4 together with the assumption that (4.3) is strict in order to
prove that the maximizing sequences do not have any concentration points. Therefore, one
can easily contradict the assumption that (4.1) is strict in this case.

We assume now that the sequence of conformal classes [g,] degenerates in the following

sense :

— If v = 1, in the case of the torus, this means that b, — +oo if (a,,b,) denotes the real
parameters 0 < g, < %, by > 0, a2 + b2 = 1 such that (M, g,) is isometric to the flat
torus IR? /T, where I, denotes the lattice generated by (0,1) and (a, by)

— If v > 2, in the hyperbolic case, this means that the injectivity radius ig, (M) — 0 as
x — +o00 so that there exists closed geodesics whose length goes to 0.

Let’s tackle both cases in order to contradict the assumption that (4.1) is strict.

4.8.1 Case of the torus

For v = 1, we identify M and T, = R%/T, and we let for 0 < r < s < b,
Ta(r,s) ={(x,y) € Tyr <y <s}.
For sequences {r,} and {s,}, rx < s, means s, —r, — +00 as &« — +oo. Then, we claim that
Claim 32. If some sequences {r’,} and {si} for 1 < i < t satisfy
0=s'<rl«sl < < «st <ttt =p,
and

m; = Hm Volg (Ta(rl,si)) >0

a—r+00

for1 <i<t, thent <k
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Proof
We proceed by contradiction and assume that we have such sequences with t > k 4 1. Let
0, — +oo be such that 0, = o(ri"! —si)asa — +oofor 0 <i <t Wesetfor1 <i<t

1 r<y<sl
N Sy
Y ré"m+“ L — 0. <y<r,
=19
l . .
St~y st <y < sk + 6,
O
0 stf;‘—i—Gaorygri—G,x

Then,
2
/Ta |V77;'x|§a dvg, = /T,x AHEEE 0= 0(1) as a — +o0,
/ (7)? dog, > m;+o(1)asa — +oo.
Ty

Taking these at least k 4- 1 functions with pairwise disjoint support for the variational charac-
terization (4.2.1) of Ay, = Ax(M, $,) leads to
Vﬂ?‘ g dvga

Ae < max fT"‘ f‘”
1S5 () e,

2

=o0(1)asa — +oo

which contradicts (4.99).
¢

Now, we prove that up to a vertical translation on T,, there exists sequences 0 < r, <
sy < b, such that
al_l)l’_’liloo Volg, (To(ra,84)) = 1. (4.104)

Indeed, denying (4.104) would mean that for any sequence 1 < u, < v, < by,
agTw Volg, (To(tta,v4)) > 0.
Taking for 1 §j§k+1y{; = ,(fr%zba and 0, = /b, gives for 1 <j<k+1
mj = lim_Volg, (Tu(vi — O, Vi +6)) >0

so that the k + 1 test functions for A, = Ax(M, ) with pairwise disjoint support

1 yﬂ—9a§y§y£+9a
j
—yh+20, ;
AT -0 <y<yh-6
. 4
m=9
] 0. — . .
Bt o<y <yl+26,
14
0 y2y£+29aory§y{§—29a
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would satisfy

2 2
i dvgazg—:o(l) as a — +oo,
8 «

k.

2
/T,x (qf‘) dvg, > mj+o(1) asa — +oo,
so that A, = 0(1). This contradicts (4.99).

We take a vertical translation of T, so that (4.104) holds. Then, by Claim 32, we can take ¢
the maximal integer such that there exists sequences

an‘

0=sd<rl<sl< - < <sl <t =b,

with

mj = “Lil}:loo VOlga(Ta(r{;c/ Sj )) >0
and

t
ij'zl.

j=1

We define a sequence r; < yj < s} such that

. 1 1 . 1 1 m'
Jim Vol (Tu(rh, yi)) = lim Volg, (Tu(ya,st)) =
and , ' _ '
Y (x,y) = ﬁ(EZ(y—y{\,) cos(27tx), WY sin(27rx), 2 ¥6) — 1)
1+ el

" .\ -1
for 0 < x <1land 0 <y < b,. We consider the harmonic map q)fx =, 0 (‘P&) on §2. We
let 0, — +o0 such that 6, = o(r{,'(+1 — s{x) forall 0 <j <t Then,

Sk = ¥h(Tu(rk — 00,7 +6))

exhausts $? and

lim Vol

1Y — .
a—r—+o0 §”‘(Sa) o m] ’

where ¢, = (‘I’fx)* S

v

Now, we can apply Proposition 5 for the manifold (S?,/) and the sequence P, - (S{;, $u) —
S" of harmonic maps. In order to define suitable test functions which naturally extend to the

v,

(0,0, —1). Let’s prove it by contradiction : if for instance we have

2
, dvy, does not concentrate in the poles (0,0,1) and

surface we have to prove that 1,

vil2
15{; VCD{X L dvh —% ﬂ’l5(0,0,1) + v on SZ

with m > 0, and v({(0,0,1)}) = 0, then, st dv > 0 and up to the extraction of a subsequence,
we can build ¢, < y{x such that

alirfw Volga(T,X(ri - Ga,cﬂ)) =m,
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so that if we set 7, = y& 4+ 17, and 5, = C{,; + T, with 7, = 4/ y,x ', we have

m! = lim Volg (Ty(r) — 64,5)) > 0

] a—r—+00

m; = lim Volg, (T w(Faysh +64)) > 0

n—400

with m]1 + m]2 = m; and this contradicts the maximality of ¢.
Therefore, following Proposition 5 and the computations of Section 4.7.2, some suitable

test functions associated to @) with 1 < j < t will be well defined for the variational cha-
racterization (4.2.1) of Ay = Ax(M, gx). By the strictness of (4.1) which reads on the torus
as

Ai(y) > A /
k (’Y i —I—m—la—ﬁ Z lm

we can define at least k + 1 test functions which would give a contradiction.

4.8.2 The hyperbolic case

Now, we assume that y > 2. We let 7, - - - , 75 the closed geodesics whose length I, - -, I3
go to 0 as & — +oco, where 1 < s < 3y — 3 ([55], IV, lemma 4.1). The collar lemma ([115],
lemma 4.2) gives for 1 < i < s an open neighbourhood P! of +}, isometric to the cylinder

{(t,0), —ul <t <pui,0<0<2m}

2
I 2 2
— dt® +do
(27‘ccos (5;)) ( :
i_ T : Iy
Uy = P 7T — 2arctan | sinh 0}

and with identification of the segments {6 = 0} and {6 = 27}. Notice that the geodesic 7},
corresponds to the line {t = 0}. Note that in the following, we identify P! with the cylinder.
We denote M., - - - , M/, the connected components of M \ |Ji_; P. so that

(0] (0]

is a disjoint union. For —p!, < a < b < !, we denote

endowed with the metric

with

Pi(a,b) = {(t,6);a < t < b}

and for ¢ = {c"~,c"*}1<i<s, we denote M,(c) the connected component of M\ JS_; Pi(—pi +
¢, yf;é - ci'+) which contains M/,. We also denote a, < b, if two sequences 4, and b, satisfy
by —a, — +o0as a — +oo.
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Claim 33. If for integers t; > 0, some sequences ai!, bl for1 <1<t cq ={ck",ci} and a set
JC{1,---,r} satisfy
—u < —pl o =0 <l < b < -
< aft < bl < T =yl — ot <l

and for1 <i<s,1<I1<t,je],

mi; = lim VOZ (Pa(ﬂf{l/bi{l)) >0

K—+00

mj = lim Volg (Mj(cy)) >0,

a—r+o00

then, Y 1t +1|J| < k.

Proof

By contradiction, we assume that there exist such sequences with };_; t; + |J| > k+ 1. Let
0, — oo such that 6, = o(a’ ™ —bi) for 1 <i < sand 0 <1 < t;. We let 57/ be such that
supp(y') C Piand

(1 ail <t < bt 40,
t—ay + 6, il il
— W - <t<a
il &
Ny = ’
bl o, —t ,
G+ Ot bl <t < b+ 6,
O
0 t > b +6, ort <ai -0,

and 17L such that supp(;y,],;) C Mﬂ;(ca +6,) and if {t = p} is on the boundary of M,

1 ot S E<
j
Mo = i i+
t y"‘t)c“ R N e
o
and we proceed the same way for the symmetric case {f = —ui} with i Taking these at

least k + 1 test functions with pairwise disjoint support for the variational characterization
(4.2.1) of Ay = A (M, §n), we get

2 12
|
fM‘Vn; dog, fix ‘szi dog,
Ay < max max s , max . i“
155 Ju (n ll) dog, ' [y (nk) dog,

Then A, < 0(1) which contradicts (4.99).
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We now prove that the set of such sequences such that

ti

S
Y. Y my+) mi=1

i=11=1 i€l
is not empty.

Claim 34. We let Iy be the set of indices i € {1, - - ,s} such that there exists a sequence 0 < ci, < i,
such that

lim Volg, (P, (—Hi+ca/ﬂ£¢_cg)):0

K—r—+00

and I = {1,--- s} \ Io. Then, there exist sequences ci™ — +o0 0 < ci* <« yi for1 <i < sand
sequences a’, bi, for i € I with

—ph it <al, <V <l — i,

such that
“ETOOVOZ ( ( Vﬂc+ca ,"l/la—C+)) 0
fori € Iy,
i(. 0 1,0
agrfw 2 Vol (Py(al, b)) >0
forie€ I and
lim Volg, Pl a bl )+ ) Volg, 1.
K——+00 Z,EEII Z )

Proof

We proceed by contradiction, assuming the opposite holds. Then I; # @ and we set for
ichand1<j<k+1

ph — ot =yl e = 4,
by, = —dj, =t — 6,

where #, = ,Zf‘z and 0, — +oo satisfies 6, = o(u.,). Then, by assumption,

Z lim Vol (P;;(—tigf—ea,—t};;we“)up;;(tf;;f—ea,ti;fwa)) >0

a%Jroo

forany 1 < j < k4 1. We now set 17£ some test functions for the variational cha;acterization
(4.2.1) of Ay = Ak(M, §) with pairwise disjoint support defined such that supp(174) C U;cy, PL,
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1, is an even function on P, and

0 0<t<td 20,
« 5% i _op, <t <10,
O
=11 B =0 <t <t +0,
Qi og g 5
& t b td + 0, <t <t 426,
O,
L 0 t 420, <t <l

With these k + 1 test functions, we easily prove that A, < o(1), which contradicts (4.99).
~ Thanks to Claim 33 and Claim 34 there exist for 1 < i < s some integers f; > 0 sequences
ad b for1 <1<t ¢, = {ci",ci yandaset] C {1,---,r} satisfying o < ut,
—ih < —pl T =0 < < b <
< aifi < b < al =k — it <l

andfor1<i<s,1<I<t,je],

miy = lim Volg, (P(a, b)) > 0

—+o0
mj = al—i>r-ir-1<>o VOlga <M1]X(Ca)) >0,

with
ti

s
Z m; | + Zm] =1
i=1m=1 S

such that )} _; f; is maximal.

For fixed 1 <i <sand 1 <[ < t;, we focus on the asymptotic behaviour of ®, on the
cylinder Pi (%, bi'). We define a sequence % such that

: B il N\ _ 1 5 il i) _ Ml
al_li?@ Volg, (P{,C(a,)é b )) = al—lgloo Volg, (P,,C(tl,é , b )) =
We set . _ _
Yil(t,0) = —— (24 cos(0), 24 sin(f), 2 1) — 1)
14 e2(t-1)

. N -1
and we consider the harmonic map o = @, 0 (‘fol> on 5%. Let 6, — +co be such that
0, = o(af;g”rl - bégl) for0<I<t;and 1 <i <s. Then,

sl =i (Pial! — 0, b +04))
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exhausts 5% and
al_1>rJrr100 Vol(w)*(ga)(sa ) =mj; .
Therefore, we can apply Proposition 5 on the surface (S2, 1) for the sequence & sil, S —
S". In order to obtain test functions which naturally extend to the manifold, we have to prove

L2
that 14 ‘VCDZI , dvy, does not concentrate in the poles (0,0,1) and (0,0, —1). By contradiction,
if we have )

15;,1 qu)izl Y dZJh — m5(0,0,1) +v

with m > 0, v({(0,0,1)}) = 0, then [, dv > 0 by the hypothesis on ti we did and up to the
extraction of a subsequence, we can build qf;;l <t such that

aliTw Volg“(Pa(ngrl —6,, qfx,l)) =m.

Setting b, = g + 1, and @; =t — 7, with 7, = \/t% — i/, we have

mi, = lim Volg, (Pi(af»él — GN,E)) >0

a—r—+00
mzz,l — “Lirfm Volg, (P;(@, bil + 90()) >0

with m}/l + ml%l = m;; and this contradicts the maximality of } ;_; ;.

For fixed j € ], we now focus on the asymptotic behaviour of ®, on Mﬂ;(ca). We denote by
M, the connected component of M \ (7L, -+ ,v5) which contains ML, There exists a diffeo-

morphism 7, : ¥; — M, such that (X, ha) is a non compact hyperbolic surface with 7, = 7;gs.
On %, we have
hy — hin Cjj (X)) as & — +o0

for a hyperbolic metric i. We let ¢ = [h] and (£}, ¢) the compactification of the cusps of (£;, 1)
so that (ﬁl]- \{p1,---,pt}, €) is conformal to (Z.]-,c) for some punctures py, - - -, pr as described

in [55]. The sequence of sets ¥, = 7, ! (Mﬁ(c@) exhausts £; so that we can apply Proposition

5 on (ﬁj, ¢) to the sequence of harmonic maps &, = Py 07, : (X, hy) — S". In order to
extend on the whole manifold the suitable test functions we define on ¥, we will prove that

. 2 . .
1z, [V®,|, dovj, does not concentrate at the punctures. By contradiction, we assume that

1y, ‘Vé)“‘ia dvy, — mdy, + v on f‘.j

for some puncture p; € {p1,- -+, p:} of &j, with m > 0, v({p,}) = 0. Then, up to the extraction
of a subsequence, we can build g, — 400 such that

lim Volg, (Pi(~p + qu, i+ 7)) = m.

a—r—+00

for 1 < i < s such that 7, ! ({—p} <t < 0}) is a neighbourhood of the puncture p; of ;.
We proceed the same way for the symmetric case {0 < t < p.}. Setting dy = \/qa, Ga =

—,”5( + g0 — \/% and E = —Hi + cf,f, we have

m = lim Volg, (P;(@,E)) > 0 and

a—r+00
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i M () = ms —
agrfw Volg, My (i) = mj —m
where ¢, comes from c,, taking d, instead of cf;g*. Adding the sequences 7, < b, contradicts
the maximality of }}_; ;.

As described in Proposition 5 and the computations of section 4.7.2, we can build suitable
test functions thanks to the limit functions and associated scales of the sequences CTDZ;Z e
§ > 8" and ), : X, C ﬁj — 5", They give at least k + 1 well defined test functions for
the variational characterization (4.2.1) of A, by the gap assumption of the theorem. Indeed,
denoting 1y, the genus of ﬁj, we notice that };c;v; < v and if [J| = 1, 71 < 7. These at least
k + 1 test functions give a contradiction. This ends the proof of Theorem 8.
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Chapitre 5

Régularité et quantification des
applications harmoniques a bord libre

Dans ce travail, en collaboration avec Paul Laurain, nous prouvons un résultat de
quantification pour les applications harmoniques a bord libre définies sur une surface
Riemannienne arbitraire & valeurs dans la boule unité de R"*1, a énergie bornée. Nous
généralisons des résultats obtenus par Da Lio [24] sur le disque. Nous donnons égale-
ment une autre démonstration du résultat de régularité de telles applications démontré
par Scheven [102].
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Contents
51 Introduction .. ...... ... ... ... .. . e 160
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5.3 The quantification phenomenon . . . . . ... ... ... ... 0 ., 169

5.1 Introduction

Let (M, g) be a smooth Riemannian surface with a smooth nonempty boundary with s
connected components. We fix 7 > 2 and let B" ! be the unit ball of R"*!. Amap u : (M, g) —
B"*! is a smooth harmonic map with free boundary if it is harmonic and smooth up to the
boundary, u(dM) C S" and d,u is parallel to u, (or d,u € (T,5")*). The energy of such a map

is defined as
2
E(u) = /M |Vul; dog = /aMu - dyudoy .

Harmonic maps with free boundary are a natural counterpart of 5"-valued harmonic maps
which are critical points of the energy E with the constraint that \u|2 = 1 on the surface. The
difference is that one requires uf> =1 only on the boundary.

Harmonic maps with free boundary naturally appear for instance as critical points of
Steklov eigenvalues when the metrics stay in a fixed conformal class, as noticed by Fraser and
Schoen [39]. This is the counterpart of 5"-valued harmonic maps which are critical points for
the Laplace eigenvalue when the variation of metrics lie in a fixed conformal class (see for
instance Petrides [91]). There are also of course strong links between critical points of Steklov
eigenvalues, harmonic maps with free boundary and minimal surfaces in a (n + 1)-ball with
free boundary conditions. We refer once again to Fraser-Schoen [39].

We prove the following quantification result for harmonic maps with free boundary :

Theorem 12. Let uy, : (M,g) — B""! a sequence of harmonic maps with free boundary, i.e
Uy (0M) C S" and u,, is parallel to 0,u,, such that

limsup/ ]Vum@ dvg < +00.
M

m—»—+0oo

Then, there is a harmonic map with free boundary ue : M — B" 1 and

— !, -, a family of 1/2-harmonic maps R — S",

— al, - ,al, a family of converging sequences of points on OM,
— AL, -+, AL, a family of sequences of positive numbers all converging to 0,

such that up to the extraction of a subsequence,
Um — Uoo in Clo(?c(M \ {agol e /aéo}) s
and

R, 0,R,;;, — 0,
oM

where we identify M to s copies of ' = RU {co} :

oM = | J G,
j=1

160



5.1. Introduction

with a, € C; \ {oo} for some j,

In particular, in the space of measures on the boundary, we have the convergence

I
U Oy Um0y = Uoo.Oy ooy + Y €0,
i=1

where ¢; denotes the energy of the harmonic extension of w' on RZ, noticing that a map w on
the real line R x {0} is %—harmonic if and only if his harmonic extension w : R3 — B"*! is
harmonic with free boundary. Notice also that a harmonic map with free boundary and finite
energy w : RZ — B"*! corresponds to a harmonic map with free boundary on the disc by
Claim 38 below and the remark which follows. Therefore, w; is automatically conformal and
by Fraser and Schoen [40], we get that w;(ID) is an equatorial plane disc and that the energy
of such a map satisfies

e; = E(w;) = /]RX{O} w;.(—0w;)ds € 2N .

Thus our result is indeed a quantification result, analogous to those of Sacks-Uhlenbeck [100],
Parker [88] for 5"-valued harmonic maps, or of Laurain-Riviere [71] for similar equations.

In the case of the disc, (M, g) = (ID,¢), this theorem has already been proved by Da Lio
[24]. In this case, the correspondance between harmonic maps with free boundary on the disc

with harmonic extensions of -harmonic map on the real line is used. Denoting her energy as

E(u) = /]R ’A%ulzdx ,

she made use of another variational problem on the real line. This correspondance is no more
true for general surfaces.

The proof of our theorem relies classically on a e-regularity property. Proving it permits
also to prove a regularity result on weakly harmonic maps with free boundary. A map u :
(M, g) — B"*! is called weakly harmonic with free boundary if u(x) € " for a.e x € 9M and
if for any v € L® N H' (M, R"™!) with v(x) € T,yS" for a.e x € M,

/M (Vu,Vo)do, =0.

Such a map is a critical point for the above energy E with respect to the variations u; = 7(u +
tv) for any v € L® N H'(M,R"*!) with v(x) € T,)S" for a.e x € IM, where for z € R"",
71(z) denotes the the nearest point retraction to z in B"*!. Then we have the following :

Theorem 13 (Scheven [102]). A weakly harmonic map with a free boundary u : (M,g) — B"*1 is
always smooth until the boundary and thus is a classical harmonic map with free boundary.
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This regularity theorem was originally proved by Scheven [102], even in a more general
context. See also the initial contribution of Duzaar and Steffen [31]. This theorem is the analog
of that of Hélein [51] for S"-valued harmonic maps.

Another proof, in the case of the disc, was also given by Da Lio-Riviere [25], using the
correspondence already explained above. Our proof of this result is an adaptation of the proof
of Scheven [102]. However, we are more careful and precise in the regularity estimate, passing
from a C%% e-regularity result to a C! e-regularity result. This is crucial to prove Theorem 12.

As already said, harmonic maps with free boundary in the unit ball naturally appear as
critical points of Steklov eigenvalues. Both our theorems are crucial in order to prove exis-
tence of regular metrics which maximize k-th Steklov eigenvalue on a surface, either with a
conformal class constraint or not, as was stressed by Fraser and Schoen [41]. This is achieved
in Petrides [93].

Our paper is organized as follows : section 5.2 is devoted to the proof of Theorem 13,
thanks to an e-regularity result, see Claim 3. We also obtain a crucial result of singularity
removability in Claim 4. Our proof is based on the rewriting of the equation with a suitable
structure, see Claim 2, permitting to use Wente’s inequality, as studied carefully by Riviere
[97]. Section 5.3 is then devoted to the proof of Theorem 12. Capitalizing on the e-regularity
result, we are able to prove a no-neck energy result after having described the concentration
phenomenon which may appear.

Acknowledgements : The first author was visiting the Department of Mathematics of
Stanford University when this article was written, he would like to thank it for its hospitality
and the excellent working conditions.

5.2 Regularity results

We denote by ID,(x) the Euclidean disc centered at x € R? of radius r and we let D, =
D,(0) and D = D;. On the upper half space, we let D;” = D, N (R x R ) and D* = Dj.

We first recall a lemma proved by Scheven [102], lemma 3.1, which states that a weakly
harmonic map with free boundary with small energy cannot vanish close to the boundary
oM.

Claim 35 ([102]). There exists €g and C > 0 such that for any 0 < € < €y, and any weakly harmonic
map u € H'(ID*,B"*1) such that u(R x {0}) C S", if

/ \Vu]z <e,
D+

then for any x € DY,
2
d(u(x),8") < Ce? .

To prove the regularity result, we will extend the weakly harmonic map with free boun-
dary u : (M, g) — B"*! by a symmetrization with respect to the boundary.

Since u is harmonic in the interior of M, it is smooth. It remains to prove that u is smooth
at the neighbourhood of each point 2 € 9M. We take a conformal chart ¢ : U — R% centered
at a € U such that
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5.2. Regularity results

— ¢(a) =0,

— ¢*(e*“&) = g, where w is some smooth function and ¢ is the Euclidean metric,

— ¢(oMNU)=1=(-1,1) x 0.
We let # = u o ¢~ L. Then, by conformal invariance, we have that for any v € C&°(D*, R"*1),
v(x) € Ty()S" forae x € (—1,1) x {0},

/]D+ (Vo, Vi) =0.

Applying Claim 35, we can assume up to a dilation that

1
Vx e DY, li(x)] > 5 (5.1)
In particular, i does not vanish and we can define its extension in ID as follows :
_ i on Dt
u_{aoﬂor on D~ 5:2)

where for z € R"!, ¢(z) = ﬁ is the inversion w.r.t. the unit sphere §”, and for x = (s,t) € R?,

r(x) = (s,—t) and D~ = r(D").
Claim 36. We have that i € H'(ID) and satisfies in a weak sense : for 1 <j<mn-+1,
n+1
—di’(’)(AVﬁj) = Z <Xi,j/ Vﬁi> inD (53)

i=1

1 D+
A= 1 -

|af®

where A € H'(D) is defined by

and for 1 <1i,j <n+1, X;; € L*(ID) is defined by

0 D"
XZ,] — zﬁ]Vﬁ,ff,Vﬁ] ]D_ ’
||

and satisfies in a weak sense
diU(XZ',]') =0inD. (54)

Proof. We immediately have that i7 and X; ; satisfy
Al = 0 and div(X;;) = 0in D" \ I

in a classical sense. Direct computations give that

~ ~12
i [ YB) —o VI D
I ]

so that
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forl1 <i,j<m+1land

VN.
—div (m?) = Z<Xi’j/ Vﬁi> inD™ \ I

for 1 < j < n+1, both in a classical sense. It remains to prove that these equations are still
true on ID in a weak sense. Thus, for equation (5.3), we need to prove that

Vo € C°(D, R™), / +/ V“ V” — Y (X, Vit o | =0, (55)
ij

For that purpose, we first remark that, for any w € L* N Hl(ID, IR”“), we have by direct
computations, using the change of variable by the reflection r, that

[ Vi ve) = [ (V(eom), ¥ (won) 56)

since ¢ o il = il o r. More lengthy but straightforward computations also lead to

L (W - L (Xij, Vi) w;‘)

I i
= V(cod), V| w-2)

. (5.7)
_ TV~
< ' ( jlﬁl2”>>'

Indeed,
L]
(5.8)
(Vit, Vw) ijw; <Vu]-,V|u] >
=" - 22 LIvaP+y o ,
| ja|* ; ||
- V()@
1l Vii
V(coii) =V = — 5.9
oo =7 (i15) = 5 e °7
and
(w 22?7;“) Vw — 22 w]V~
(5.10)
Vii \Y i|?
2D 2 |w|f”f~+22u]w] T
j u

Let now v € C*(D, IR”“) and let us set

1
veor = <vor+v—2(ﬁ'

Q
~—
=

)
N——

and

v,or =

<vor—v+2(ﬁ-v)

=y
)
SN—

N =
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5.2. Regularity results

so that v, + v, = v. Note that v, and v, are in L* N H'(ID,R"*!). Note also that we have

Ve - U

jaf?

(7N
vaor:—<vu—2 ~214) .
||

Then we can write, applying (5.6) and (5.7) with w = v, and w = v, and using these last

equalities, that
/ +/ (Vu Vo) Z<X1],Vu >

-/ <va,wa>+/ﬂ} <W;V2”a> Y (X, Vity) (v )])

I i

VeOF = Ve — 2

and

+ - (Vii, Vo) +/ ( VT |VU€> Z<Xi,j,Vﬁi> (Ue)]->

¥
= [ (v, vm-/ (V (0oi),V (vs07))

+/ (Vil, Vo) +/ (V(ooi),V (veor))
=2 (Vii,Vuv,) .

D+
Noticing now that if x € R x {0},

ve(x) = v(x) — (a(x) -o(x)) #(x) € TynS",
and recalling that u is weakly harmonic with free boundary, we know that
/ (Vil, Vv,) = 0
D+

which clearly ends the proof of (5.5).
It remains to prove (5.4), that is

Vf e C§°(1D,R"+1),/ (VF,Xi;) =0.
D
Let f € C®°(ID,R) and 1 <1i,j < n+1be such that i # j. Then

1 i:Vii; — i, Vi,
- Vi X)) = / %IV
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where v;; € C (D, R"*!) is defined by

i; ifk=i
(Ui,j)k :fOT"X —ﬁl‘ lfk:]
0 otherwise

and (v;;(x),#(x)) = 0 for x € ID. This ends the proof of the claim.
¢

Notice that this construction is similar to Scheven’s one [102]. However, in Claim 36, we
give a suitable form to the equation that satisfies the symmetrized map 7 : we use its structure
to prove an e-regularity result that will be useful for the second part of the paper. This type
of equations was intensively studied by Riviere (see [97]).

Claim 37. There is €; > 0 and a constant Cy such that if a weakly harmonic map with free boundary
u satisfies at the neighbourhood of a € dM

/D+|W‘2§€1'

then it € C®(IDT) and for any k > 0,
2

IVitllenpty < Ce IVl 2oy -
2

Proof. We fix 0 < €2 < ¢( that we shall choose later, where ¢ is given by Claim 35 and we

assume that
/ IVi]> <e.
D

Since X;; € L*(ID) satisfies (5.4), that is div(X;;) = 0 in a weak sense in ID, there is a function
B;; € H'(ID) such that X;; = V*B ;. Then, il € H'(ID) satisfies the equations

—div(AVi;) = Y, (V*B;j, Vii;)
rot(AVi;) = (VYA Vi)

LetpeD;and 0 <r < 1. We let C € H(D) be such that

{ AC; =y, (V*+B;;, Vii;) inD,(p) (5.11)

C=0 on dD,(p)

Since div(AVii — VC) = 0, there is D € H' (D) such that V+*D = AVi — VC. We set D =
¢ + v where v is harmonic and ¢ satisfies

{ons - {vavm mem), 512)

Wente’s theorem applied to (5.11) and (5.12) gives the estimates
IVClli2p, () < Ko IV 72, )y and (5.13)
IVl 20, )y < Ko IVl T2, () - (5.14)
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with Kj a universal constant. Here we used (5.1). Moreover, by Riviere [97], lemma VIIL.1,

1
< — IVl 2o, () - (5.15)

||VU||L2 (p) = 16

L
16

Then we have by Young’s inequalities and (5.13), (5.14) that

2
_ -1 v
HVUHLz P)) = HA AVu LZ(]D

(r)

0\“
5~

< 2|47 (IVCIsw oy + 19Dlm, )

p))) :

6

< 2lat|? (sxz wa) 2|V
< A\ BKG IVl iz, () + 21 vIILz

c\‘"‘

And an integration by parts on ID,(p) gives that
1AV |[F2(p, ) = I VCIZ2 Dy + IV D2
since C = 0 on 0D, (p). Now we also have that
2 2 2 2
IVOll2m, ) = VD2, (p)) = IVOlli20,(p)) < IVDIli2(m, ()

so that, since A(x) <1 for a.e x € D, we can write that

1 1 1
199020, ) < 16 IVoll2, ) = 3¢ 19PNz < 7¢ IV lizo

r

o~

and we finally get that

IV, () < 6K3[a~ H IVl p, HA H Vi) 22 p,

r

6

Since HA* Hi < 16 thanks to (5.1), up to choose €; = we get that

1
4x96K3’

IVl 2o

r

6

1 o2
) S5 IVl 72

for any p € ID% and 0 < r < 1. Thanks to Morrey estimates, see page 50 of [97], and the

elliptic regularity on the equation, knowing that ‘VLB‘z <K ]Vﬁ]Z almost everywhere for
some constant K, we get a constant C independent of # such that

I9al,,
. 1

2

) < ClVillppy - (5.16)

Since by (5.2),

o I¥

using (5.1), and setting €; = 3, we get

b
e
1
o
J
=|d
==
N

/ |Vﬁ|2§€1:>/ |Vﬁ’2§€2.
D+ D
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Finally, by elliptic regularity theory, we can bootstrap (5.16) thanks to the equation on the half
space,
Al =0 on D"
{ —atﬁ = (ﬁ(—atﬁ)) 11 on ]

and get the claim.

¢

Theorem 13 of course follows from this claim.

Thanks to Claim 37, we also have a result of removability of singularities for harmonic
maps with free boundary which will be useful in the next section.

Claim 38. Let u: M\ {a} — B"*! with finite energy be such that for any v € H' (M, R"*1) N L*,
supp(v) C M\ {a} and v(x) € T,,)S" for a.e x € IM,

/M (Vu, Vo) dog =0.
Then u extends to a harmonic map with free boundary @ : M — B" L.

Proof. First, using Claim 37, it is clear that u is smooth outside of 2. We use in the sequel the
same notation as above since the problem is purely local. Thus we can assume that M = DT,
that the metric is Euclidean and that 2 = 0. By a direct scaling argument, using again Claim
37 and standard elliptic regularity theory for harmonic maps in the inside of ID¥, there exists
a constant C > 0 such that

2 2
\Y < C/
sup  |x|7|Vul” < b

D, (p)ND* Igl (p)N
T

|Vul®
]D+

for all p € D with |p| <  as soon as

/ VP <er.
D | (p)ND* B

v

Since Vu € L? (D) by assumption, we deduce that

sup |x| |Vu| - 0asr —0. (5.17)
D;f

Let v € CZ (D7) be such that for all x € R x {0}, v(x) € T,(,)S". Then we have, integrating

by parts, that
/ (Vu, Vo) = / —0yU - V.
D+\D;" oD;"

Using (5.17) and the fact that Vi € L2 (D"), we can pass to the limit as  — 0 to obtain that
u is in fact a weak harmonic map with free boundary. It is thus regular thanks to Theorem 13
we just proved.

¢

Notice that thanks to Claim 38, we have a correspondence between harmonic maps with
free boundary u : D — B"™ and v : R3 — B""!, thanks to f : RZ — D\ {(0,1)}, the

conformal map defined by f(z) = Z;.
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5.3. The quantification phenomenon

Finally, Claim 37 reveals an energy gap for harmonic maps with free boundary on discs :
if a harmonic map with free boundary w : RZ — B"*! satisfies

/ Vw|* < e
R%

then w is a constant map. Indeed, by Claim 37 and an obvious scaling argument, we get that
Co
IVwlleomy) = 7 IVl

for all R > 0 for some fixed constant Cy. Letting R go to +oo gives that w is constant.

5.3 The quantification phenomenon

We aim at proving Theorem 12.

Step 1 : Points of concentration.
Since the energy of the sequence (u,,) of harmonic maps with free boundary is bounded,
we only have a finite number of points, denoted by al,--. a7 such that

Vr > 0, limsup _
m—s—+oco JBg(al,r

| | Vit ; dvg > €1 . (5.18)

Notice that a' € 9M for any 1 <i < gq. Indeed, if ae M \ dM, then, since u,, is harmonic,
elliptic regularity theory gives a constant C independent of m such that

HV”chO(Bg(ai,g)) < Clum|lwz

where 6 = d(a',0M) > 0, so that (Vi) is uniformly bounded on Bg(a’, §). This contradicts
(5.18).
By e-regularity around each point of IM \ {a!,- -, a7}, (see Claim 37), we get that

Uy — Ueo in CL (M \ {a', -+ ,a7}) as m — +oo, (5.19)

where 1., satisfies the hypothesis of Claim 38 so that 1. extends to an harmonic map with
free boundary in C*(M, R"*1).

Step 2 : Blow-up around a' € 9M.

We take a conformal chart ¢; : U; — IREL centered at a’ € U; such that

— ¢ (al) =0,

— ¢r(e*™i¢) = g, where w; is some smooth function and ¢ is the Euclidean metric,

— (Pi(aMﬂ Ul') CRx {0}

We fix 1 < i < g and we let @i}, = u,, o (plfl and i, = e O qblfl. We choose r; > 0 small
enough such that for any j # i, ¢;(a/) ¢ ID; and at the neighbourhood of a' € 9M,

2
/D |val] < % . (5.20)
Since a' satisfies (5.18), we can take )\fﬂ such that
.2 €1
/ vi | = (5.21)
]D,*i\ID;;n 2
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Notice that ‘
A, —0asm— +oo. (5.22)

Indeed, if lim sup )\in > 0, by the definition of r;, and (5.19), passing to the limit in (5.21) would
m—+00

contradict (5.20).
We set for x € R%
i1y, (x) = 1, (A} ) -

Since i’ is harmonic with finite energy, elliptic estimates prove that, i}, does not concen-
trate on R x (0, +c0). Moreover, by (5.21) and Claim 37, ﬁfn does not concentrate on le+ \
(—1,1) x {0}. Therefore, outside some concentration points a"!,--- a7 € (—1,1) x {0}, we
have

it — ik in CL(R2\ {a™},- - ,a"7}) as m — +oo. (5.23)
Let f : R3 — DD the conformal map defined by f(z) = . Then @i, o f~! satisfies the
hypotheses of Claim 38 on D \ {1, f(a!), - - -, f(a"%)} so that i}, o f ! extends to an harmonic
map with free boundary in C*®(ID, R"*!). Thanks to (5.21), (5.22) and Claim 39, we have that

2
lim lim Vi, =0
R=teom=+oc0 /D, \Dg
MR
so that by (5.21) and (5.23) for R large enough,
12 e
/ v | > <. (5.24)
D} \D* 4

In particular %, is a non-constant function, which is a 3-harmonic map on the boundary (one
of the w’’s given by Theorem 12).

Step 3 : Iteration.

As a classical bubble tree extraction (see [88]), we have two cases : Either there are concen-
tration points and we go back to Step 2 at the neighbourhood of each a’/. Or there is no
concentration points for the sequence (i},) (that is g; = 0 in Step 2) and the process stops.

This process has to stop since at every new concentration point, we get a bubble whose
energy is at least g by (5.24).

Finally, we state a no-neck-energy lemma which concludes the proof of Theorem 12.

Claim 39. Let (A,,) be a sequence of positive numbers converging to 0. Let (u,,) be a sequence of
harmonic maps on DT with uniformly bounded energy and free boundary on (—1,1) x {0} such that

2 _ €1
A o [Tl =5 (5.25)
Then,
lim lim Vi) =0 (5.26)
R—+ocom——+oco ]D+1 \DImR
R
and
lim lim Uy Oty = 0. (5.27)
R—+o00 m—+00 (*%%)\(*AmRJ\mR)
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Proof.
We set A, g = D7\ DY ¢, Lnr = Apur N (R x {0}) and
R m

Omr = max |z| |V (z).
ZGAm/R

Step 1 :We have that
lim limsupd,r =0. (5.28)

R—+00 1 s ieo

Proof of Step 1 - Notice that R — 6, g and R — lim sup J,, r are nonincreasing. We proceed
m—r+00
by contradiction, assuming (5.28) is false. Then there exists a subsequence (11, ),~, converging

to 400 such that
57’10‘,0( 2 €O > O (5.29)

for some €y > 0 fixed. Let z, € Ay, o be such that éy, o« = |za| |Vitm,| (z4). It is clear that
zy — 0 and /‘\Z—nf‘ — 400 as & — +o0o. We let U, (x) = Uy, (|z4| x) so that, by Claim 37,

Uy — U in Cj . (R2 \ {0}) as & — +o0
where 1, is harmonic with free boundary. Then, since, after passing to a subsequence,

Zy

[za|

where z = lim % we get thanks to (5.29) that |Viie(z)| > €. By assumption (5.25),

=400 | sz|’
||Vﬁo<,||%z(]Rz+ ) < 5 so that by the remark at the end of Section 1, 7. should be constant. This
is a contradiction which ends the proof of this step.

|za| |V, (z4)] = ‘Vu,x < )‘ — |Viieo(z)| as & — 400

Step 2:

lim i
glim, lim sup [V tim|| 200

=0 (5.30)

m,R )

Proof of Step 2 - We easily check that H |17| HLM(A ) < /7 for any m and R, so that
’ m,R

[Vitm|| 200, ) < VTR

and we get (5.30) thanks to Step 1.

Step 3:
limsup limsup || Voum| 21, ) < +00 (5.31)

R—+4co0 m—r+o0 R

Proof of Step 3 - Here we use the symmetrization process given by Claim 36. And such
estimates on the angular derivative for solutions of this type of equations were obtained in
Laurain-Riviere [71]. First, we have to ensure that |u,,(x)| does not vanish for x € A,, . For
x € Ay r, we have that

T
() — ()] < 31| sup |V,

|z[=Ix]
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for some y € (—1,1) x {0}. Since |uy(y)| = 1, we deduce that
T
um(x)| =1 - Efsm,R

Since R — J,,r are decreasing for every m and thanks to (5.28), we deduce that there exists
Ry and mg such that for all R > Ry and all m > my,

1
|t | > 5 in AR .

Up to a scaling and since we are interested only in large m and large R and in order to simplify
the notations, we may assume that Ry = 1 and that my = 1. We set now

{ . in D"\ D}

couypor inD”\D, (32)

Applying the computations of Claim 36, we get that, for 1 <j <n+1,

. n+1 .. )
—div(An Vi) = Y <X;'{,Vﬁ;ﬂ> (5.33)
i=1

in a weak sense where A, is defined by
1 D\ Dj
Ap = 1 D \IDXm ’

i |*

and for1 <i,j<n+1, X:n] is defined by

+ +

il _ 0, - D \]DM
m = zﬁ],,,Vﬁ’,,,fﬁImVﬁ],,, ID*\]DX ,

m

| |*

and satisfies in a weak sense B
div(X,;]) = 0. (5.34)

We also have that for A,, <r < 1,

1 (xi,v) = / %Vﬁin—finwiﬂlv
2 Job, oDy ||

- [ (o) Voo o Veom)
oD;f |00 1y |* '

= / whyul, — ul, 9y 1),
oD;

= /[ o) (whdv, — wiyduu )
— /]D+ div (u{nVufn — uanuZn>
= 0,
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since Au,, = 0 and 0;u,, is parallel to uy; on [—r, 7] x {0}. From this and (5.34), we deduce that

there exists Bm] such that Xl] = VLB” Now, we still denote by i, and A, extensions of i
and A,, on L* N H!(ID) such that there is a constant D independent of m with

IVl 2y < DIVl 2oy, ) and [V Aul iz < D IVAsllzpin,, - 639)

For instance, if f : D\ ID,, — R, we take the extension

zA2, zA2,
= () ()

for z € D,,, where ¢ € CZ(D) is a cut-off function such that ¢ =1 on D, .
We let D,, be such that

i _ /ol i\
{ AD:, = (V+A,, Vi) inD (5.36)

D, =0 on oD

Since rot(A,Vil, — V+D,,) = 0, there is C,, such that VC,, = A, Vil,, — V*D,, and C,
satisfies the equation
ACh = Y (VB Vil),)
i

onD\ D, .WesetCy, = ¢, + v, where v,, is harmonic and ¢, satisfies

{ Ayl = L (V*By, Vi) inD\D,, (5.37)

P =0 ondDUJID,, .

Wente’s estimates involving the L?>!-norm on the disc for (5.36) with the estimates (5.35) on
the extensions 7,, and A,, and L>!-Wente’s estimates on the annulus (see [71], lemma 2.1) for
(5.37) give constants Ko and K; independent of m such that

IV Dl 21 py < Ko HVUMHLZ (D\D,,,) (5.38)

IV 9ull 2o, ) < Kt [V, - (5:39)

Since v, is harmonic, we get a Fourier series

O =co, +doIn(r)+ Y (chr? +dhrF) e¥?
pEZ*

and since Vv, has no logarithm part, we use [71], lemma A.2, to get a constant K, inde-
pendent of m such that

HVQUWHLZJ(]D%\]DZAW) < K [|[Voull 2 ip\p,, ) < K2 [[VCull2p\D, )

since vy, is the harmonic extension of C,, on D \ D, . Then, by Young inequalities and since
Am <1,

IVevnllt2i 0, \Day < 28 (IVDullizmpy,) + 1VnlEo\p,,,)) (5.40)
2
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Now, (5.38), (5.39) and (5.40) give that

IVotnllzio, s,y < 4K+ K) Vil

+4v/2K0\ /K2 | Vit [{2p\m,,) + [ ViEnlE2om,,) -
Looking at this inequality in A, g completes the proof of Step 3.

Gathering Step 2 and Step 3, the duality L*! — L?> gives that
lim hm [ Vouml 2(a, ) =0- (5.41)

R—+ocom—r+

Since 1, is harmonic with free boundary in D", we have the following Pohozaev identity
/ |Votin|* = / |V i) forall0 <7 <1. (5.42)
oD} oD,

Indeed, let us write with some integration by parts that
0 = /]D,* (x(um)x+y(um) )-Aum
= o [ Vel [ (e )y (), )G,

+/ IV ity | +2/ < (17unl?). +y<]Vum]2>y>

1 2
- / Vrtnf” +/ (—1,1)x {0} ('”>"+y(”m>y)'(”M)ﬁzr/anar'wm'

Now we have that
/(—1,1)><{0} (x (”’”)x +y (”m)y) : (um)y =0
since on (—1,1) x {0},
(x )y (1)) € T

and (uy), is orthogonal to T,S". This proves (5.42) since \Vitw|* = |Vitt|* + [ Vou™ . Inte-

grating (5.42) gives that
[ vl =2 Vol
Am,R Am,R

so that (5.26) follows thanks to (5.41).
Finally, we have that

/ Up.(—OtUpm) :/ ]Vumlz—/ N
Im,R Am,R oD

1
R

g/ \wm\2+/ |wm|+/ Vit
Am,R a]D+1 a]DlJ?rAm
R

and (5.27) follows from (5.26) and (5.28).
This ends the proof of Claim 5, and as already said finishes the proof of Theorem 12.

U Ol —1—/ Uy . Oplh
oDy,
Am

so that

/ Up.(—Otily)

Im,R

&
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Chapitre 6

Maximiser les valeurs propres de
Steklov sur une surface

Nous étudions les fonctionnelles valeurs propres de Steklov oy (X,¢) Lg (0X) sur des
surfaces a bord non vide (X, g). Nous démontrons que sous certaines hypothéses na-
turelles, ces fonctionnelles admettent des métriques maximales qui viennent avec une
surface minimale & bord libre de . dans une boule euclidienne.
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6.1 Introduction

Let X be a smooth compact connected surface with a smooth boundary 0% # @. We denote
by v its genus and by m the number of connected components of its boundary, which, together
with orientability, characterize topologically the surface. Given a Riemannian metric g on %,
the Dirichlet-to-Neumann operator, L : C* (dX) +— C* (%), is defined as follows : for any
u € C®(0X), consider the harmonic extension i of u in X, which is unique, then Lu = 9,1
where v is the outward unit conormal along 0X.. This operator is self-adjoint and has a discrete
spectrum

0= 00 < 01(L,8) S Oa(E,g) <+ < 4(T,g) < - — +oo

of so-called Steklov eigenvalues counted with multiplicity. These are the ¢’s for which there
exists a non-trivial solution u € C*® (%), smooth up to the boundary, of

Agu =0 in X
dyu =0ou onox

where A; = —divg (V) is the Laplace-Beltrami operator. These eigenvalues are also characte-
rized by the following variational problem :

Vol do
ox (X,g) = inf  sup W
Eet ger,\(0)  Jox $7d0%

7
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where the infimum is taken over the vector spaces of smooth functions Ej;; of dimension
k+1.

These eigenvalues may be seen as functionals depending on the metric g. For obvious sca-
ling reasons, it is more interesting to consider the functionals o} (X, g) Lg (0X). There has been
a recent interest in studying these Steklov eigenvalue functionals because of the connection
between critical metrics for these functionals and minimal immersions of X with free boun-
dary into some Euclidean ball. A smooth immersion ® : £ + B! is a minimal surface with
free boundary if ® (X) is a minimal surface with ® (dX) C S" which hits the boundary ortho-
gonally (that is, 9,P is parallel to ® on 0X). These free boundary minimal surfaces arise as
critical points of the area when the surface is constrained to lie in the ball but is free to vary
on the boundary of the ball. This link between this purely geometric problem and the Steklov
eigenvalues was first discovered by Fraser-Schoen [38]. In particular, it is proved in Fraser-
Schoen [39], proposition 2.4, that a metric go on X such that o} (¥, 80) Lg, (0X) is maximal
among smooth metrics on ¥ comes with a conformal minimal immersion with free boundary
® : ¥ +— B""! for some 1 such that ® is an isometry on 9%, up to scaling. Note that, conver-
sely, see again Fraser-Schoen [39], the coordinates of any conformal minimal immersion with
free boundary are Steklov eigenfunctions corresponding to some . This link has led Fraser
and Schoen to start an intensive study of the first Steklov eigenvalue (see [38], [39], [41]).

Thus it is geometrically interesting to look for maximal metrics for Steklov eigenvalues
in order to get conformal minimal immersions with free boundary. That’s a good reason to
introduce the topological invariant

ok (7, m) = sup oy (X, 8) Lg (0%)
8

where X is an oriented surface of genus v with m boundary components. Girouard and Pol-
terovich [47] proved that

o (y,m) <21k (y+m) ,

generalizing for k > 2 an estimate due to Fraser and Schoen [38] in the case k = 1. Very few
exact values of oy (y,m) are known. Weinstock [112] proved in 1954 that

01(0,1) = 27tk (6.1)

and that for k = 1, the case of equality holds for the Euclidean disc. The exact value of 1 (0, 2)
was found by Fraser-Schoen [41] and the maximizing metric was characterized as coming
from the critical catenoid. In this same paper, an asymptotic of oy (0,m) as m — +oco was
obtained.

It can also be shown by standard gluing procedures (even if a bit technical, see [30]) that
the following inequalities between these topological invariants hold :

S
oy (7, m) > - max Z Uiq('yq,mq) ) (6.2)
iyt is=k =]
Vq,ig>1 1
i+ <y

my+--+ms<m
Y1 <Y or my<m if s=1

We prove the following existence result :
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Theorem 14. Let ¥ be a compact orientable surface of genus vy, with a smooth boundary with m > 1
connected components. Let k > 1. If the inequality (6.2) is strict, then there exists a smooth metric g
on X such that oy (y,m) = 0y (£,g) Lg (0X.). Moreover, up to scaling, this maximizing metric is the
pull-back of the Euclidean metric by some conformal minimal immersion with free boundary in the unit
Euclidean ball B"*! for some n.

This theorem was proved for the first eigenvalue k = 1, with v = 0 and any m in Fraser-
Schoen [41]. In this case, the condition that (6.2) is strict reads as oy (0,m) > o7 (0,m — 1). They
also proved that this condition holds true for any m so that o7 (0, m) is achieved by a smooth
maximal metric for all m > 1. Their proof easily extends to higher genus, still for k = 1, except
that we do not know if the gap condition holds for ¢y > 1.

Note that our theorem gives suitable conditions for the existence of conformal minimal
immersion with free boundary of various genus and number of boundary components given
by k-th Steklov eigenfunctions for any k > 1. Note also that the gap assumption, i.e. the fact
that (6.2) is strict, is necessary to get an existence result. Indeed, it was proved by Girouard-
Polterovich [44] that 02(0,1) is not achieved by a maximizing metric. Note that, in this case,
we have 02(0,1) = 207(0,1) by (6.1) so that (6.2) is not strict.

Even in the case k = 1, our proof differs a little bit from that of Fraser-Schoen [41]. And for
higher eigenvalues, compared to the first, we have to deal with possible bubbling phenomena
and thus to analyze precisely them in order to rule them out thanks to the gap assumption. The
starting point of our proof is the following simple remark : it is somewhat more convenient
(even if not easy) to maximize the Steklov eigenvalue among metrics in a given conformal class
since everything depends then from a single function. Then we pick up a special maximizing
sequence for oy (77, m) consisting in maximizers in their own conformal class. These maximi-
zers come, as we shall see, with a corresponding harmonic map with free boundary from X
into some Euclidean ball and the proof of Theorem 14 relies on a careful asymptotic analysis
of these harmonic maps when the conformal class degenerates. Quantification results for such
sequences of harmonic maps with free boundary were recently obtained in Laurain-Petrides
[70].

In order to carry out this program, we introduce the conformal invariant

or (2, [g]) = sup 0i (§) Lg (9%)

gelsl
for any smooth compact Riemannian surface (X, g) with a non-empty boundary. Here [g] de-
notes the conformal class of g, that is all the metrics on X which are a multiple of ¢ by a smooth
positive function. Then, if ¥ is orientable of genus ¢ and with m boundary components, we
have of course that

ox (7, m) = s[u]p o (Z,[8]) -
8

Once again, one can prove by standard gluing techniques (see [30]) that

(%, [g]) > max (‘Tkj(z‘/[g])+ ilffim(lD,[é])>- (6.3)
= m=

Note that thanks to (6.1), this inequality reads completly as
or(%[g]) = max  (ox;(Z, [8]) +271))

1<j<k
i1+~~~+i5:j
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but, for a reason which will become clear in the proofs, we prefer to state it in the form of
(6.3). Then we have the following existence result :

Theorem 15. Let (X,g) be a compact Riemannian surface with a non empty smooth boundary. Let
k > 1. Then, if (6.3) is strict, there exists a smooth maximal metric § € [g], such that 0.(%,[g]) =

(%, §)Lg (%),

Note that by (6.1) and (6.3), the gap condition of our theorem would be a consequence of

o (Z, [8]) > o1 (%, [g]) + 27

If a maximal metric § for oy (%, [g]) exists, the conformal factor related to g of a maximal metric
g, is ©.0,P on 9%, where ® is some harmonic map from X into B"*! with free boundary, map
whose coordinates are eigenfunctions for the k-th Steklov eigenvalue. Such a map takes value
in the Euclidean ball, is harmonic inside X, satisfies that || = 1 and 9, P is orthogonal to
ToS" on the boundary of Y. These harmonic maps with free boundary have been studied in
particular in Da Lio [24], Da Lio-Riviere [25], Laurain-Petrides [70] and Scheven [102].

The strategy of proof of Theorem 15 is the following. We do not prove either that any
maximizing sequence does converge, up to a subsequence, to a maximizer nor that maximi-
zers in a possible "weaker sense" are regular. Instead, as was initiated by Fraser-Schoen [41],
we carefully select a maximizing sequence by a regularization process which does converge
to a smooth maximizer. This special maximizing sequence is the solution of an approached
variational problem and comes with a sequence of "almost" harmonic maps with free boun-
dary in some Euclidean ball. The core of the proof is to carefully analyze the asymptotic
behaviour of these maps to prove that they do converge to a real smooth harmonic map with
free boundary, leading to a maximal metric for the Steklov eigenvalue under consideration.
The main difficulty is that, contrary to the case k = 1, one can not a priori avoid phenomenon
of concentration, with multiple bubbles appearing. We thus have to perform a bubble tree
decomposition for this sequence, to understand precisely the behaviour of these maps at a
concentration point, to prove a no-neck energy result, in order to get a quantification result,
and enough test-functions to use the variational characterization of the k-th Steklov eigenvalue
in order to violate the gap assumption of the theorem.

The proof of Theorem 14 starts from the existence of maximal metrics in their own confor-
mal class : this gives once again a special maximizing sequence. We then understand the
behaviour of this sequence if the conformal class degenerates in order to prove that it can
not happen under the gap assumption of the theorem. Then we rely on a compactness result
by Laurain-Petrides [70] to finally prove that our maximizing sequence does converge to a
smooth maximizer once degeneracy of the conformal class has been ruled out.

Analogous questions can be considered concerning the maximization of Laplace eigenva-
lues on closed surfaces. Inequalities (6.2) and (6.3) were proved in this situation by Colbois-El
Soufi [21]. Maximizing metrics for Laplace eigenvalues come with minimal immersion of the
surface into some sphere. If one adds the conformal class constraint, they come with smooth
harmonic maps into the sphere. The analog of Theorem 14 for Laplace eigenvalues was proved
in Petrides [95]. The analog of Theorem 15 was recently announced with a very brief sketch of
proof in Nadirashvili-Sire [86] and proved in Petrides [95]. The proofs in the Steklov case are
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Chapitre 6. Maximiser les valeurs propres de Steklov sur une surface

somewhat more difficult since one has to deal with "almost" harmonic maps with free boun-
dary in some Euclidian ball instead of "almost" harmonic maps in some sphere. The analysis
of such maps is more tricky : regularity and quantification results are for instance more recent
(see Scheven [102], Da Lio-Riviere [25], Da Lio [24], Laurain-Petrides [70] compared to Hélein
[51], Parker [88]) and the description of the bubbling phenomenon in the case of the present
paper was explicitly asked for by Fraser-Schoen [39].

The paper is organized as follows :

In Section 6.2, we introduce some notations and recall some more or less classical tools
that we shall use during the proof. Section 6.3 is devoted to the set up of the proof of Theorem
15, proof carried out in Sections 6.4 to 6.6. We refer to the end of Section 6.3 for a detailed
sketch of the proof of Theorem 15.

We prove Theorem 14 in Section 6.7, dealing with a maximizing sequence of metrics for
i (7, m) whose k-th eigenvalue is maximal in its conformal class. We then study the asympto-
tics of the harmonic maps on X with free boundary into some B! they define, and thanks to
the gap assumption of the theorem, we remove all the problems of convergence which could
occur for this maximizing sequence.

Acknowledgements : It is a pleasure to thank my thesis advisor O. Druet for his support
and comments on the paper, and P. Laurain for stimulating discussions.

6.2 Preliminaries

6.2.1 Notations

Let (M, g) be a smooth Riemannian surface with a boundary of length L,(0M) = 1. Let
x € M and r > 0. We denote by B,(x,r) the open ball of radius r centered at x. If x € dM, we
let I (x,7) = OM N By(x, ). In the Euclidean upper half-plane R3 = {(s,t) € R%;t > 0}, we
let for x € R x {0}, D;f (x) = D,(x) NR? and L(x) = (—r,r) x {0}.

We denote by M (dM) the set of positive Radon measures equipped with the weak* topo-
logy on M and by M;(dM) the subset of probability measures.

As already said, we denote by o}(M, g) the k-th eigenvalue of the Dirichlet-to-Neumann
operator on M. It satisfies the classical min-max variational characterization :

Vo[> do
0i(M,g) = inf  sup M

, (6.4)
Eci gek,\ (0} Jom 9740

where the infimum is taken over the spaces of smooth functions Ej; of dimension k + 1.

For an open set ) C M such that 9Q = T UT where I' = 90 N9M and T = 9Q) \ 9M are
non-empty piecewise smooth curves, and a smooth density ¢“ on I we denote by o, (Q2, g, T, ")
the first eigenvalue for the following problem

Agp =0 in O
P =0, (Q,gT,e")e'p onT
=0 onT,

180



6.2. Preliminaries

that is

Vo|* do
o, (Q,g,T,e") = inf M
$peH fr P2etdoy

7

where
H={pcW?Q),p=00onT},

the value of ¢ on dQ) being understood taken in the sense of the Sobolev trace.
For all the paper, we fix § > 0, a constant Cp > 1 and a family (x;),_; _; of points in JM
and smooth functions v; : M — R such that
— foranyl € {1,...,L}, g = e *¥g is a flat metric in () = Bg, (x;,26), and I} = Iy, (x;,26)
is a geodesic line for g; so that the exponential map exp 2 defines an isometry between
D;(0) and (By, (x1,20) )

L
— oM = [ J v where 7, = I, (x1,9).
1=1
— For any 1 glgL,nggeM §C3.
— Forany x € wy and 0 < r < J, By(x, Cy''r) C Bg,(x,7) C Bg(x, Cor)
For 1 < < L and a point z € D};(0), we let

e201(z) — 6201 (&xPg, 1 (2)) and ' = XPg),x; (2)

and for x € (); and a set Q) C (),
i = exp(;/lxl(x) and O = expéjl,lxl(()) .
For a smooth density " on dM we let

e1(2) — p0i(2) pt(eXPg 1, (2)

ug :/ 7 g |
/re U’g r_’e S

For other functions ¢ € L!(M) or measures v € M(dM), we let

so that forI' C T},

§(2) = plexp, () and 7' = exp,, (v) .

Let pe(x,y) be the heat kernel of M at time € > 0 for the induced measure dog. Then, for
v,z € I';, we let

ﬁle (zy) = s Pe (expgr,xz (2), XPg,.x )

so that for a density ¢**) = [, pe(x,y)dv(y) for T C I} and some measure v, we have
em@ = [ 4l (z,v)dv(y)
= Ju PelZY)aVY
and for ¢ € L'(aM),
o #(50074((5,0),7)ds = [ p(x)pex,y)de (x)
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When the context is clear, we drop the exponent [ in all the notations.
Now, for parameters 2 € R x {0} and a > 0, we define the following rescaled objects
x—a/Q: Q—a/le"—a’
o« o «

X =

1) = 022 b(2) = az +a) 0 = Hj o (D), Pe(z,y) = ape(az +a,ay +a),

where Hy(x) = ax + 4, so that if ¢*¥) = [, pe(x,y)dv(y), we have

") = [ pe(zy)an(y)

and

[ #((5,0)pe((,0),9)ds = [ p(x)pe(x,y)de ()

We also denote for z € R?,
Z=exp, (az +a)

so that £ = z and
Q= expgl,xl(ocQ +a).

6.2.2 Estimates on the heat kernel

The heat kernel pc(x,y) of a the union of circles 0M at time € > 0 with respect to the
measure do, satisfies the following uniform estimates as € — 0

dglwy)?
e 4e

Pe(x,y) =0 ﬁ (

with ag,a1,a; € C®(0M x dM) are Riemannian invariants such that ag(x, x) = 1 as proved for
instance in [6]. We have also a uniform bound : there exists Ag > 0 such that for any € > 0,

ao(x,y) +ear(x,y) + €% ar(x,y) + 0(€?)) (6.5)

1 dg (x)? Ap dg (x)?

Vx,y € OM, ———¢ %= < x,y) < e” 6.6

We deduce the same uniform properties for the rescaled heat kernel p.(x,y) by some

parameters a. € R x {0} and ar > 0 such that 2. -+ a € R x {0} and a¢c — 0 as ¢ — 0. We
have for any R > 0,

pe(z,y) = e—(l +0(1)) uniformly on D x Dy, (6.7)
where 6, = m and we have the following bound for any fixed 0 < p <1

) A ¢~ (1-p)
W(l —p) < pe(zy) < W(l +p) (6.8)

for all € > 0 small enough.
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Let’s prove (6.7). We fix R > 0 and we have uniformly for (x,y) € Iz X Ig ase€ — 0

pe(x,y) = e % (ao(%,7) +0(1))

by (6.5). It remains to notice that
dg(%,7) = € |x —y| ac(1+0(1))

uniformly for (x,y) € D} x D} and we get the desired approximation (6.7).
For a sequence of measures v, € M(dM), we also have uniform bounds for R > r > 0 and
0. ~>0ase—0

_(R-1)?
e 80¢
su Caepe(X,y)dve(y) = O . (6.9)
xelf,/MVI\IR pe(X,y)dve(y) ( Ve )

We prove it thanks to (6.6) and (6.8). Let x € Ir_,.

e [y PEENBE) = e [ el 2)die(z)

I
ch\ R

EEVI dé'
g wepelEy)dve(y)

2
COR

_ \xfz\z

e 80¢ .
Co / ———dPe(z)
Ia MMV 706

IA

lXeAO _dg(xy)
+ s 0
_ aeCOR
aM\Ig(aer Y ) 47e

C
_ A 2 2
e 80e (14 _ ag(R-r)
O + 0le e
v/ 0¢ 47e

where I, C Io(de, aeCor) C Ig(de, xeCoR). This proves (6.9). We also have

_(R-1)?
sup /jpe(x,y)dag(y):O (e - ) . (6.10)

IN

xeBM\TR r \/E

Let x € oM\ Iz. We assume that x € Ich \ Ig. Then,

J, e yyioty) = [ pe(z 2z

IN
x
|

©
)
N

VAN
x
|

|
&
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Now, if € is small enough and if x € M \ IUC(%R C OM \ I(de, aeRCo), we have

[ peeyangy) < [ pelxy)aog(y)
I Ig(ae,meCor)
Ag  dg(xy)?

e % (o,
Varte JIg(acacCor) g(y)

_a2(R—r?
e 4e
O ———1 .

/ Pe(z, x)dz — 1‘ =0

IR

VAN

We proved (6.10). Now let’s prove that

lim limsup
R—=+00e—=0 v

We fix 0 < p < 1 and R > 0. Then, for € small enough, we have by (6.8) that

_ lx=z(1-p)

R e 10 1_|_p
,x)d </ C T (1tp)dz=
/IR pelz x)dz < Rx {0} 4710, (1+p)dz 1—-p

for any x € I, and

_ lx=zP(+p)
40,

e €
Je(z,x)dz > /71— dz
/lRm ) e U
_ lx=22(1+p) —|x—z[?
40,

e e e 806
¢ T (1-p)d —/ d
/]R><{O} 4710, (1= p)dz Rx{0}\Iz +/7T€ z

1—p

>
= J1+p

+o(l)ase — 0

uniformly on I,. Letting € — 0, then R — 400 and then p — 0 gives (6.11).

6.2.3 Capacity and Poincaré inequalities

(6.11)

We first notice the following consequence of the classical computation of the capacity of

annuli in IR2.

Claim 40. Let (M, g) be a compact Riemannian surface. Then, there is C > 0 and ro > 0 such that

forall x € M and all 0 < rp < r1 < 1o, there exists a smooth function g x s r, : M — R with

— 0 S Ug,x,rl,rz S 1
- 77g,x,r1,r2 =1lon Bg(x, 7’2)
— 77g,x,r1,r2 S CCOO(Bg(x, 1"1))

2 C
- fM ‘vﬂg,x,rl,m‘gdvg < @

V3

We now recall two theorems giving Poincaré inequalities on surfaces.
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Theorem 16 ([1], Lemma 8.3.1). Let (M, g) be a Riemannian manifold. Then, there exists a constant
B > 0 such that for any L € W—12(M) with L(1) = 1, we have the following Poincaré inéquality

Vf € WIAM), [ (f = L())dvg < BILIy- 12y [ VT3 dog

We denote by

Ci2(K) = inf{/ ¢*do, +/ V| dog; ¢ € CZ(R?),¢ > 1on K}
R2 R2

the capacity of a compact set K C IR? and

Capa(K, Q) = imf{/Q |V¢]§ dvg; ¢ € C°(Q),¢ > 1 on K}

the relative capacity of K CC Q.

Theorem 17 ([1], Corollary 8.2.2). Let () C R? be a bounded extension domain. Then, there exists
a constant Cq such that for any compact K C Q with Cq,(K) > 0 and for any function f € C®(Q))

such that f =0on K,
< Ca
||f||L2(Q) > 7C1,2(K) | Cf||L2(Q) :

Q) is a bounded extension domain means that the extention by 0 on IR? of every function
in W, (Q) is W'2 in R?. This is true for the familly of sets we consider during the proof :

Q:Dj\@pp(xi),

Foi=1

where p > 0, x; € D1 such that if i # j, then x; # x;j and
o

10p < min [ mind(x;, 0D 1 )'minM :
i T i 2

We now set

S
Ox =D \ |JDx,
M=
for some fixed number 1 < K < 10 chosen independent of the problem we consider. We obtain
the corollary :

Corollary. Let r > 0 fixed. Then, we have a constant C, > 0 such that for every f € C®(Q) which
vanishes on a smooth piecewise curve I' CC Qg which connects two points of distance r > 0,

1flli20) < G IVEll2q) -
Indeed, it is proved in ([52], pages 95-97) that
Ko
In(

Cap,(T,Q)) >

~ =

)

and that
Cl,z(l") 2 KlCapz(F, Q)

for constants Ky > 0 and K; > 0 which only depend on () and K.
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6.3 Selection of a maximizing sequence

We fix k > 1. In this section, we build a specific maximizing sequence for o3 (M, [g]) thanks
to the heat equation on dM. Let € > 0. We denote by K, the heat operator on dM so that for a
positive Radon measure v € M (M), K¢[v]doy is the solution at time € > 0 of the heat equation
on the curves (dM, dog) which converges to v as € — 0 in M(dM). Given x,y € M(dM), we
denote by pe(x,y) the heat kernel of (dM, g) so that for v € M(dM),

Kerl(x) = |

ahqpe(x,y)dV(y)-

For f € L'(0M), we set Kc[f] := K¢[fdoy] so that

[ Kelfldv = /aMfKe[v]dUg .

For € > 0, we set

oge= sup 0x(M,g,0M,Kc[v]). (6.12)
veM(OM)

By continuity of v € M;(dM) — ox(M, g,0M, K¢[v]), a maximizing sequence for the variatio-
nal problem (6.12) converges in M1 (dM), up to the extraction of a subsequence, to a measure
Ve € M1(0M) such that

e = 0x(M, g, 0M, Ke[ve]) . (6.13)

We set
eue — Ke [Ve] (6.14)

a sequence of smooth positive densities satisfying
e = 0x(M, g,0M, e") — ox (M, [g]) ase — 0. (6.15)

Indeed, 0. < 0}(M, [g]) for all € > 0 and for 7 > 0, there exists some density e" such that
Jom€"doy =1 and 0 (M, g,0M, e") > 0i(M, [g]) — 4. By uniform estimates on the heat opera-
tor, Ke[e"] — e* as € — 0 in C°(dM). Then, there exists €y > 0 such that

0-6 Z O-k(M/g/aM/ Ke[ell]) 2 U—k(M/g/aM/eu) - g 2 Uk(M/ [g]) - 17

for € < €p. We get (6.15). Now, thanks to the choice of the maximizing sequence (6.14) the
variational problem (6.12) gives

Proposition 6. Fix € > 0. Then, there exists a family ®c = (¢2, -+, ¢"“)) of smooth independent
functions in L*>(OM, e"eda,) such that

(i) Fori€ {0, --,n(e)}, gL € Ex(M,g,dM, e"), that is to say
Al =0 in M
APl = oeeepl  in M

(ii) K[|®e|*] > 1 0n oM,
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6.3. Selection of a maximizing sequence

(iii) Ke[|®e|*] = 1 on supp(ve).

Proof. Since € is fixed, we omit the indices € for o, ve and e"c up to the end of the proof of
the claim.

Let y € M(0M) and t > 0. We set 03 = 0x(M, g, oM, Ke[v + tu]). Note that o = ;- and
by continuity, 0; — o as t — 07. We first prove that

lim 2—% - inf ( Jom Ke ) (6.16)

10t t pEEL(M,g,0M,et) f oM cpze”dag

Let ¢o, ¢1, - , Pr an orthonormal family in L2(9M, e'doy) such that ¢; € E;(M, g,0M,e"). We
set E = Vect{¢o, - - - , px }. Then, by the min-max variational characterization (6.4),

o < sup < fM]qu\ dvg )

¢eE\{0} Jous P?Kelv + tuldoy,

= su ( Ju |v¢’8 dvg )
zpeErI?Sk Jom 9*Kelvldog +t [, Ke[9?]du

where S¥ = {Y¥ B:¢;, B € S5} and

k
o < sup (E,B?Ui(M,g,aM,e”) (1 — t/aM K€[¢2]dy+o(t)>>

$p=Y4_o BiiSk \i=0
d
< (1—tfaM c[9i] y—i—o(t))
Jom Pretdog

uniformly as t — 0. Indeed, 0 = 0% (M, g,0M, e*) > 0;_1(M, g,0M, e") by the gap ox(M, [g]) >
0x—1(M, [g]) + 27t and since we have (6.15). Then, minimizing among the ¢, € Ex(M, g, oM, e"),
we get that

lim sup a— < inf faM 2 (6.17)
ts0+ t PEEL(M,g,dM,et) faM ¢ e”dcrg
Now, we let ¢y € Ex(M, g, oM, Kc[v + tu]) with H‘PtHLZ(aM,Ke[u]dvg) = 1. We have that
{ Dgpr =0 ) in M 6.18)
vy = 01 Ke[v + tu]pr = or(e" + tKe[p])pr  in oM

< lle* |l oo
For t SRl e have that

1
Ee“ < Kelv + tu] < 26"

and that for any ¢ € C*®(0M),

1 U2 / 2 / 2 u
— < K. tu| <2
5 aMECP < aM‘P [v+tu] < aM‘l’e

so that L?(Ke[v + tu]doy) and L?(Ke[v]dog) = L?(e"doy) define the same sets with equivalent
norms and constants in the equivalence independent of t. Then, {¢} is bounded in L?(e"doy).

187



Chapitre 6. Maximiser les valeurs propres de Steklov sur une surface

By elliptic regularity theory for the Dirichlet-to-Neumann operator with the equation (6.18),
(see [109], Chapter 7.11, page 37), there exists ¢ € Ex(M, g, oM, e") such that up to the extrac-
tion of a subsequence, ¢; — ¢ in C" (M) as t — 0" and ||4>||L2(3M,6ud(7g) = 1. We denote by I1

the orthogonal projection on Ex(M, g,dM, e*) with respect to the L?(dM, e'dog)-norm. Then,
we write (6.18) as

Ag (@ H(Pt) 0 in M (6.19)
9, (L) — g (210) = 9Cengy 4 Lok [u)gy  in OM '

xt

with
Ny = Hq)t — Hq)tHLoo +t4 (U' — 0}) . (620)

Up to the extraction of a subsequence, we have that

. t . O — 0
tp = lim — and §p = lim .
t—01T Kt t—0T K

Notice that 6o > 0. By el%_lptlc theory on the Dirichlet-to-Neumann operator (see [109], Chapter
7.11, page 37), since =% is uniformly bounded as t — 07, we get up to the extraction of a
subsequence that

11
] - P L Ryast— 0" in C" (M)
t

where Ry € Ex(M, g,0M, e")*. Passing to the limit in the equation (6.19), we get

{ ARy =0 in M

avRO — (Te“RO — _5Oeu(]> + tOUKe[V]4) in oM (621)

and by (6.20)
[Rollo +to+3d0=1. (6.22)

Testing (6.21) against ¢, and using the fact that Ry € Ex(M, g,0M, "), we have that
5:5/”201 :t/K 2do, .
0="0 [ e'grdog=toc | Ke[u]¢~doy

If to = 0, then &y = 0 and then Ry = 0 thanks to (6.21) and the fact that Ry € Ex(M, g,0M, e*)*.
This is absurd with (6.22). Thus #y # 0 and
oy — 0 —(5() —(TfaM Ke[(PZ]dﬂ

lim =— =
-0+t to S PPetdog

This and (6.17) gives (6.16).
Since (1+t¢ [,,,du)oy < o for all t > 0, we deduce from (6.16) that

Vi € OM, 3¢ € Ex(M,g,dM, "), /a pe'doy =1and | (1-K[@)dp<0. (629
M M

We define the following subsets of C°(dM)
K={ypeC'(M);3po, -, ¢u € Ex(M,g oM, e"),¢p =Y Kc[¢p7] — 1,/aM pdv =0}
i=0
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6.3. Selection of a maximizing sequence

and

F={fecC’aM),f>0}.

F is closed and convex. The set K is convex since it is a translation of the convex hull of

C = {Kc[¢?]; ¢ € Ex(M,g,0M, "), @1l 2mgomeny =1} -

Since Ex(M, g,0M, e") is finite dimensional, the vector space spanned by C is finite dimensio-
nal and C is compact. Caratheodory’s theorem gives that K is compact.
If FN K = @, Hahn-Banach theorem gives the existence of some y € M (dM) such that

VfeF, /aMfdy >0 (6.24)

and

Vp € K, /a g <0. (6.25)

Then, y is a non zero, by (6.24), positive, by (6.25), measure and y contradicts (6.23) by (6.25).
Thus F N K # @ and there exists ¢, - - - ,¢" € Ex(M, g,0M, ") with

/a |®|%edoy, =1 and K[|®*] > 1, (6.26)
M

where ® = (¢°,---,¢"). By Gaussian decomposition of some non-negative quadratic form,
we can assume that (¢°,---,¢") is a family of independent eigenfunctions in L?(9M, e"doy)
and satisfies (6.26). This gives (i) and (ii). We can write that

1:/ |<I>|ze“d(7g:/ K6[|<D|2]dv2/ dv=1.
oM oM oM

Therefore, K. [|®|*] = 1 v-a.e and since K.[|®|*] is continuous, K[|®|*] = 1 on supp(v). This
gives (iii) and ends the proof of the claim.
<
By a result of Fraser-Schoen [39] and Karpukhin-Kokarev-Polterovich [62], there exists a
bound for the multiplicity of k-th Steklov eigenvalues on surfaces which only depends on k
and the topology of the surface. Therefore, up to the extraction of a subsequence, we assume
in the following that n(e) = n is fixed.

We organize the proof of Theorem 15 as follows :

In section 6.4, we give regularity estimates on the densities ¢“c and on the associated
Steklov eigenfunctions defined by Proposition 6 (see Claim 43). These estimates permit to pass
to the limit on the eigenvalue equation (Proposition 6 (i)) as € — 0 (see Claim 44). However,
we cannot pass to the limit on the whole surface. We have to avoid some singularities for
the maximizing sequence which could occur. We cannot remove a priori some concentration
points of {¢?*¢dv,} even with the assumption that (6.3) is strict. Other harmless singularities
are also carefully avoided (see Claim 42).

From Sections 6.5 to 6.7, we assume the existence of concentration points for the maximi-
zing sequence and we aim at deducing the case of equality in (6.3). In Section 6.5, we detect
all the concentration scales thanks to the construction of a bubble tree. This leads to the proof
of Proposition 7, page 209.
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Chapitre 6. Maximiser les valeurs propres de Steklov sur une surface

We then give in Section 6.6 regularity estimates on the eigenfunctions at each scale of
concentration and pass to the limit in the equation they satisfy. Notice that this work is divided
into two subsections, depending on the speed of convergence to zero of the concentration scale
xe as € — 0.

Finally, in Section 6.7.1, capitalizing on the energy estimates for the limiting measures and
equations given in Section 6.4.2 on M (see (6.54)), at the end of Section 6.6.1 (see (6.102)) and
Section 6.6.2 (see (6.107)) on some discs ID, we both prove the regularity of the limiting mea-
sures at all the scales of concentration, and that no energy is lost in the necks in the bubbling
process. This is given by Proposition 8, page 244. Thanks to this proposition, we prove in
Section 6.7.2 that the presence of concentration points imply the case of equality in (6.3) by a
suitable choice of test functions for the variational characterization of . = 0}(M, g, 9M, e"<).

Therefore, since the specific maximizing sequence {e*do,} does not concentrate with the
assumption that (6.3) is strict, the end of the proof of Theorem 15 just uses the second part of
Proposition 8 in Section 6.7.1.

6.4 Regularity estimates in the surface

6.4.1 Regularity estimates far from singularities

In this subsection, we aim at getting finer and finer regularity estimates on the eigenfunc-
tions which appear in Proposition 6 and pass to the limit on the equation they satisfy. We
denote by v the weak* limit of v.. Notice that v is also the weak* limit of {e"<do,}. Indeed, if

g e Cam),

| (Kelel = Oyave
M
< sup|Ke[g] -

M

/aM G (e"dag — dve)

which goes to 0 as € — 0 by uniform continuity of .
Hypothesis (iii) in Proposition 6 gives uniform estimates on the eigenfunctions {¢.} on
sets of points which lie at a distance to supp(ve) asymptotically smaller than /€.

Claim 41. For any R > 0 there exists a constant Cr > 0 such that for any sequence (x.) of points in
OM, with dg¢(xe, supp(ve)) < Ry/e, we have

¢L(xc)| < Cr foralle >0

Proof. We refer the reader to Section 6.2.1 for the notations used during this proof. We can
assume that x. € w; for 1 <1 < L fixed and we set

b(x) = B (Vex + )

forxelD ﬂ]R%r. Then,
Jde 2

AdL=0 inD*
de 2

0Pl = —Ue\/Eeﬁé(\/E"”le)cﬁé in I(5 !
€
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6.4. Regularity estimates in the surface

for 0 < i < n. By estimate (6.6) of Section 6.2.2, {\/ep.} is uniformly bounded so that
{\/Eeﬁle(\/gx”le)} is uniformly bounded. Now, we let y. € supp(ve) be such that dg(xe,ye) <
Ry/e. Thanks to Proposition 6, we have that K[|®¢|*](ve) = 1. Let us write then with (6.6),
Section 6.2.2 that for p > 0,

1=K [[0c] (ye) > §K hé 2] (ve)
- ;0 /BM pe (v,6) (#v)) dog(y)
> L o () )
M /we) (9(2))" ¢z

i—o Aov4rCy

where we set Z, = ﬁ(]}é — #1) so that, up to the extraction of a subsequence 2. — zg € IM

as € — 0 and we deduce from the previous inequality that, for any p > 0, ¢\ is bounded in
L?(I,(z0)). Thus, by elliptic regularity of the Dirichlet-to-Neumann operator (see Taylor [109],
Chapter 7.11, page 37), we get that {¢.} is uniformly bounded in I, by some constant D,.
Setting Cr = Dyc,r gives the claim.
<
Now, we will restrict the estimates on the eigenfunctions ¢. far from some singularities
which could appear.

A, ¢ : We say that a point x € dM satisfies A, for some 7 > 0 and some € > 0 if

0(Bg(x,7), 8 L (x,7),e") < ‘W

B, : We say that a point x € M satisfies B, for r > 0 and € > 0 if there exists f €
Ex(M, g, 0M, {e*}) such that f(x) = 0 and the Nodal set of f which contains x does not
intersect 0By (x,7) \ OM.

Note that if r1 < 12, Ay, e = Ay, e and By, ¢ = B,, .. We say that a point x € M satisfies P, ¢
forr > 0and € > 0 if x € dM and x satisfies A, or if x satisfies B, .. For a surface (M, g), a
sequence of densities {e"<} on dM and r > 0, we define the singular set

X+ (M, g, oM, {e"}) = {x € Q, there exists € > 0 such that x satisfies P, ¢} .

Note that if r; < rp, then X, (M, g, oM, {e*}) C X,,(M,g,oM,{e"}). The following claim
holds true

Claim 42. There exists a sequence {e"en } with €, — 0 as m — +o0 and there exist some points
p1,- -, ps € OM with 0 <'s < k such that

— Vo >0,3r>0,X,(M,g,0M, {e"n}) C Ui Bg(pi,p),
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— For any subsequence {e"“") Fizo of {€"n }m>o,

Vo >0,Vr >0,V1<i<s,X,(M,g, oM, {e"ni)}) N Bg(pi,p) #D. (6.27)

Proof. Assume by contradiction that for any sequence €,, — 0, as m — +oo, for any series
of s points py,- -+, ps € M with 0 < s <k, there is p > 0 such that

S

Vr >0, X, (M,g,0M, {e"n})\ | Bs(pi,p) #D. (6.28)
i=1

Thanks to this hypothesis, we will deduce by induction the following property H; for 1 <s <
k+1

H; : There exist sequences €,, — 0, 7, (0 as m — 400, some points p{’,-- -, pl* € M and
s pairwise distinct points pq,---,ps € OM such that for 1 <i <, p/" — p; as m — +oco and
pi" satisfies Py, ¢,

Let’s first prove H;. By (6.28) applied for s = 0 and a sequence {277}, we have for any fixed
m > 0, the existence of pi' € X,-w(M,g,dM,{e"277};>¢). For m > 0, we choose €, = 2=j(m)
such that p{" satisfies Py-n . It is clear that €, — 0 as m — +oco. Up to the extraction of a
subsequence, there exists p; € M such that p]* — p; as m — +oco. Now, it is clear that p; € dM.
Indeed, if p1 € M\ dM, then we choose mg € IN such that for m > mg, Bg(pY', 1) C M\ OM.
Then p}' satisfies B,, ., and the Nodal set of some function f, € Ex(M, g, oM, {e"en }) which
contains p}' does not intersect dM since it does not intersect 0Bq (p}', 7). Since f,; is harmonic,
it vanishes on an open set of M by the maximum principle so that f,, vanishes on M. This
contradicts the fact that f, is a k-th eigenfunction for the Dirichlet-to-Neumann operator. Then
p1 € OM and we get Hj.

We assume now that H; is true for some 1 < s < k. We consider the sequences {€,, }, {rm},
{p!"} and py,-- -, ps € OM given by H;. Let us prove Hy 1. By (6.28), there is p > 0 such that
forallr > 0,

S

Xr(M, g, oM, {e"»}) \ | Bg(pi,p) # @
i=1

Let p" | € X, (M, g,0M, {e"/} j>0). For m € N fixed, we let a(m) be such that p’ ; satisfies
,- Since 7y, — 0 as m — 400, it is clear that a(m) — +oc0 as m — +oco. We set (m) =

min(m,a(m)). By H, for 1 <i <s, p?(m) satisfies Pwm),ea(m) and since 7, is decreasing, p?‘(m)
satisfies Py, e . . Moreover, pl, satisfies Py, ¢ .~ and since r, is decreasing p{' , satisfies
Prmm),ea(m)- Up to the extraction of a subsequence, we can assume that TB(m) N\, 0as m — +oo
and we let ps;1 € M such that p' | — psi1 as m — +oo. Since pt; € M\ Ui, Bg(pi, p),
ps+1 & {p1,-- -, ps}. By the same arguments as in the proof of H;, we also have that p;,1 € M.

This proves H; ;.

Prm Cu(

The proof of Hyq is complete. Now, we prove that Hy; leads to a contradiction. We
define k 4 1 test functions for the variational characterization of o, = 0x(M, g,0M, e"en), n"
formeNand 1 <i<k+1 as follows
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6.4. Regularity estimates in the surface

— If p" satisfies A, c,,, 7" is the extension by 0 in M \ Be(p!", ) of an eigenfunction for
0« (Bg (P}, tm), & Lo (p§, rm), {e"en }). In this case,

2
Jua [Vl 405 _ oM, ]

< (6.29)
Jom (" )2 doyg

— If p!" does not satisfies A,, ., it satisfies B, ¢, and 7" is some eigenfunction for
o.(D!", g, T, e"n) extended by 0 in M \ D" where D" is a nodal domain of some
Steklov eigenfunction associated to o¢,, which is included in Bg(plm, m)- Such a domain
exists by assumption B, ¢,, and satisfies I'’”" = dM N D" # @. In this case,

Ty

Ju |V dvs
Jot (") dog

For m large enough, we have

o (D", g, T, etem) =0, . (6.30)

1
min  d.(p",p) —3rn > = min  d.(p;,py) >0
1<i<i'<k+1 s(pi' pit) "= D <i<it<k+1 s(pirpi)

so that the functions 57y", - - -, 71", | have pairwise disjoint supports. Thanks to (6.29) and (6.30),
the min-max characterization of o.,, = 0 (M, g,dM, e"en ) (6.4) gives that

2
Ju IV |gdvg

< max ———— <0,

1SisktD oy ()" dog

ok (M,[g])
2

€m

since for m large enough, o, — 0x(M, [g]) > . Then, all the inequalities are equalities
and by the case of equality in the min-max characterization of the k-th eigenvalue, one of the
functions #" is an eigenfunction on the surface for o.,, = 0x(M, §,0M, e"<). Since supp(y"*) C
Be(p!",rm) and " # 0, we contradict the harmonicity of #;".

Therefore, we have proved that there exists a subsequence {e"e» } and py,-- -, ps € OM for
some 0 < s < k such that

S

Vo >0,3r > 0,X,(M,g,0M, {e"n}) C () Be(pirp) ,
i=1

which is exactly the first part of the claim.
Let’s prove now the second part of the claim. If there exists a subsequence m(j) — +oo as
j — 400 such that there exists p > 0 and r > 0 and 1 < iy < s with

X:(M, g,0M, {e""}) N By (piy, p) = @
then, taking the subsequence m(j), we can remove the index iy € {1,--- ,s} so that

X, (M, g, oM, {e“»0 }) C U Be(pip).
ie{1,- ,s}\{io}

We go on with this process until we cannot find a subsequence such that (6.27) does not hold.
This ends the proof of the claim.
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¢

Up to the extraction of a subsequence, we assume in the following that {e"} satisfies the
conclusion of Claim 42. For p > 0, we let

ZWMZM\O%WW)
i=1

and

1) = aM\ U Iy (pip)

i=1
We are now able to get regularity estimates on the functions e*< in I(p) and P, in M(p).
Claim 43. We assume that mo(p) = lime_yo fl(p) e'edvg > 0 for any p > 0 small enough. Then we

have the following
— Estimates on ®,

Vp > 0,3Ci(p) > 0,Ve > 0, || Pe|lpyraipm(p)) < Calp) (6.31)
Vp >0, E|C2(p) > 0,Ve >0, ||©€||C0(M(p)) < Cz(p) , (6.32)
— Quantitative non-concentration estimates on e*c and |V<I>e|§
D

Vp > 0,3D1(p) > 0,Vr > 0,limsup sup e'edvog < 1(5) , (6.33)

e—0  x€l(p) L(xr) 11’1(;)

) 2 Dz (p)
Vp > 0,3Dy(p) > 0,¥r > 0,limsup sup |V [dvg < . (6.34)

€0 xel(p) /Bs(x) In(?)

Proof. We first prove (6.31) by using Claim 42 and the assumption mg(p) > 0.
For that purpose, let’s prove that { %dag} is bounded in W~-12(M(p)). Let p > 0 and
J1(p) g
let » > 0 be such that X, (M, g,0M, {e*<}) C Ui_; B¢(pi,p). Then, for all x € I(p) and alle > 0,

0w (Bg(x,7),8 L (x,7),e") > %w. By the compactness of I(p), we can find y1,--- ,y: € I(p)

such that
t

I(o) € U (v, 1) -

i=1

Let ¢, - - ,1; be a partition of unity associated to this covering, such that Y!_; ¥y = 1 on I(p)
and supp(ip;) C By(yi, ). Let L : W?(M(p)) — W'2(M) be a continuous extension operator.
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Then, if ¢ € W2(M(p)), its trace on the boundary satisfies

ue Ue
/ dcrg e'edoy
Ue
f o) € do,

~/I(p)ﬂBg(yi,r) llﬂ’bl fl(p) e”e[,'l(Tg

1
/ etedoy :
1(0) "By (v f[ etedoy

t edo, :
iL 2 €740
; </8MQBX(% " (il (y)) f[(p) el‘ed(rg>
(fBg(]/i,T) |V(¢iL(¢))|§dUg)
T (Bl r), 8 i) eg) (fyp ey )

A
— Do<§ s LACD][PEe
(%) mo(p)?
< Ai(p) ||¢le'2(M(p))

for some constants Ag(p) and A;(p) which do not depend on € > 0.

M-

Il
—

IN
-

Il
—

IN

~.

NI=

IN
-

NI—=

IN

By Theorem 16 in Section 6.2.3, we now get the following Poincaré inequality : there exists
some constant Ay(p) such that for any f € C*(M(p))

e'edo,
Ve>0,/ / ¢\ do §A2()/ V[ do, .
M(p)( ffz e“sdff> ‘ ) Jaip 1V 115 %05

We deduce from this inequality that

f[ f2et cdog
2dv, < 2A, / V|2 dvg + 2V, (

Applying this inequality to the ¢.’s and summing for i = 0- - - 1, we get that

faM |De | e'edoy
fl(p) etedoy,

using the fact that

€2 €2 Ue [ 1]
/M(p) Vi, dvg < /M Vi | dvg = oe /E)M e (gL)2dor .
by (iii) of proposition 6,

/aM e || doy = /aM @ |? Ke[veldog = /aM Ke[|®e|2dve = 1.

Then, we get that
2V, (M)

| De 2 v <2A(p)0e + ———F—.
/M(P) | 8 P fl(p) etedoy
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Thanks to the assumption of the claim, namely that |, 1(p) e'edoy — mo(p) > 0, we get the
existence of some A3z(p) such that

S 12 0 < Asl0).

Now, with what we just said, we also know that
V|2 do, <0,

and (6.31) follows.

In order to get (6.32), we first prove that
Vp > 0,3Co(p), Ve > 0, || De|lco1(p)) < Colp) - (6.35)

Let p > 0,0 < i < n and up to change ¢\ into —¢., let (x.) be a sequence of points of I(p)
such that ¢} (xe) = supy,) |$t|- We set
O = dg(xe,supp(ve)) .
We divide the rest of the proof of (6.35) into three cases.

Case 1 - We assume that ;! = O(1). Then, by (6.7), {e"<} is uniformly bounded in
I, (xe,min {‘576, g}) By (6.31), {¢.} is bounded in L*(I(£)). Then, in le(lg(xe,mm{ < 51),

{¢L} is bounded by elliptic theory for the Dirichlet-to-Neumann operator (see [109], chapter
7.11, page 37), and {¢.(x.)} is bounded by Sobolev embeddings.

CasE 2 - We assume that 6. = O(1/€). Then, {¢.(x.)} is bounded by Claim 41.

CASE 3 - We assume that 6. — 0 and 5%6 — 0as e — 0. We let

e = Pe(dex + X¢) for x € ID;:Sgl and e = e t¥e) for x € L5

so that
Ape =0 in D}
ve o5 (6.36)
Otpe = —0% 1P oOnN 1(5561 .
Let ye € supp(ve) be such that d¢(xe,ye) = Je and set ze = ye(sife so that ze — zpase — 0
up to the extraction of a subsequence We set R = |zp|. Thanks to Claim 41, we know that

Pe(ze) = ¢L(ye) = O(1). Thanks to estimates (6.9) on the heat kernel, there exists D; > 0 such
that

eve < Dy onlg.

We first assume that 1. does not vanish in ID3;. Then, we can apply Harnack’s inequality
and get some constant D, > 0 such that

e > Dape(0) on ]ngr
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for all € > 0. Since . is positive on ]Dr;e‘(ze) C D3y, by the equation (6.36), it is weakly
superharmonic and we can write that

1
7 [zel ooy, 2o

Pe(ze) > Pedo .

Taking only the part of the integral which lies in D}, we get the existence of some constant
4
D5 > 0 such that
e(ze) = D3pe(0)

and this concludes the proof of (6.32) in this case since ¢.(xc) = 9.(0) = O(1).

We now assume that ¢ vanishes on ]D;R. Since ¢ — 0 as € — 0, and x, € I(p), by Claim
42, 1. vanishes on a piecewise smooth curve in IDj; which connects two points of distance
greater than R. By the corollary of Theorem 17 of Section 6.2.3 on Q) = IDJ;, we get some
constant Cg > 0 such that

Y2 <C [ Ve dx
Dir Dsg
which proves that {.} is bounded in W'?(ID};) by conformal invariance of the L>-norm of
the gradient in dimension 2. By trace Sobolev properties, {{} is bounded in L?(I4z) and by
elliptic regularity theory for the Dirichlet-to-Neumann operator (see [109], Chapter 7.11, page
37), e is bounded in L*®(ID R ) which gives that {¢.(x¢)} is bounded.
The study of these three cases completes the proof of (6.35).

We now prove (6.32). Let p > 0 and 0 < i < n. Then, since ¢\ is harmonic in M (£), by
elliptic regularity theory, there exists a constant Ko(p) > 0 such that

50 that (6.32) holds with C2(p) = Ko(p) (C1 (8) + Co ().

L

Pl

Pl

< Ko(p) <‘

CO(M(p)) 2(M(5)) * ‘ CO(I(‘;)))

Thanks to Claim 42, we have the existence of some r1(p) > 0 such that for any 0 < r <

r1(p),
1 2

I = '
Ve >0,Vx € I(p), 0y (Bg(x,7),8, I(x,7),etg) — ox(M,[g])

By isocapacity estimates,

/ eledo, < Capa(Bg(x,1), Bg(x,11))
Ig(x,r) 0+ (Bg(x,7),8 I (x,7), ete)
Capz(IDCLO/ IDCorl)
(M, [g])
< 47T

(M, [g]) In (52

and we get (6.33).
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Finally, let’s prove (6.34). We set for x € I; such that X € M(p), where X = exp, , (x) as
defined in the section 6.2.1 and for 0 <r < ¢

< 2
R = [ Vo[ ax.
()= 198
We suppose in the following that § < 1, without loss of generality. We just aim at proving that

Fe(r) S M

In ()
We know that &, satisfies the equations
AP, =0 in Dy
0id. = —0o.ed,. on I

and we deduce that

E(r) = 0 / e | &, |*dx + / B0, Dedo .
I(x) oD, (x)

Using (6.32) and (6.33), there exist some constants K;(p) and Ky (p) independent of €, r and x
with X € I(p), such that

E(r)? < Ki(p) + Ka(p) </aw(x)yvd>eydx>2

In(})*

< Kl(P)Z _|_7rer(p)/ ‘Vcbe‘zdx
In (1) D} (x)

< Ki(p)

o (1)2 + Ky (o) FL(r) .

7

for any 0 < r < 6. We can write that

(am 1n(}))/<s> — E(s) h‘@_zs;(l)w

Fe(s)?y/In (1) - Ki(p) 1, (s)
sKz(p) wsKa(p)In (1)? 25,/In (1) )
Setting
J. = {s € (0,6); Fo(s) < Tﬁﬁf;)} ,
we have for s € (0,6) \ Je
o3 -2
sin (5)*
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6.4. Regularity estimates in the surface

for Ka(p) = s Let r € (0,0),

se = inf{s € [r,0),s € ]}

7TK2 7'L'K2(p)
\' \/ln \/ln %

and if s > r, then, integrating (6.37) from r to s, leads to

E.(r) ln<1> < Fo(se) ln<1)+/rSSK3(p)ds

r Se

< Fe(se)(/In <1> + 2K3(p)

In (%)
If s¢ < &, we deduce from this inequality and the definition of s that

1\ _ 7Ka(p) + 2K3(p)
Felr) ln<r>§ 2 1n(1)3

R (2) <o m (5) + o

where we used conformal invariance of the L2-norm of the gradient to get F.(6) < oe.
Gathering all the cases, we get (6.34) and this ends the proof of the claim.

If sc = r, then

>

and if s, = 9,

o

In the following claim, we aim at passing to the limit in the equation (i) and the condition
(ii) given by Proposition 6. The limiting functions would then satisfy (6.41) and (6.42).

Claim 44. We assume that mo(p) = limeo [, e*edvg > 0 for any p > 0 small enough. Then, the
following assertions hold
— Forany p > 0, there exists B — 0 as € — 0 such that

Vx € I(p), |®e|* (x) > 1 - Be . (6.38)

— For p > 0and x € I(p), we set ¥e(x) = ;Zg%\' Then for any p > 0, {¥e} is uniformly
equicontinuous on C°(I1(p),S").
— For any p > 0, up to the extraction of a subsequence of {®c}, there exist functions ® €

W12(M(p), R™ 1) N L®(I(p), R™1) and ¥ € W22(I(p),5") NCO(I(p),S") such that
& — @ in W (M(p), R"™) as e — 0 (6.39)

and
Ye = ¥inC%I(p),S") ase — 0 (6.40)
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with o
D >, 1and ¥ = @] " I(p). (6.41)
Moreover, for 0 < i < n,
Ay =0 in M(p)
; . 6.42
{m¢=MM@MM/mum (642

in a weak sense.

Proof.

Ster 1-Let1 < i <s. We prove that at the neighbourhood of the singular points defined in
Claim 42,

2

sup e (y)|” pe(x,y)dog (y) = O(e™%) .

x€l(p) Le(pirty)

Let x € I(p). Then, by estimate (6.6) of Section 6.2.2

2
2 A 2 1 (p, 0y | Pe|“eedag
o [ 1R pelnydogly) < e s B
Iy(pirfs) 4re mflg(??i/%) e
2
Aoe_ié%

V 471€ inf[g(l’ir]%)
since by (iii) of Proposition 6,
/ | D etedoy = 1
oM
We assume by contradiction that

31p2
. u e 400e
inf et <

L(pify) Ve

Let y € Iy(pi, £5) be such that etel) = inflg(p,-, o) . Then, by (6.6) of Section 6.2.2,

10
> e_(%)zﬁ
-~ Apvane Ji(pidy)

We deduce from this and the previous inequality that

27p2
/ dve < AgVdre e |
I

g(Pirlﬂo)

elle(y) = /aM pe(y, X)dve(X) dVe

Let z € L (pi, 2%), and let us write thanks again to (6.6) of Section 6.2.2 that

2

e~ 1
dve +e %207 2 ) )
P >
eue(z) < Ag flg(Pwlo) € < AO e—% + Ao e_lgw .
- 471€ ~ e Vare

200



6.4. Regularity estimates in the surface

Then, ||e" ”CO(Ig(th%)) — 0 as € — 0. This implies that

p o\
( < (pi, 20) S Ig(pi, 20) ) — +ooase — 0 (6.43)

It is clear that A £ defined before Claim 42 cannot be true for p; and € small enough. By
(6.27) in Claim 42 B e holds true for p;. Then, there is an eigenfunction f associated to o =

0x(M, g,0M, e"<) such that fe(p;) = 0 and the nodal set which contains p; does not intersect
0B, (pi, 45) \ OM. We obtain a nodal domain D C B,(p;, ;) for fe such that p; € D N OM. By
6.43,

Ue - U*(De,g, De ﬂaM,eue) Z 0—* (Bg(pl, %),g, Ig(pl, %),€u€> — +OO as € — 0 .

Since 0. < 0% (M, [g]), we get a contradiction. This completes the proof of Step 1.

StEP 2 - There exists B — 0 as € — 0 such that

Vx,y € llp),  dg(xy) < \ﬁ/g = [Pe(x) = De(y)] < Pe - (6.44)

€

1
We set 7. = Hﬁe“e i°°(1(p))‘ We have 7. — 0 ase — 0. Indeed, for r > 0, and x € I(p)

such that 42 = |/eet(*)

Ap Ag
\/4T7I Ly(x,r) §

Vi
By estimate (6.6), since ve —, v as € — 0 and by (6.33) of Claim 43. Letting € — 0 and then

1
mo(p)2 1
2 €*

r — 0, we get 7, —>Oase—>O.Wealsohavethatk — +oo0 as € — 0, since e >
(indeed (o) +0(1) = [l 111(5

Ve
Ye

10)) < lleellie(1(0)))- Let now Xxe, Ye € I(p) with dg(xe,ye) <

. Up to the extraction of a subsequence, x. € 7; for some I fixed and we set

which satisfy

(6.45)

Aede =0 in D3,
8t<i>€ = —Ueeﬁeée on I3C0

Let a. be the mean value of &, in ]D;CO. Then

a

b, —

IN

€HL°°(12C0(0)) Dy ||®e — "‘SHHl(IZCO)

< Dlfarel| s, ) ~ #elli2z o)
< DO ||®elly Cove + D' | Vel| 2. o)
D'\/D
< DUeCz(P)Co%JF@'
e 4
In (3CZ\/)
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The first inequality comes from Sobolev embeddings, the second comes from the regularity
theory for the Dirichlet-to-Neumann operator (see [109], Chapter 7.11, page 37) looking at
(6.45). The third inequality comes from the classical Poincaré inequality on ID;'CO, and finally
we use (6.32) and (6.34) in Claim 43. Setting

Be = 2Dar(M, [8])Ca(p) Cove +

we have that B — 0 as € — 0 and that
|Pe(xe) — De(ye)| < Be -

Up to increase B¢ so that g < % we proved Step 2.

SteP 3 - For any p > 0, there exists B — 0 as € — 0 such that
Vx € 1(p), || @l (x) = Kel| @] (x)] < Be (6.46)
and
Vx € I(p) Nsupp(ve), |Ke[|Pe|] (x) — 1| < Be . (6.47)

Note that (6.46) implies (6.38) by Proposition 6. Let’s prove (6.46). For x € I(p),

loc Kell@ef)| (x) < [ {19l (1) = (el (3)] et y)iog )
s\ X Be

1A 2/
P00 o e P

+2/ ICDe! Y)pe(x, y)dog(y) -

(pirto)

Notice that we can assume here that \ﬁ[ — 0 up to increase B and that we used (6.32). We
can estimate the first RHS term thanks to Step 2 and (6.32), the second RHS term thanks to
estimates (6.6) and the third RHS term thanks to Step 1 and we get

2

9~ Kel| ]| (x) < 202(2)Be + O ) 4 0(e %)
Up to increase B¢, we get (6.46) and then (6.38).
Thanks to Point (iii) in Proposition (6), we deduce that
Vx € supp(ve) N1(p), ||Pe(x)| — 1| < Be, (6.48)
and for x € I(p), we have

||Pe| — Ke[|Pe|]| (x) < /I.(xe)H‘PeHX)—\q’e!(y)\Pe(x,y)dUg(y)
g (Xrpe

bl
+2C2(1) am\zg(x,ﬁ—f)m(x'wdag

1

e ([ @R @ple i)

i=1
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6.4. Regularity estimates in the surface

and the same arguments, together with (6.48) lead to (6.47), up to increase again Be.

STEP 4 - Let ¥ = % on I(p). Then, for p > 0, there exists C3(p) such that

el — ¥l in () < ole)

for all x,y € I(p), where §(dM) is the diameter of M. In particular, ¥¢ is uniformly equi-
continuous on I(p).

We first prove that there exists D3(p) > 0 such that

1 2 Ds(p)
sup sup —/ (De.v) dv, < (6.49)
xel(p) ve¥ LSy Volg(Bg(x,7)) JBq(xr) g - (%)

for all r small enough. Indeed, for x € I(p) and v € ¥¢(x)+ NS", ®..v vanishes at x. By Claim
42, x does not satisfy B,.. Thus, the nodal set which contains x intersects aBg(x, r). By the
corollary of Theorem 17 on a disc and a dilatation on this disc, we get some constant Dy4(p)

such that ,
_ &) dv, <D / V (®..0)|*d
Voly(By(x,7)) /Bg(x,r)( ev)"dvg < Dalp) By (x,2r) IV (®e0)[g dog

for all ¥ small enough. With (6.34) in Claim 43, we deduce that

Volg(Bg(x,1)) /Bg(x,r) (Pe0)”dog < In (%)

for all ¥ small enough. Thus, (6.49) is prooved.
Assume now by contradiction that the conclusion of Step 4 is false : there exist €,, — 0 as
m — 409, x,, and Y, some points in I(p) such that

|¥e,, (xm) — e, (ym)\2 \/In (7’11) — +ooasm — +oo (6.50)

where 7, = dg(Xp,ym) — 0 as m — +oo. Since for a fixed m, ¥, is not constant at the
neighbourhood of y,,, one can assume that for any m, ¥, (ym) # —¥e, (xm) without changing
(6.50). Thanks to (6.38), up to the extraction of a subsequence, there exists a fixed vector v € 5"
of the canonical basis of R"*! such that

1 ) 1
—— O, V2do, > 1 1 o(1).
Lg(Ig(xm’ rm)) zg(x7rlrrrn)( e ) § n—+ 1 ( )

Since, by Sobolev trace inequalities, there exists K > 0 independent of m such that

1 / 2 K / 2
_— d., .0)do, < — 07— d,,.v)" dv
Lo (T G ) Jiscemrmy T 4% S oI B 7)) Sy (Fen?) 0

+K |V (®e,,0) |2 dog
Bg (X,rm)
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we get thanks to (6.34) of Claim 43 that

1 v)%do ! - Da(p) 0
Volg(Bg(x,1)) /Bg(x,r) (®e,0) dvg - 2 (n+1)K In <L> ol
1
— m +o0(1).

Thanks to the assumption (6.50), we now prove that there exist X, € ¥, (xn) " and Y;, €
Y., (ym)" such that

1
0=Xpu+Yyand [Xu >+ |[Yu|* =0 ( lnr> . (6.51)

m

We denote a,, = ¥, (xm) € S, by = Yo, (ym) € Sk—1 and IT,, the vector space generated by
ay and by,. Notice that I, is a plane since by, ¢ {a,, —a, } by assumption. Let ¢, € IT,, N gk-1
such that {a,, ¢y} is an orthonormal basis of I1,,. We get 0, € R such that

b, = cos0,,a,, + sin0,,¢c,,

and sin6,, # 0. We let v = p,, + g with p,, € T1,, and g,, € TT;;. Notice that |p,,| < 1 and
|gm| < 1. Let ), € R be such that

Pm = |Pm| (COS @ + SINWpCyy) -

We then set
Yy = Sm(—sin6y,a, + cos 0,,cy) € brt
with
S = — [pm] COS Wy
" P sin 6,

COS &y, COS 0, )

tm = ’pm| (Sinwm + sin 0,

so that v = X,;, + Y;,,. Then,
| Xinl* 4 Ynl* = || + 67, + 57 < T+ fo, (am)

where for « and 6 € R,

Cosotcose)2 1 + cos? 0 cos 2a + cos 0 sin 0 sin 2«
sin 0 -

folo) = S0+ (sinc+

sin

We easily prove that fy(a) < fo(§) = ;=L—;. Then,

" 1—cosf*

1 1 1
ol i <0 (i) =0 (L) =0y L)
1 —cos |am — b Ym

This ends the proof of (6.51).
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6.4. Regularity estimates in the surface

We now write thanks to (6.49) that

1 1 )
- < - )
(n+1)K +o() Volg(Bg(x,7)) /B o(x7) (@e,,-0)" dog
2 2
VoI (B, (5,7) oy (P X 05
2Volg(Bg(Ym, 2rm)) 1

@, .Yy)* dv
Volg(Bg (X, tm)) Volg(Bg(Ym,2rm)) /Bg(ym,Zi’m) ( ) o

< 2D3(p) |Xu|? <ln (13” >_ +8C3Ds(p) | Yo’ <ln (;ﬂ))_

= o(1).

N—=
N—

This clearly gives a contradiction and proves Step 4.

It is clear now that there exists some functions ® and ¥ such that up to the extraction of a
subsequence, (6.39), (6.40) and (6.41) hold. It remains to prove Step 5 :

STEP 5 - We have that . '
pre'cdog —, ¢'dvase — 0in I(p) .

Let € CY(I(p)). Then

| cgtedo— [ oyiav = [ (Kelegl) - EKelgl) due
2 (Relol) = yiKcl|c]]) dve
[ C (YKl -yt ) dve
+ /a y lpedve—de) .
(6.52)

Let us estimate these four terms. We have for x € dM that

Ke[ZpL] — CKe[gL]

6 =[], (€)= e dlpen ey
<a(f)/ (g 1E0) =€ pelx ey

+1¢(x \Z/

y)| pe(x,y)dog(y)

P] 10

since supp({) C I(p) and thanks to (6.32) of Claim 43. By Step 1 and since supp(g) C I(p), we
deduce that this function uniformly converges to 0 in oM as € — 0. Thus, the first RHS term
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in (6.52) converges to 0 as € — 0. For x € I(p),

() < [ ]0hw) =9 el )] pe v y)deg ()
< o 1290 — 400 et y)deg(y)

+22 ) BN I EXCROLEt)

s G (1p0) /(p)

10

Ke[¢ph] — pLKe[|Pel]

YL(y) — 9L()| pex,y)dog ()

—I—O(e’l%) )

thanks to (6.32) of Claim 43 and Step 1. Thanks to the uniform equicontinuity of {¥.} on
I (1‘%), it uniformly converges to zero in dM as € — 0. Thus, the second RHS term of (6.52)
converges to 0 as € — 0. Thanks to (6.47), we can write since [¥¢| = 1 that

| (yirelioe) -yt dve

oM

< BellZlle

so that the third RHS term in (6.52) converges to 0 as € — 0. At last, we use the convergences
Y. — Y in C°(I(p)) and ve —4 v on I(p) to obtain that the fourth RHS term in (6.52) also
converges to 0 as € — 0. This clearly ends the proof of Step 5.

Finally, passing to the weak limit in I(p) for p > 0, in the equation satisfied by ¢\ permits
to end the proof of the claim thanks to these steps.
<

Thanks to Claim 44, with the assumption mg(p) = lime_ || 1(p) e'edvg > 0, a diagonal

extraction gives some functions ® : M\ {p1,- -+ ,ps} = R™ and Y : oM\ {p1,---,ps} — S"
such that for all p > 0 the conclusions (6.39), (6.40), (6.41) and (6.42) hold true for ® and Y.

6.4.2 Energy estimates

Now, we give some energy estimates which will be useful later in the proof. We set a
function w on M satisfying the following equation

{ Agw =0 inM 653)

w=|P| ondM

in a weak sense. Since |P| € W22(dM), such a solution exists and satisfies w € W12(M) (see
[43], Theorem 8.3). Let’s prove this energy inequality :

Claim 45.
p~>0 e—0 M(p) 8 M w ! M (U ’

where m = lim,_o mo(p) = lim,_o fl(p) dv
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6.4. Regularity estimates in the surface

Proof. Let p > 0. By Claim 40, there exists C > 0 independent of p and a nonegative
function 7 € C*(M) such that supp(n) C M(p), 7 =1on M(,/p), 0 <5 <1, and

[ Vnidog < ln((:)

P
By the weak maximum principle on (6.53), (see [43], Theorem 8.1),

infw > inf|P| > 1
M oM

and

. 2 > / 2
B Juay | ¥ Tels s 2y IV Pl 40
Vol
/Mq % gdvg
-/ <v’74”',vcp,> dvg
i—0/M w g
-3 [ vy, Vg, do
ST

! 1
_ E)/M i <vw, chi>gdvg .

v

We have that
n n n
n¢i N N
(0]
= amlg) [ g%l
— oM, / d
o (M, [g]) 1

/<v17v > |®|d

8

thanks to (6.42) and that

n 1
Z;O /M e <vw, V¢i>g do,
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so that

. 2 2
lim [ 19@idog > /M(p)|VCD|gdvg

e—0
> U(M[])/ dv+/ @Wwfdv
= OERD [T M @ g8
n 4)1
_i;O/MW (Vi, Vepi),, dog
Vv,V Lbyzd L Vy,Vw), d
_/M< 7, w>g 22 Ug+§/M< u w>g Ug
el C

> oM g]) [ ndv [ gt [Vl dog -

1
In (5)
where C' is a constant independent of p. Indeed, ¢;, w € W?(M) and we have for 0 < i < n

that
A¢(w—¢;) =0and Ag (w+¢;) =0

in a weak sense. By the weak maximum principle (see [43], Theorem 8.1),
inf (w — ¢;) > inf (w — ¢;) >
inf (w — ¢i) > inf (w — ¢1) > 0
and
inf ;) > inf ) >
inf (w + ¢i) > inf (w +¢;) = 0
since |¢;| < |®| < w on dM. Then,

9] |

sup — < 1and sup
M

: <n-+1.
M w

w?

We finally get the claim, passing to the limit as p — 0.

6.5 Scales of concentration for the maximizing sequence

6.5.1 Concentration, capacity and rescalings

In this section, we aim at describing all the concentration scales of the sequence {e"<doy }.
We denote by Z(M, {e"<do,}) the concentration points of a sequence of measures {e*do,} on
the boundary dM of a surface (M, g) that is

Z(M, {e"dos}) = {z € M; linélimsup e'edog > 0} .
r—

e—0 Ig (Z,T’)

Taking the maximizing sequence {e"<do,} for o3(M, [g]) given by the previous subsection,
which converges to v in M;(dM), we clearly have that

Z(M, {e"doy}) = {z € oM;v({z}) > 0}
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6.5. Scales of concentration for the maximizing sequence

and that
Z(M, {e"dog}) © () Xe(M, {e"ay}) = {1, s}, (6.55)

r>0
where py,- -+, ps are defined in Claim 42. This is a consequence of Claim 40 in Section 6.2.3 :
indeed, for x € Z(M, {e"<dog}) and for r > 0 small enough, let 7, ., ,» be given by Claim 40.
Then

2
Jua | Vg2 dog c

U*(Bg(X,V),g, Ig(X,T),eue) < i < :
Jom (Wg,x,r,r2> etedoy In () fBg(x,ﬂ) etedoy

so that

limlimsup 04 (Bg(x,7), 8, I (x,7),e") = 0.
r=0 0

Then there is a subsequence {¢;} for which x satisfies A, for all r small enough. Thanks to
Claim 42, this gives that x € {p1,---, ps}.

We now define some functions which will rescale the problem at the neighbourhood of the
concentration points. For a € R x {0} and & > 0, we let

Hyo(y) = ay +a fory € R?.
For p = (1,0) € S!, we define A : D \ {p} — R2 the conformal diffeomorphism such that

z+1
1—2z

FoloF l(z) =i

with its inverse

ForloFl(z) = 2!
z+1i
where F : R> — C is the canonical map F(x,y) = x +iy. In this section, we prove the

following :
Proposition 7. There exist some points a,- - - ,a$; € R x {0} and some scales
0<ay <ay_q<---<aj

such that for1 <i <N,

af - 0ase—0 (6.56)
and letting
de(as,as
F = {j > i;LGJ) is bounded } ,
&;
we have for j # i that
€
jeFi:>a—]€—>Oase—>0 (6.57)
1
and that
dg(a;,as)
jéFiiT—)+ooase—>O. (6.58)

i
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There are some disjoint sets I§, I, - - - , Iy, C OM, some sets I'§,--- , T, C R x {0} and S§,---, S5, C
S! given by

rs = Hu?}af (INfli) and S = (Haf,af o /\> - (INiEZi)

some associated densities defined by

elids = (Hag,,xg)* <eﬁ§ds> and e df = (Haf,af o /\>* (eﬁlg ds)

some masses m; > 0 satisfying
Levego, (I]) = Leﬁleds(l"f) = Le,;;cde(Sf) —m;jas e — 0 (6.59)

for1 <i < Nandsomel; € {1,---,L}, and my > O satisfying

Leve o, (I§) — mo as € — 0 (6.60)
such that
Z(S', {1s:€"do}) = @ (6.61)
for1 <i <N,
Z(M, {1156“€d(7g}) =Q (6.62)
and
N
Zmi =1. (6.63)
i=0

6.5.2 Proof of Proposition 7

Let us denote by zy, - - -, zy, the atoms of v with Ny < s < k (s is given by 6.55 or Claim

42) so that
No
e'edog —* v+ ) m;d,
i—1

where 1y € M(dM) has no atoms. Let my = faM dvy > 0. All the m;’s are positive for 1 <i <

Ny, and
No

Let 1 < i < Np. We choose /; € {1,---,L} such that z; € ;.. Up to the extraction of a
subsequence, one can build a sequence {r¢} such that 7§ > 0 and r{ — 0 as € — 0 with

/ e'edoy — m;ase —0.
Ig(zi/"e)
We associate to sequences af € R x {0} and af > 0 that we shall choose later the sets
—~— li
I§ = Ha;,lag <Ig(zl-, r¢) ) C R x {0},
S¢=A"4r¢) c s,
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6.5. Scales of concentration for the maximizing sequence

M§ = By(z5,77)

If = Ig(zf, 1) ,

No
M§ =M\ |J M5,
i=1

No
Is=oM\ I,
i=1

and the densities

For the notations, we refer to Section 6.2.1.

Note that

with Leugdgg(lf ) = mjas e — 0 for 0 < i < Np. We assign to the subset M{ a test function
7§ € C2 (M) given by Claim 40 in Section 6.2.3

€ _ for1 <i<Np,
171 ﬂg,Zi,(Tf)%,Tf — — 0
No
€
- 1 - 1 1 .
& L, ek )

Note that these test functions with pairwise disjoint supports and small Rayleigh quotient
may also be used to prove that Ny < kif mp =0 or Ng < k —1if my > 0.

For 1 <i < Ny, let’s now adjust the parameters a and af in order to detect other scales of
concentration of the mass at the neighbourhood of z;. By Hersch theorem (see [54], lemma 1.1
in the case of the circle S) we can choose ¢ € R x {0} and ¢ > 0 such that

/ x5 = 0. (6.64)
S 1

Note that @ — z; and that af — 0 as € — 0. This normalization of the center of mass gives a di-
chotomy in the description of the concentration points of {eﬁflgfd(? }rifz € Z(SY, {e'zflslgd()}),
then, some mass is also concentrated in the opposite hemisphere {x € S!;(x,z) < 0} and
we can increase the number of test functions with small Rayleigh quotient on the manifold
among 1y, -, 1716\,0. From this remark, we will build by induction a finite bubble tree which
describes the concentrations at all the scales they appear.

A tree T is a set of finite sequences

v = (ilr"' ’l\’y|) c U N]
jeN

where || is the length of v which satisfies

211



Chapitre 6. Maximiser les valeurs propres de Steklov sur une surface

— (@) € T is the root of the tree
— if v € Ujen N/ and i € N, then (v,i) € T = 7 € T and (,1) is called a son of 7.
— If (9,0) € Tthen Vi € N, (v,0,i) ¢ T. (v,0) is called a leaf of T. We denote by Ly the
set of leaves of T.
— If y € T, then {i € N; (,i) € T} = {0,--- ,N,} with N, € N and N, is the number of
sons of 7.
Let T be a tree. We let |T| = sup{|y|;y € T} be the depth of the tree. We let also T; = {7 €
T; || < j} be the truncated tree of depth j € IN. We say that ¥ € T is a descendant of v € T if
there exists 7' € Ujen IN/ such that § = (v, 7).

In the following, we define by induction a tree T with

— some sets IS C dM for v € Tand T, C R x {0}, S5, C SlforyeT\Ly,

— some parameters [, € {1,---,L}, r, >0,a5 € R x {0} and af >0foryeT \ LT,

— some points z, € S'if vy € T\ Lr and |y| > 2 and z, € M if y € T\ L and |7| = 1,

— some measures vy € M(M) of mass mg = [,,dvy > 0, v, € M(S') of mass m, =

Jqidvy > 0if v € Ly and |y| > 2 and some masses m, > 0 for y € T\ Ly,

— some functions ﬁfy : 1"2 — R and LY‘; : Sg — R,

— some test functions 75 : M — R with 5 € C°(M) fory € T
depending on €. We describe the process of construction, by induction of this tree now and
will prove in Claim 46 that it is a finite tree.

If vy € T and |y| = 1, these objects are defined at the beginning of Section 6.5.2.

Assume now that these objects are defined for all 7y of length || < j. Let v € T \ Lt with
|7| < j. Then, up to the extraction of a subsequence,

Ny
15%€u7d9 —F 1/('y,O) + Z 111(%,‘)52(7,-

) (6.65)
i=1 '

where for 1 <i < N,, m, ;) >0, m(, o) = Jsi dv(,0) and v, o) is without atom. As we will see
in the proof of Claim 46 and by the same arguments as in the previous subsection, Claim 40
provides some test functions which prove that N, < k. Notice that

N’Y
Y My = 1y
i=0

Let1 <i < N,. We define I, ;) = I, and up to the extraction of a subsequence, we can build
{r% Z.)} such that 7y >0 and "y —0ase—0 with

Y, Y,
ME
/ e"rdf — m,;y as€ — 0.
L (2(,0),7(, 1) )NS5
We define
Ty =1 , oAloH L cexp,)
D) 2, ) 2 ia 8ty
and
N7
s q_ -1 —1 ~1
= 1 10A " oH o ex
Tv0) l; Tlg,z(%i),(r(%,‘))l,(rm )2 a5, Py,
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6.5. Scales of concentration for the maximizing sequence

naturally extended by a constant on M so that 17( iy € C*(M). For 0 < i < N, the function
M) = Mol
satisfies (6.67) in the proof of Claim 46 and that

supp(n(,,,) Nsupp(n(, ;) = @ for i # jand supp(n(, ) C supp(15) -
The use of these test functions proves that N, < k.

Let 1 <i < N,. We define the sets

T = Hel oo (Higag (150

A (Ietert))))
Sti) = ( ( ))

and the densities

7

and by Hersch’s normalization, we choose the parameters aa i) and ocfﬂy ) with
i1 do =
/B xeitg d0 =0 (6.66)

e'edo, = e ds = el de = m,.. .
€ 8§ € o € o ('y’l) ’

(1) (1) (rid)
Claim 46. T is a finite tree.

and

Proof.

StEP 1 - We prove thatif v € T\ Lt, then

either N, =0 or {0 <i < No;m, iy > 0} >2

Since m,;y > 0 for 1 <i < N,, we get Step 1 if N, > 2 or N, = 0. We now assume that
N, = 1. By (6.65) and (6.66),

/5 (X 2(3,1))dV(q,0) 1 (y,1) = 0

Since m(,,1) > 0, we get that v(, o) # 0 and m, gy > 0. This proves Step 1.
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STEP 2 - We prove thatif v € T\ L7, then

Ju ‘vﬂfy,i) )Z dog
2
Jom (’ﬁm) etedoy

and that if , ¥ € T with |y| < |¥|, then
— If 4 is not a descendant of v, then supp(n5) Nsupp(y5) = @.
— If 4 is a descendant of v, then supp(qf;) C supp(n5)-

—0ase—0 (6.67)

We prove (6.67) by induction on |v/|. This is clearly true for |y| = 1. Let j > 1 and assume
that (6.67)holds for all |y| < j. We have

2 2
fM‘Vﬁfy,i))gdvg B fM’v’ﬁﬁfw’) gdvg

Jom (%,i))zeuedgg : Jom (Wiﬁfy,i))zeufdag

with

2 2 B 2
vy < 2</M|vnfy\gdvg+/M]v;7§w) gdvg)
e\2 u
= 2 (o (/BM (n5)"e d0g> —|—o(1)>

by the induction assumption, and fori > 1,

2 2 e
ez \ pleds. > / e"r1gedo
,/aM <’7W’7<w>> $ = o (”é,ZW,i),(rf,,,,-))%,rfw> %

> &
= /51 € 153016(2(%1)/?%"))0[9

/vt

and for i = 0, fixing p > 0,

€ =€ 2 u N’Y
— ed > / 1 _
/BM (777’7(7,0)) erarg = gl ; WC,ZW)/(YE )

IO,

i) H(r ) 2

2
1 ) eﬁglggd(?

Vv

f,’ﬁEy 1ge do
/Sl\U,N”l I (pip) !

Ny

= v o)+ ) M bz | +0(1)
/Sl\UIN’Yl Ig(Pi/P) ( (7/0) g (7/) (%))

= dv +o(1
/Sl\l,z(rn,p) (r0) )

as € — 0. Gathering the previous inequalities, together with

' € 2 U Uu
‘do, < / ‘do, =1,
/BM (15)" " dog < 8Me %

214



6.5. Scales of concentration for the maximizing sequence

we get (6.67).

We now prove the second part of step 2, also by induction. Assume that, for some j > 1
fixed, for all v, ¥ € T with |y| < |¥| < j we have that

— If 4 is not a descendant of v, then supp(y5) Nsupp(y5) = .

— If 4 is a descendant of -y, then supp(15) C supp(5).
Let us prove now that this is still true for any 7,4 € T with |y| < |§] <j+ 1. If |§| < j, there
is of course nothing to prove. Assume that || =j+1

If |y| =j+1, then,

supp(115) Nsupp(15) C supp (i) Nsupp(if5)
which is empty if and only if ¥ # 4.
If |v| < j, we denote ¥ = (§,7) with 0 <i < Nj;. We can apply the induction hypothesis to
[y < 41 < j. Then,
— if supp(ny) Nsupp(in,) # @, we get supp(ny) N supp(y,) # © since supp(ry) C
supp(n4). By the induction assumption, ¥ is a descendant of  and ¥ is a descendant
of 7.
— If 4 is a descendant of +, then, 4 is a descendant of oy and by the induction assumption,

supp(in3) C supp(ipy) C supp(iy).
The proof of Step 2 is complete.

Step 3 - We prove the following assertion H; by induction on j.

H; : If T; # Tjyq, then, Tj;1 = T or there exist j + 1 test functions with pairwise disjoint
support in the set {75, v € Tj11}.

Notice that by (6.67) in Step 2, the assumption Ty;1 # T would give a contradiction.
Indeed, it suffices to test the k + 1 functions given by the assumption Hj,; in the variational
characterization of 0. = 0x(M, g,dM, e"<), (6.4). Therefore, the increasing sequence of trees
{T;} is stationnary, and Claim 46 will follow.

Note that Hj is true by the existence of {#{}.

Let j > 2 and we assume that H; ; is true and that T; # Tj;1. Then, Tj ; # T; and
H; ; gives j test functions with pairwise disjoint support in the set {75;y € T;} denoted by
77% . -17%],. We assume that Tj1 # T. Then, there is v € T; such that N, > 1. By Step 1, there
are two indices i # i such that m(, ;) > 0 and m, ;) > 0.

If 7y is not a descendant of one of 71, - - - , ¥, then we take the set of test functions

(UZNEEENY e R
If v is a descendant of one of 71, -, 7, then, by Step 2, since the functions 75,,- -, 17%,
have pairwise disjoint support, there is a unique 1 < i < j such that 7 is a descendant of 7;
and we take the set of test functions with pairwise disjoint support
Ul My Mo My My Wi -
Thus H; holds. This ends the proof of Step 3 and as already said the proof of the claim. ¢

Thanks to this construction, the parameters (afw (X‘fy) define separated bubble or bubbles
over bubbles. This reads as a formula which originates from [8] and [106] in the context of

bubble tree constructions :
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Claim 47. Ify € T\ L, af —0ase — 0andif y1,72 € T\ Lt with 1 # 7o, then

=€ =€ € €
dg(a’n’ a’rz) “’h + “’72

- e - — — fooase — 0.
[X’h + [X’Yz [X’Yz [X’h

Proof. We recall that there exists Cy > 0 such that forall 0 < r < 4,
Be(x,Cy'r) C expy, 1, (D; (') C Bg(x, Cor)

for all x € ; with 1 <[ < L. On the discs, there also exists C; > 0 and some J; > 0 such that
forall 0 < r < 4,
Be(z,,Cy'r) € ATH(IDS (2)) C Be(zy, Cir)

for all v € T'\ Lt such that |y| > 2 and z, # p, where 2, = A(z,); and
B:(p,C;'r) € A (1Ri \]D%+) C Bz(p,Cir) .
Now, given 71,72 € T\ Lt, we let v € T such that 1 = (7,71), 72 = (7,92) and |v| is
maximal. We consider 5 cases in order to prove the claim.
Casel- v = (@). Then v = (i, 1) and 72 = (j, 71) with i # j.
Since
L5, C Ig(zi,7]) C expy, o, (ICOrf(Zi)) ,
we get with (6.64) that
|Ell€ — fl'| < C()Tf
and
af < Corf + |af — Zi
so that af — Z; as € — 0 and af — 0 as € — 0 and the same is true for j. Then, since z; # zj,
dg(a5,a5)  dg(zi,zj) +0(1)

= — 4o0ase —0.
ocf+0c]? o(f+tx]?

Case2- v # (D), 11 = (D), 72 = (j, 72) with z(, ;) # p.
Then, we have
I, C I(im-) C expy, ., (Iclrfmocg(“?yﬁ(v,j) + a§)>
so that by (6.66), we have that

0(;2(%]') + llf; - IZ(E ; ‘ < Cl?‘f

and

IX€
aﬁ) — +oo0ase — 0.
(vj

and

CaseE3- 7 # (@), 11 = (D), T2 = (j, F2) with z(, ;y = p.
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e _e

af .
- + Z is bounded and we prove by contradiction that % — +o0 as
Y

We assume that

a$_ . —a
€ — 0. We assume that (x? = O(ucfy). Then, it is clear that ‘”2767‘ is bounded and we have
Y

Vi)
by (6.66) that

oy
€ e L€
Koy = . Ay “(w’)‘
so that
oS 1 ai, —ag, ‘
(Z’J)ZC — = E(W) — t+ocase —0
“r (i) “r

which contradicts the assumption oc?7 N = O(as). Thus Xl — o0 as e — 0.

Case4- v # (0), 11 = (i, 1), T2 = (j, 72) withi # ], (1) 7 P and z(, jy 7 p.
We have that |af, . —af, ‘ = af ( Z(oi) — 2(%]‘)‘ +0(1)>, W%”') =0(1) and (Xfx—%’) =0(1) by

Case 2 so that

dg (ﬁf%i)’ ﬁfw’))

5 - — 4+ooase — 0.
Xy T %)

Case5- v # (D), 71 = (i, 11), T2 = (j, 2) with z(, ;) # pand z(, ;y = p.
As in Case 3, we assume that M is bounded and we will prove by contradiction
that o) (’Y ,> ! 4 +o0as e — 0. Let’s assume that “(7]) = O(zxf%i)). Then,
€ __ A€ € _ € € — g€
") “v’ < P "l e ”v‘
€ — € €
RS Mty T )
€ _ A€ € __ A€
N O I C 2 W ) ”v‘
Toal a5t o(as)
as_.—as .
< () " (vid) +0(1)

af%i) T “fw’)

uf
(a ). Then, ’ocf—&-zx( 7)

— 400 as € — 0 which gives a contradiction. Thus,

is bounded and by

since tva i) = o(af) by Case 2, and

€
vi)
o

Case 3 Sl — 400 as € — 0 so that

7 ‘xé‘ ()
’yl
a% 5 — +oo0ase — 0.

v,i

Gathering all the cases, the proof is complete. &

Now, we are in position to prove Proposition 7. We denote by L™ C Lt the set of leaves
7 € Lt such that m, > 0.

To simplify, we now denote the elements of L by {1, -+, N} and all the indices y € L in
IS, T%, S5, a5, as, e" %, e™, v, and m., are replaced by the correspondmg indexie{1,---,N}.

Up to the extraction of a subsequence and up to reorder the af’s, we get (6.56), (6 57) and
(6.58) thanks to Claim 47. By construction, we obtain the remaining facts of the proposition.
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6.6 Regularity estimates at the concentration scales

In this section, we aim at proving some energy estimates in order to prove later Proposition
8 page 244. We fix i € {1,--- , N} given by Proposition 7 and up to the end of the section drop
the index i of the parameters [;, af, af the functions 7§, we defined. As described in Section
6.2.1, we let

A

O (z) = éle o Ha, . (z) = CT)le("‘ez + ac)

and

Ve = Hy , (Te) .
Then, for 0 < i < n and for p > 0 fixed, we get the equations

Al =0 in D}
N . g (6.68)
atgbé = —Ueeuegble on Il .
0
As we will see, the properties gathered in Proposition 6 and Claim 42 are in some sense
invariant by dilatation. Indeed, this is clear in the equation (6.68). We also have that if () C w
and T = QnNoM,

0. (Q,g,T,e") = 0, (Q, & Te)

where we set () = H, L <(~)l and I' = H, L (fl) The heat equation is also invariant by
dilatation, up to some errors on the surface M we precised in Section 6.2.2 (see (6.5) and (6.7)),
thanks to the following identity in the Euclidean case

IR

—y|

1 r—y? « 2
T e dy = @ € dv .
o ame Sy = [ e fa)ay

Therefore, we can derive regularity estimates of the eigenfunctions at all the concentration
scales.

However, we have to distinguish two cases, depending on the speed of concentration a,

2
when compared to €. In section 6.6.1, we treat the case when % — 400 as € — 0, and in

section 6.6.2, we will treat the case when a2 = O(e).

2
6.6.1 Regularity estimates when ¢ — +oco

2
We assume in this subsection that % — +ooas e — 0. We set 0, = m, where a. — a €
R x {0} ase — 0,and ip € {1, -+, Np} such that z;, = a. Then

e +0ase—0. (6.69)
We will adapt the technics of Section 6.4.1 in the surface (ID?,¢,St, efe). First, notice that
eeds —dv. —, 0in M(R x {0}) ase — 0. (6.70)
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Indeed, for ¢ € C(1I R,) for some Ry > 0, and R > Ry, we can write that

/IRX{O} ¢(x) (eme(X)dx _dﬁe(x)) N /a/w\l}a </IR pE(y'X)ayA)dUg(y)) )
- < /1 (€(2) = (x) ﬁe(z,x)dz> die(x)
+ 5 (/ Pe(z, x)dz — 1) C(x)de(x) -

Ig

By estimates (6.10) on the heat kernel, we have that

Jos (/v pe<x,y>\a<y>|dag<y>) de(x) < |Cllo sup [ pexy)dog(y)

Ir x€dM\ Iz

_ (R-Rp)?
<ol 2 ) S0ase—0
- V0e ‘

By estimates (6.8) on the heat kernel, we have that

_lx=z?
f ([, e - cwlpe ) i < s [ 1200 - 2@ ds

— Qase—0

since { is uniformly continuous on R x {0}. Finally, we have by the heat kernel estimate (6.11)
that

lim lim sup
R—=+00e=0 v
0

/ Pe(z,x)dz — 1‘ =0,
Ir

so that we get (6.70). We denote by ¥ the weak star limit of both {eedx} and {7} in M(R x
{0}).

Let’s tackle a generalization of Claim 42 at all the scales which appear between a, and dy.
For a sequence {7}, we let

ewe(x) o r)/eeﬁle(7GX+ae) and 3676 (x) = q/;:_:l (’)/ex —+ aé’) ,
and for a sequence of domains Q. C w;, with I'c = 0Q: NIM # @.

(Te% = Ha_e,l% ((N)le) and ITG% = Ha_e,l% (fi)

so that
0.* (Qe/ g/ FS/ eue}) = 0-* (Qier)/sl g/ re E/ eﬁ”)
and - _
AP =0 in Q.
9D = —0 e D, onT.”.
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We also let A, be the half-annulus lD; \Dj and J, =1 1 \ L.

We recall that X,(Q,¢,T, {e”T676 }) is the set of points x of Q) C IR%r (withT = QONR x {0})
such that there exists € > 0 which satisfies P, ., that is A, ¢ or B, ., where

A, c: x €Tand 0, (D, (x),& I, (x),e% ) < ‘”‘(MT'[g])

B, : There exists f € Ex(M,g,dM,e") such that f%(x) = 0 and the Nodal set of 7%
which contains x does not intersect dD;" (x).

,,TE%

Note that for y. = ac, e = efc and that the set of concentration points satisfies

Z(Q, {eds}) C X, (Q, ¢, T, {e"}) (6.71)
for all r > 0. We write wj < wf$ if two sequences {w$} and {w$} satisfy Z—g —0ase —0.

Claim 48. Up to the extraction of a subsequence, there exist some sequences {w$} with0 <i <t+1
and 0 < t < k such that

2 =Wl K wf K wh K - L wf L Wiy =0d,
there exist Ry > 0 and some points p;j with 0 < i < tand 1 < j < s;suchthatif1 <i <t p;; € ]RL
0
and if i = 0, po; € Ir,, with

t
S—1—|—Zsi§k
i=0

and for all 0 < p < 2170’ there exists some r > 0 such that forall 1 <i <t,

Xy (Ap,C, Ipf{efewf}) -y D;(pl}j) ’

S0
Xr <D—1i_/ C/ I;/{eu€}> - U D;(po']) 4
0

=1

€
wi

for all sequence {ye} such that = < ye < pw§ ; with 0 <i <t fixed,

Xy (ARop/ Cr ]Rop/ {‘?Zy }) =0 ’

and for all 0 < p < ;To,for allr >0, forall0 <i <t 1<j<s;and for all subsequence €,, — 0 as
m — oo,

X, (Dm, I, o }m20> AD; (pij) £ ©. (672)
o

Proof.
By contradiction, we assume that for all subsequence €,, — 0 as m — oo, for all {wf’” Ym0
with 0 <i<tand

A =wi K] K wj L - L wp K wp =0,
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for all families of points pij € RZwith0<i<tand1< j <s;suchthatif1 <i<t, pij € I%
and if i =0, po,j € Ir,, with ’

t
s—1+4+) si<k
=0

1
Ry = max {1<ig‘1,?§j<si {max { ‘Pi,j , M} } ,121],5;);0 {’PO,jl} ,50} +1,

there exists 0 < p < ZLRO such that for all » > 0, either there exists 1 < i < t such that

and

Xy (Ap,g, Jor {eﬁwf}> \ U D, (pij) # O, (6.73)
j=1
or .
Xy (IDT,(:, L, {eﬁe}> \ U Dy (poy) # 2, (6.74)
P P =1

or there exists a sequence {7, } such that %"e < Ye < pWi 4 for some 0 < i < t, with

X; (Bropr & Tropr (€% }) £ @. (6.75)

With this assumption, we prove by induction the following property Hs for s —1 < § <
k+1

H; : there exist sequences €,, — 0 and r,,, \, 0 as m — 400, some scales
a0 =wi K K wj L - L wp L wp =0,

some points p}; € R \ {0} and p;j e Rx {0} if1 <i<t1<j<s;and Po; € R? and
poj € R x {0} if 1 < j < s with
t
s—14+) s;=5§
i=0

and p; + pij ifj#j for0<i<t suchthatforall 0 <i<t1<j<s;, p;”] satisfies P
(R2,& R x 0], (e ) e

We already have H;_1, let’s prove H;. We fix p > 0. By assumption, since we apply it with
all s;’s equal to 0, either (6.75) or (6.74) happen. Let’s study these two cases :

€, 1M

Ty

CasE (6.75)s_1 : There exists a sequence {7, } with % < Ye,, < pdp and some x,, €

Xo-m (Ap, G Jos {ewe }> We choose €, such that x,, satisfies Py-n . . It is clear that €,, — 0 as
m — 0.
— If ;%'n’ — 400, we set a new scale wi’” = 7, and pl’”J = xn € Ap. Up to the extraction
of a subsequence, pi"; — pi1 € R3 \ {0} as m — +oo. It is clear by Claim 42 that
wy™ < &y up to reduce p. By the same arguments as in Claim 42, p1; € R x {0} \ {0}
and we get H; in this case.
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— If I js bounded, up to reduce p, one gets that (6.74) holds and we can go to Case
(6. 74)

CASE (6.74);_1 : There exists x,, € Xp-m (IDT,C, Il{eﬁ€}>. We set p{y, = x,; and up to the
p e ’

extraction of a subsequence, pg'y — po1 as m — +oo. By the same arguments as in Claim 42,
poa € R x {0} and we get H; in this case.

Now, we assume that H; is true for some s < § < k. Let’s prove Hg ;1. We define all the
parameters €, ', wf’”, p?; and p;; given by Hs. We fix p > 0. By assumption, one of the
assertions (6.73), (6.74) and (6.75) must happen. Let’s study these three cases :

Caskg (6.73)s : Let 1 <i < tand x, € X;,, <Ap, ¢, ]p,{e"fm }> \U ]D+ (pij). Form >0,

P, s . Since 1, N\, 0, as

m — o0, setting M(m) = min{m, f(m)} gives that pﬁ(m) satisfies P,,, , foralll1 <j<s;
and p} ., satisfies P, - Up to the extraction of a subsequence We can assume that

we set p/i ; = x and we let eg,) be such that p} ,, satisfies P

p(m
plsH—>p15+1asm—>+ooandthatrM \Oasm—>+0081ncepls+leA\U 1 Dg (pij),

Pis+1 € REN\{0,pi1--+,pis} By the same arguments as in Claim 42, p; 5, , € R x {0} \ {0}
and the proof of Hs,1 is complete in this case.

CASE (6.74); : The proof of Hs; is the same as in (6.73);.
CasE (6.75)s : Let {7, } be a sequence such that

€m

f and X, (A ey
< Yew < PW;y and Xy € Xy, Ropr‘:/ ]Ropr{e }qZO .

— If Z;’,’,’, — 400 and Zg,}’l — 0, we define a new scale w;t; = 7e, and p} |, = x,. Up to
1 1

the extraction of a subsequence, p}’,,, € A, satisfies Py, c,., p{i1; = prr1,1 € R3 \ {0}
and r,, N\, 0 as m — +o0. By the same arguments as in Claim (42), p;+11 € R x {0} \
{0}. Up to reorder {w;™}, we get Hs 4 in this case.

— Ifi = 0 and Z}%% is bounded, up to reduce p, we get that (6.74) holds and go back to
Case (6.74)s.

— The case i =t and f“ is bounded leads to a contradiction by Claim 42.
— The other cases lead to the fact that (6.73) holds up to reduce p and we are back to Case
(6.73)s.

Gathering the three cases, we deduce Hs, 1. Therefore, Hy 1 holds true and we now prove
that this leads to a contradiction. We will define new test functions for the variational charac-
terization of e = 0x(M, g,0M, e"), i for 0 < i <t,1<j <s;.

— 1If pjl; satisfies Ay, e, 77} is defmed by the extension by 0 in M\ Q' ; of an eigenfunction

for o, ( Z-,]-,g, Z-,]-, fm) , where Q:”] C M and T;”] C dM are defmed by IDa(pi,]-) =
QO and Irm(p;”]) = FTM" .

i
— If pi; does not satisfy Arm ens it satisfies B, . and 7" s defined by an eigenfunction
for o, ( m g, T 1]' ”em) extended by 0 in M \ Dl”;, where Dm C M is the Nodal domain
of an eigenfunction associated to o, such that DZ”; e D} (pl.,j) and I'}; = D} N oM.
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We also use the functions 7" for {1 < i < s}, already defined in the proof of Claim 42.
Note that these k + 1 functions have pairwise disjoint support for m large enough. Then, by
(6.4),

2
m 2
Ju ‘Vﬁi,‘ dvg Sog |V do
] g M ilg 8
< max max > ,rr;éax > <0, -
0<i<t1<j<s; m U i#ig M= pley 4o,
Jom (’71',]') eten dog Jowa (1) g

Oc

m

The last inequality comes from the definition of the properties A and B and we have equality
if and only if one of the test functions is an eigenfunction for o.,, = 0x(M, g, dM, e"en ). This
test function is a non-zero harmonic function which vanishes on an open set of the surface.
This is absurd.

Therefore we proved the first part of the claim. Up to make successive extractions of sub-
sequences of {€, } and up to remove some points p; ;, one easily proves that the last condition
(6.72) also holds.

%
For p > 0, we set
So 50
Q(p) = ]D‘g \UD; (po,) and T(p) = L\ U Tp(poy) -
j=1 j=1
As previously remarked, the set of concentration points of {e<ds} satisfies
Z(R x {0}, {eﬁedx}) CA{po1 -, Poset (6.76)

and letting

m;(p) = lim o eds,

we have that m;(p) > m; +0(1) > 0 since we have (6.59), (6.61), (6.76) and m; > 0. We aim at
getting regularity estimates on &, and e in Q)(p). We follow the proof of Claim 43, thanks to
the fact that m;(p) > 0 for p small enough.

Claim 49. We have the following
— Estimates on &, :

Yo > 0,3C1(p) > 0,Ve >0, éG\\Wl,Z(Q(p)) < Ci1(p), (6.77)
Vp > 0,3Cx(p) > 0,Ve >0, ||Dc|| o) < C2(p) - (6.78)
— Quantitative non-concentration estimates on e* and |Vde|?
Vo > 0,3D1(p) > 0,Vr > 0,limsup sup elle < D1 (f) , (6.79)
€—0 xel(p) L(x) ]1’1(;)
Vo > 0,3Dz(p) > 0,Vr > 0,limsup sup |V |* < D:(p) . (6.80)
e—0 xer(p) ]DrJr(x) ln(%)
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Proof.

The proof of (6.77) follows exactly the proof of (6.31) in Claim 43, using the fact that
mi(p) > 0 for p small enough and Claim 48.

For the proof of (6.78), we first prove that

Vp > 0,3Cy(p) > 0,Ve >0,

Pel|cor(py) < Colp) - (6.81)

We now prove (6.81). Let 0 < i < n. Up to change ¢! into —@., there exists a subsequence
{x.} of points in T(p) such that ¢ (xc) = SUpr,) |pL|. We set 6c = dz(xe, supp(De)) and we let
Ye € supp(?e) be such that dc = |xe — ye|. We divide the proof into 3 cases :

Case 1 - 671 = O(1). Then, {ef} is uniformly bounded in Imm( &0 )(xe) by estimates

on the heat kernel (see (6.9)). By (6.77), ¢ is bounded in L? (T (§)). By elliptic theory for
the Dirichlet-to-Neumann operator (see [109], Chapter 7.11, page 37), in W2 (T (§)), §i is
bounded (see (6.68)), and {4;16(9(5)} is bounded by Sobolev embeddings.

Casg2- 6. =0 (%f) Using Claim 41, we get that {§%(x,)} is bounded.

CASE 3 - 5€—>0ase—>0and£—>0ase—>0.Weset

ole (x) — 5532ﬁe (Xe+dex)

Pe(x) = ‘Pé(xe + 0ex)
Ze = ;e(xe _]/e)

so that

{ Ape =0 in D (652)

atlpe - _Ueewgwe on 15 .

Up to the extraction of a subsequence, there is zg € R x {0} with |z9| = 1 such that z. — 2
as € — 0. By estimates (6.9), there is D; > 0 such that

eWe <Djin I; .
2

By Claim 41, since y. € supp(9e), Pe(ze) = O(1) as € — 0.
We first assume that 9. does not vanish in D (0). Since 9¢(0) > 0, e > 0in D (0). Then,
by Harnack’s inequality, we get D, > 0 such that

Vx € ]D;,l[&(x) > Doy (0) .

Since Y. is positive, § is weakly superharmonic in ID|+ (ze) C D5 (0) by (6.82) so that

Ze|

ll)e<ze) Z l,bedU'

70 |ze| Job} (ze)

and keeping the part of the integral which lies in D}, we get a constant D3 > 0 such that
) 1
Pe(ze) > D31pe(0). We conclude that ¢L(xe) = 1p¢(0) is bounded.
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We now assume that y. vanishes in D5 (0). Since X,(Q(p), &, I'(p),e’) = @ by Claim 48,
e vanishes in ID; (0) on a piecewise smooth curve between two points of distance greater
than 1. By the corollary of Theorem 17, Section 6.2.3, on () = ID; (0) we get some constant

Cy > 0 such that
1p2d <C / Vi 2dx .
/+(0) 2dx < G *(O)| e|” dx

4 5
By elliptic estimates on (6.82), {{¢} is uniformly bounded on D} (0) and ¢i(x.) = ¢(0) =
4
O(1).

We now prove (6.78). Let p > 0 and 0 < i < n. Since ¢ is harmonic in Q(4), by elliptic
regularity theory, there exists a constant Ko(p) > 0 such that

Al

Pe

Al

+ || ¢e

12(a(1))

and setting Co(p) = Ko(p) (C1 (§) + Co (5)) gives (6.78).

Pe

< Ko(p) <)

C°(f(‘£))>

C%(Q(p))

As in the proof of Claim 43, Claim 48 gives some capacity estimates and we get (6.79), and
(6.80) is a consequence of (6.78), (6.79) and the equation (6.68).

<
We now need an estimate of {®.} on the whole surface in order to prove later that no
energy is lost in the necks.

Claim 50. For any p > 0, there exists a constant Cy(p) > 0 such that
t S
Vx € M\ U Bg(Pi,P) U U U Qi,j ,
i#ig i=0 j=1

|@e(x)] < Colp) (ln <1 + dg(;c’@)> + 1> ,

€

where
0L = D, (ps)) + e and e = expy, (0c)

Proof. Let 0 < p < 201—&) and let r > 0 which satisfies the conclusion of Claim 48 for this p.

StEP 1 : We prove that for 0 < i < t, there exists A;(p) > 0 such that for all 0 < g < n, for all
sequence {7} with % < Ye < pwy§, 4, either
7’)’6
Vx € Ay, |Pe (%) < Ai(p)
or .
ol o
< A; .
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We let A;(p) be equal to

G

max  sup  sup { min<{ max P (x)

<p<

0<p<n e . >0 X€J10rgp
- <Ye<pwi

7
€

where we recall that for r > 0 J, = A, NR x {0}. We assume by contradiction that A;(p) =
+o00. Then there exist 0 < g < n, w; "

< Ye, < pwf,, such that e, — 0as m — +o0 and

P
7 Yem
. b, " (x)
min { max Em (x)|, max =7 ( " teoasm— too.
thOROp x,yGAwRop 4)6/3"1 €m (y) ‘
T’Yem T%m
Let xpu € Jioryp be such that |pe,  (xm)| = maxyepy, |Pe,  (¥)|- We set

Om = d(xm, supp (ve,”"))

and take y,, € supp (v, ") such that |x,, — ymu| = ;. We study 3 cases each one leading to a
contradiction.

Casel-6, =0 (‘47?’”) We apply Claim 41 for the sequence of points {expgl,xl(’yem X +

e, ) }m in OM and we get a contradiction.

CASEZ-&m%Oand%%—>—|—ooasm—>+oo.Weset

7. €
elm = 5meu€m " (-xm + (smx) 7

Tyem

so that

Up to the extraction of a subsequence, there is zg € R x {0} with |z9| = 1 such that z,, — zg
as m — +o0. By (6.9), there is D; > 0 such that

¥ < Dy on I% .
By Claim 41, since v, € supp (Ve ), Y (z;m) = O(1) as m — +co.
We first assume that ¢, does not vanish in D3 (0). Up to take —,,, we can assume that

P, > 0 on DS (0). Then, by Harnack inequality, we get D, > 0 such that

Vx € ID;zpm(x) > Dy (0) .
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Since , is positive, ¥, is weakly superharmonic in lD?;m| (zm) C ngr (0). Then,

1
T |Zm| a]D\zm|(Zm)

lpm (Zm) > l/)me'

and keeping the part of the integral which lies in DT, we get a constant D3 > 0 such that
4

Y (zm) > D3Py (0). We conclude that Eem (xm) = Pm(0) = O(1) which is absurd.

We assume now that ¢, vanishes in D (0). By Claim 48, ,, vanishes in D} (0) on a
piecewise smooth curve between two points of distance greater than 1. By the corollary of
Theorem 17 on Q) = ID{ (0), we get a Poincaré inequality

2 <C/ Vip|* dx .
/D+<o>lpmx_ ! Jpp VI

4

—3 Yem
By elliptic regularity theory, ¥y, is uniformly bounded on D} (0) and cpfm (xm) = Pm(0) =
4

O(1) which is absurd.

CAsE 3 - (%m = O(1). Up to the extraction of a subsequence, we assume that x,, — x in
]1OR0p as m — +o0.

7 Yem
We first assume that ¢, := <pfm vanishes in Asg,,. We get by Claim 48 and the corollary
of Theorem 17 on () = Ajrp, a constant C, > 0 such that

;dx<c/ Vil dox .
/A%j” <G [, IVl

By (6.9), there are some constants 7 > 0 and D; > 0 such that
e'en™™ < Dy on Ix(x) .

By elliptic estimates, {1, } is uniformly bounded on Asg,, N1D : (x) which gives a contradic-
tion.

€

We assume now that i, := E " does not vanish in Asryp- Up to take —1py,;, we assume
that P > 0on ASROp-

Let’s assume that y,, — y as m — 4co with y € J7r,. By Claim 41, ¢, () = O(1). By
(6.9), there exists a constant D7 > 0 such that

e"n’™ < Dyin I;_z(x),
where § = min (%, %). By Harnack’s inequality, there exists D, > 0 such that

Vz € AéRop ﬂlD;r_zg(x),qu(xm) < Dzl[)m(z) .

By weak superharmonicity on ]D;rg(ym) C Asgrep,

1
7T X 38 JaD (ym)

Y (Ym) > Pmdo
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We keep the part of the integral which lies in Agr,, N ]D(‘;zg. Since the length of alD;%(ym) N

Agryp N ]D(‘SF_2 5 is uniformly bounded from below, we get a constant D3 > 0 such that ¢, (y,) >
7 Yem
D3y (xy,). Then, (,bfm (Xm) = Ym(x) = O(1) which is absurd.

Assume now that v, € R x {0} \ Jgr,p- By (6.9), there is a constant D; > 0 such that
e"n™™ < Dy in Aogyp -

By Harnack inequality, there exists a constant C; > 0 such that

(2)

<

’ ﬁv’em

G

(z)

et
e, "

(xm> <G

. —
Vz,Z € A1orep, Pe,, "

which also leads to a contradiction.

We get A;(p) < +oo. We now let A;(p) be equal to

€

¢ (x)

oL (y)]

. “ B
max  sup Ssupq ming{ max |$e (x)
OS/SSI’I W€ e>0 XGA]ZROp

71 <Ye<pwt y

,  max
X, YEA1RYp

€
wl m

and we assume by contradiction that A;(p) = +oc. Let 7., with S Ve < pw;t, and
€n — 0 as m — o0 be such that
Tlﬁm
—Yem ¢€m (x)
min { max Em (x)|, max ——— ) — +ocoasm — +co.
xEAlzRop x,]/EAlzRop (P’B Yem (y>‘
€m

Then, by elliptic estimates there is some constant K(p) such that

ﬁ Yem ﬁ Yem /S Yem
max |ge, (x)| < K(p) | max |¢e, (x)] + ||¢e,
XEAlzRgp xe]lORop Lz(AmROp)
so that since A;(p) < +oo,
/3 Yem

— +ooasm — +o00.
L2(A1oryp)

€m

o

By Poincaré inequalities given by the corollary of Theorem 17 on () = Asg,, and by Claim

—g Yem
48, we clearly have that gbf, . does not vanish in Asg,, and by Harnack inequalities,

T'}'G m

4)€m (x)
sup max — < 400

which contradicts the fact that A;(p) = 4oc0. Then A;(p) < +o0 and we get Step 1.
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STEP 2 : We have that for 1 < i < t, there exists B;(p) > 0 such that for all 0 < § < n, either

vxe A\ Dy (piy), ¢ ()| < Bilp)
j=1
or -
Si ‘Pe (]/)‘ —5f —gf
vy e AAUDE (), Ly < o )] < i) o )
=1 P
and there exists B;;1(p) > 0 such that for all 0 < B < n, either
vx € M\ By(pirp), [9£ ()| < Bria(p)
i=1
or ; ’
s Pe (y)
Be(pi p), p B b )
Vx,yGM\ZL:Jl sPip) gy S |9 (%)| < Brsa(o) |#£ (v)

The proof of Step 2 follows exactly that of Step 1. Notice that if my(p) > 0, the third
inequality holds by Claim 43. We leave the details to the reader.

STEP 3 : We prove that there exists K;(p) > 0 such that for0 < i < t,and forall x € ]D \ID Y

B (1) < Ki(p) {maxF +1n (t)} (6.8

ey
where t{ = 12Rowf, 77,1 = 12’}; and F.(x) = ®¢ (ac + x).

Let 0 < B < n. We set
Nf = {f <t <1;3x € R? |x| =t and Fe(x) = 0} .

Then, by the Courant Nodal theorem, Nf has a finite number of connected components, boun-
ded by k + 1, since each connected component adds at least one nodal domain for the eigen-

function CD? . By Step 1, we clearly have that

Vx € R% |x| € Nf =

)| < Ailp) - (6.84)

We let

< df

€ € € € €
Ci,l <di,1 <Ci,2<di,2< <C' iqe

1qe
be such that

tzef \U 1]' z]
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with {gc} a bounded sequence of integers. Let 1 < j < g.. Then, F? does not vanish on
]Dj{fj \ ]Djfj, and we can assume that Ff > 0 up to take —Ff . By the eigenvalue equation, Pf is

then weakly superharmonic on D}, \ D% . We set
ij i,j

) = Joms FE(x)dor(x)
e U '
Then,
/(u) . fBIDu aVFf('x)dO-(x)
€ N T
— Jip, AFE(x)dx + [, 9,FE(s,0)ds
N Tu
J;. %FL(s,0)ds + [\, &FL(s,0)ds
_ ij ij
T
so that
Bth s,0)ds ath s,0)ds
Ic?. u u Iﬂ\lc‘?.
— £o(cE. ij il i
felu) = folc5,) + (g )+ /Cf,]- — do.
By a Holder inequality,

1 1

B B\? u : u :
/Iﬁ.atpe (s,0)ds| < </8M (¢8) e ed(rg> (/aMe edcrg> <1
L]

and since F? is positive on Idf]. \ IC;;?],

1 u
fe(u) < fe(ci;) + ;ln <c€> forcf; <u <dj;.
i,j

By the second condition of Step 1, we have for ch. <u< df/ j that
Vx € 0D, FP (x) < Aip) fe(u) .

Gathering these inequalities, for 1 < j < g, we get a constant K;(p) > 0 such that,
u

(ﬁ)) , o5
1

We are now in position to prove the claim. By Step 2, we get some constant L;(p) > 0 such
thatfor1 <i<t,

Vx € 0D}, FP

FE(x)| < Kilp) (5%

which is exactly Step 3.

sup |Fe| < Li(p) inf |F|+1 (6.86)
Dy \D/e Die\Pee
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and we get some constant L1 (p) such that

sup |Pe| < Li11(p) max |Fe[+1 | . (6.87)
Mip) B]DTtE-H
By (6.78) in Claim 49,
1
Sup |F€| S C2 <12120) . (6.88)

+
Die
0

Gathering (6.83), (6.86), (6.87) and (6.88), we get the claim.
¢

In the following claim, we aim at passing to the limit in the equation (i) and the condition
(ii) given by proposition 6 at the scale a.. The limiting function would then satisfy (6.92) and
(6.93).

Claim 51. We have that
— Forany p > 0, there exists Be — 0 as € — 0 such that

vx € T(p), | & (x) > 1 Be . (6.89)
— Forp > 0and x € T(p), we set ¥ = g—e‘. Then for any p > 0, {¥e} is uniformly equiconti-

nuous on C°(T'(p),S").
— For any p > 0, up to the extraction of a subsequence of {®c}, there exist functions & €
W12(Q(p), R"1) N L®(T(p), R™1) and ¥ € W22(T(p),S") N CO(T(p),S") such that

&, — & in W2 (Q(p), R™™) (6.90)
and
Y. - ¥inC%T(p),S") ase — 0 (6.91)
with R
) X D
]<I>] > land ¥ = ‘CTD} on T'(p) (6.92)
and for 0 <i <mn,
AP =0 in Q(p)
4 o 6.93
| 0 i e on Ll (629

in a weak sense.

Proof.

SteP 1 : We recall that a. — a as € — 0 with z;, = a.

For1 <j<spand 0 = 5+

6227[(11)“% /

2
sup /1 [@e(2)[" pe(z,x)dz = O(e %) . (6.94)
)

xel(p) 7 1g (po,)
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. L _ .
For0<i<t1<j<s;jand 15 = 7851(“)(%6)2'
——wf 2*&)-6 O _;Ti.
sup D, ’(z)’ pei |z, —x|dz=0(e ). (6.95)
xer(p) /g (i) w;j
For1 <i<sandi # i,
2
sup [ |@c(z)]? pe(¥, 2)dog(z) = O™ ). (6.96)
xel(p) L(pifg)

Note that (6.96) was already proved in Step 1 of Claim 44. Note also that the proof of (6.94)
reduces to (6.95) fori =0.Let 0 <i<tand 1l <j<s;. Then, fory € T'(p),

€

2
i 2 o
w> —wf
eSTiE/ ‘Cbe ’(z)’ pei |z, —y | dz
Iﬂ(p..> i
i,

10 \Pij
e 2 € _
! e ! S92 11
flﬂ(pi,j) q>€ (Z)‘ e e 475(102 2 100)
S 10 -~ % O _
. - =
mfl%(pi/],) elle ;
_ 3
Co e Wi
S. f u—wf Te
- ¢
mn I% (pij) € i

where we used the uniform bound (6.8) on @“’fg on D: x ID:. We assume by contradiction
p P
that

2

_ 3
. s e 40T1§
inf e ' < — .
Ip (pij) T
10

Let y € 9M be such that i € I L (pi;)- Then,

7 ()

ele = evl(y)wie/ e(x, dve
g Pey)dve(y)
> [ )
Ip (pij)
10
2
o

=y
T JIp (pig)
1

> g

so that the assumption leads to
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For z € Iz%(pil]')'

_2 EEY
e 16Ti _|_ O e SOOOTi
< .

L4 Tie

Then, T 0 uniformly on C°(I s (pij)) as e — 0 and

€

0x(Dg (pij). ¢ 1g (pij),e™ &) — +ooase = 0.

This contradicts (6.72) in Claim 48. The proof of Step 1 is now complete.

StEP 2 : There exists a sequence . — 0 as € — 0 such that

v/ 0e R R
Vx,y €T(p),|x —y| < 5 = | ®e(x) = De(y)| < Be - (6.97)
o1
We set 7. = H\/Qeeue éO(r(p))' We have that . — 0 as € — 0. Indeed, for r > 0, and
x €T(p),
) A A A (I (x)) AoD1(p)
\/96”6(2)<<0+01> do. +o0(1) < =2 +0(1 +0(1
¢ — \WAanr M L) (1) = 4 (1) = \/47‘[11’1(%) 1)

since we have (6.69) and thanks successively to (6.9), (6.8) and to (6.70), (6.79). We also have
1

1 =1
\%? — +o0 as € — 0 since % = He“e COZ(r(p)) < mi(p)*% is bounded and we have (6.69). Let x.

and y. € T'(p) with |xe — ye| < ‘{fe. We set

Ve

€

Fe(z) = CTDG(x€ +

2)

and a¢ the mean value of F; in ]D;)r . Then, we get constants Dy, D, D’ > 0 such that

IFe = el (0 < DollFe = aellpy0))
< D HavFeHLoo([3(0)) +D HF(-? - a€||L2(ID3+(O))
< D H‘i>€||Loo(r(p)) veye + D' IVEell 1205 (0))
D
< MMM%%+DL—£@4
1n< Ye )Z
3v/0e
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thanks successively to (6.80) and (6.78). See also Step 2 in the Proof of Claim 44. Setting

Be = 2DCy(p)0eve + 2D’7D2(p) ,

Be — 0 as € — 0 and we get Step 2.

StEP 3 : There exists a sequence B — 0 as € — 0 such that for all x € oM,
. PPNY
£ET(p) = ||e(2)]” — Kel| @] (x)| < Be (698)
and
£ eT(p) Nsupp(Ve) = |Ke[|Pel](x) — 1] < Be (6.99)

Note that (6.98) gives (6.89) for x € supp(ve) by Proposition 6. Let x € dM be such that
2 eT(p).

D) —Kell 0P| < [ peln) || @) = 1@e()] ey ()
. s a2 2
< /I\é%(f)pe(z,x) e(2)[* — |be(2)[*] dz
+1e

S [ @l el yies(y)

€2 c
n Z Z/ ewi ‘ E‘U;‘ <Z, 3;32) dz ,
i

i=0j=1"1o(pij)

where

= [ 7o) (c%@) + i) (1n (14 B2 1)) dcg ()

€

Here, we used Claim 49 and Claim 50. By (6.94), (6.95), (6.96) and (6.97),

2

cl1cF)(x)] < 2Ca(p)e + O ™) + I

a

|be(2)[?

and there are some constants Ky(p) > 0 and K;(p) > 0 such that

2
I < Ko(p)ln (W) /aM\rlMx,y)dUg(y)

4K (p)/ Pe(z,%) (In(1+ |2)% +1) dz.
itz (9
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2
Since £ — o0 as e — 0,

) <5(i§®>2/mm pe(x,y)dog(y) < In <5<i§4>)2 o (; )

and by (6.6),
he(z, %) (In(1+ |z 241)dz
/fz\l = (5) Pe( ) ( ( ’ ‘) )

2
5 (In(1+ |2])% +1) dz

*‘yT (m( )2+1> dy

=o0(1) unlformly for £ € T'(p) .

/[
L,

Up to increase B¢, we get (6.98). The same estimates can be obtained for |®,| instead of \CI>€|2,
and we get up to increase B, for x € oM such that £ € T'(p),

[|e(2)

— Ke[|@c[](x)| < e -

Since, if z € supp(Ve) NT(p), we have

[®e(2)]" — 1| < e,
up to increase B¢, we get for x € dM such that £ € supp(?:) NT(p),

[Ke[[De|](x) — 1] < Be .

We follow Step 4 in the proof of Claim 44 to prove that ¥ is uniformly equicontinuous on
I'(p). Indeed, we can use the corollary of Theorem 17 thanks to Claim 48. Therefore, up to the
extraction of a subsequence, ¥ — ¥ in C°(T'(p),S") as € — 0.

STEP 4 : We have that ‘ ‘
plefleds —, $'0 in M(T(p)) ase — 0.
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Let € C%(I(p)) and R > %. Then

fo iy €2 (22002~ ' 2)a0(2))
Lo UL )pe< Do) ) duce)
+/ (/ X))z )ﬁe(zfx)dz> v (x)
" /r(p) ¢) </1R (¢é<z> — §L(0)) |e(2) ;ae(z,x)dz) 49, ()
+ 0 G0 (L (1962 =1) etz 0z ) )
= o, (@) ([ pete e ) docto) = 2 e)ao) )

We have by (6.10) that

By Step 1, Claim 50 and (6.8),

/IR </IR(C(Z) = 0(2))§e(2) pe(z, x)dz >d17€(x)

< sup [ 16(2) ()1 |(2)] ez )z
erR Ir
< ¥ sup 2(x) $(2)| pe(z, x)dz
j=1x€lr Ilﬁo(l’o]
i JSCEE /IR\uj?O1 o (poy) 10(2) = 8(x)| |¢e(2) | Pe(z, x)dz

1
S0 . 2 2
< igll ) sup ( o @) Pe(z,x)d2>
1% Po,j

j=1x€T(p)

+ Co(p) (1+In(1 +CoR))§2112 R (0} 0(z) — ¢(x)] —

=o0(l)ase —0,
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and
fo 260 ([ (962 = ) 192 ez 0z ) e
<2l sop 5 ([ 10T e
P Yl )
+12.C2 (£) sup / i) |80 = 82)| etz )
+2|Zle Colp) (1 4+ In(1 + COR))xS;;F) IR\F%)Pe(Z,x)dz
=o(l)ase — 0,
where by (6.8),
A (z, d
sup [ [Fe) = 90a) el )
e
A~ g 80¢
: xserp / ~vel®) V/ 70c &

:o(l)ase—>0.

We also have that

., e ( [ (a1 -1 ,A,e(z,x)dz) 10402

<lele  sup [ (8] 1) pelzx)dz.
xeT(p)Nsupp(ve) 7 Ik

We use (6.99) of Step 3, in order to prove that

sup / (|Pe(z)| = 1) pe(z,x)dz — 0ase — 0.
x€T(p)Nsupp(ve) Ir

Let x € M be such that £ € T'(p) Nsupp(Ve),

Kell@el(m) =1 = [ (1@ely)] = 1) pely)dog(y)

+/IR (|®e(z)| — 1) pe(z, £)dz

(6.100)
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and

| o, (12 = el y)degy)

/E)M\r, e(x, y)dog(y)Ko(p) ln<

L K(p / ) (1 +1In(1+ |2|)) dz

<o( m<5<3:“>)

|2z

e 80
K / At (1+1n(1 d
FKlp) [ A (1 2]

<0 H;\IR _yT<l+ln1+‘ ) )
Joe

=o(l)ase = 0.

5(0M) )

Ke

This gives (6.100). By (6.11),

lim lim sup
R—400e—0 XGI]

0

/ pe(z, x)dz — 1' —0,

Ir
so that

im timy ([ (€00 ([ petern)ie) doe(a) = o (o) ) ) =

R—+0c0e—0 R

Gathering all these computations, we get Step 4.

As a conclusion, (6.98) in Step 3 gives (6.89) for x € supp(ve) by Proposition 6. In the
remark before Step 4, we get (6.91). Then, (6.89), (6.90) and (6.91) give (6.92). We finally get
(6.93) passing to the limit in the equation satisfied by ¢. thanks to Step 4. This ends the proof
of the Claim.

%

Thanks to Claim 51, a diagonal extraction gives some functions ® : R2 \ {po1,- -, pos, } —
R™ and ¥ : R\ {po1,- -, pos,} — S" such that for any p > 0, the conclusions (6.90), (6.91),
(6.92) and (6.93) of Claim 51 hold true for & and ¥.

We now give energy estimates on these limit functions which will be useful at the end
of the proof. We recall that A : D\ {p} — RZ is defined page 209. We set & = do A :
D\ {p, 90, ,9s,y and ¥ = Do A :S'\ {p,q0," - ,qs, }, where q; = )Fl(polj) € S and we set

D(p) =D\ (DP(P) U Lj IDp(qz-)> and S(p) =S' N D(p) .
i=1

We Let 7 be the measure without atom on S! such that

eedd —, dvin M(S(p)) as € — 0
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for any p > 0. It is equal to A*(?) outside {p,q0,- - - ,qs, }-
We also set some function w on ID which satisfies the following equation

{ Aw=0 inD (6.101)

w = ]CF\ on S!

in a weak sense. Such a harmonic function exists since ‘CT)‘ € W%'Z(Sl) and we have w €
WL2(D).

Claim 52.

v 2 ¥ |2 2
) v |V
lim lim \che\zdxz/ VoL s eim, [g])/ d17+/ de (6.102)
p—0e—0 D(p) D w gl D w

where [ dv > m;.

Proof. Let 7 € CZ°(D(,/p)) be given by Claim 40 with 7 > 1 on D(p) and

C
fIvnf s ——.
By the weak maximum principle on (6.101),
infw > inf|<f>] >1
D st

and by the same computations as in the proof of Claim 45,

v

lim [ V| dx
D(p)

e—0

| v
D(p)

V|’
/11)17 5 dx

<2
) [ nav+ [ 2 up
’ st D w?

Y]

v

nor g y o 1
_Z(:)/]DZ<V’7/V<Pi> —/]D(Vﬂ,Vw)WJrE/D(VU,Vw)

C/
In (%)

where C’ is a constant independent of p. Indeed, ¢;, w € W'2(ID) and we have for 0 < i < n
that

¥ |2
‘ o
e [5)) [ nav+ [ o1k v -

v

A(w—¢i) =0and A (w+¢;) =0
in a weak sense. By the weak maximum principle (see [43], Theorem 8.1),

%f (w—¢i) > %}f (w—¢i) >0

239



Chapitre 6. Maximiser les valeurs propres de Steklov sur une surface

and
inf (w -+ ;) > inf (@ + ) >0
since |¢;| < |®| < w on S'. Then,

v

o

B
sup Slandsup—zgrw—l.
D W

D

g

We finally get (6.102), passing to the limit as p — 0. We have that [, d/ > m; thanks to (6.59),
(6.61) and (6.76). This ends the proof of the claim.

¢

44

™ N

6.6.2 Regularity estimates when - = O(1)

ol

2
We now assume that = = O(1), we let 6y = lim¢_o m and we denote by ¥ the weak*

limit of 7. in M(RR x {0}). Let Ry > 0 and x € Ig,. We have by (6.8) that

() = @Wac [ pe(y)dve(y)

1(X)
< Ape’'\ Yy, v
47e oM
Ao
< 1+o0(1
\/ﬁ( )

Since m; > 0, we get that 6y < +o00. Now, we let 7 be a smooth function on R x {0} defined
by

_ —yf?

= [ = _iy) .
¢ Rx{0} /478y )

(6.103)
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Let Rp > 0, R > Rg and x € Ig,. We have

eue(x) - eﬁ(x)

IN

+

IR

Ap
\/47‘[90

Letting R — +o0, we get for any Ry > 0 that

= eev/ de — ef¥)
[ aepesianly) ~ ¢

/mmwmw—AmM@%

+
s~
x
NI
S\(E
>
=

/ aepe(%,y)dve(y)
oM\ I

x—y|?

e %

d(y)

(R—Rg)?

(14o0(1))e

_lx-y?
e~ % 0

D
\/47‘[90) ¢

Jx—y|?
d)| + / ¢ D 4
i
Rx{0}\Ir v/476)

_ ey

e %
+ / ———dvase —0.
Rx{0}\Irx /4716y

ee — e in CO(Ig,) ase — 0.

(6.104)

With Claim 41, {$.} is bounded in L?(I) for any R > 0. With (6.104) and elliptic estimates
on the Dirichlet-to-Neumann operator (see [109], Chapter 7.11, page 37)

Aji =0
0Pl = —oceel

: +
in IDRO

on IRO ,

we get some some smooth function d on IR%r such that for any Ry > 0,

P — ¢’ in C'(Df)ase—0.

and

{Acf;izo

U’ = —or(M, [g])e" '

We now prove the following

Claim 53. We have the following energy inequality

in R
on R x {0} .

/IRZ }V(ﬁ(x)‘zdx > or(M, [g])/ elde

where e = e o A

Proof.

Sl

(6.105)

(6.106)

(6.107)
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Step 1 : Up to the extraction of a subsequence, there exists some sequences {w$} with 0 <
i<t+land 0 <t <kand

Ne = wh K Wi <K -+ L wj g =0

and for 1 <i < tand 1 < j < s; some points p;; € ]1% with Rg > 0and s —1+Y/_;s; <k
0
such that for all p > 0, there exists Cy(p) such that

Vx € M\ (U Bg(pi/p) U U U Qi,]'> p

iio i=1j=1
do(de, x
|| (x) < Colp) (ln (1 + g(ﬁ)> + 1)
where (A)l/] = wéID;r(pi,j) + ac and d. = expéjl,lxl (ac). We also have that for all p > 0,
—wf 2 € DCe 7{)725
sup / D (z)‘ pei (z,ex> dz=0(e 7). (6.108)
xer(p) /Lo (pis) w;j
forlSigt,lg]'gsiandl’f:mand
2
sup | (2)[? pe(¥,2)dz = O(e’%e) . (6.109)

xeT(p) Le(pity)

For1 <i<sandi # i.

For the estimate of ®., we follow the proof of Claim 48 and Claim 50, using (6.104) and
(6.105) instead of the estimates of Claim 49. The proof of (6.108) and (6.109) follows the proof
of Step 1 in Claim 51, which is a consequence of Claim 48.

STEP 2 : We have that

dy > 1. (6.110)

In order to prove (6.110), it suffices to use Proposition 6 and prove that for Ry > 0 fixed,
x € OM such that £ € Ig,, we have

¢ K[ (x) = Oase 0. (6.111)
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Let’s prove (6.111). We fix ¥ > 0 and R > r. Let x € M be such that £ € I,. We fix p > 0. Then,

222

Ke[|@e|*)( /} 47:; = /aM\TR\<I>e(y)!2pe(x,y)d0g(y)

+/1R Pelz, %) |be(2) P dz

_ ez
/IR

R )
There exist some constants Ko(p) > 0 and Kj(p) > 0 such that, by Step 1,

o(z)| \/ﬁdz.

s(OM)\?
i (T et o

+K1(p)/f\ (In(1 + [2))2 + 1) pe(z, £)dz

/8M\1“R|¢€(y)’2p€(x’y)d‘7g<y) < Ko(p)/

a

€ 2 c
| o (z)‘ Pei <z,f}i3€> dz

i

FL [ 1) pe(x yiog(y)

o(n(e2y )

IN

Ki(p) Ao 2 ~ g
In(1 1 % d
VTl JRx{0}\Ix (n(+[z)7+1)e 0 dz.

+

Passing to the limit as € — 0 and then as R — 400, we get (6.111) and then (6.110). This ends
the proof of Step 2.

STEP 3 : We have that
g M, d < / C(I)A X zdx . 6.112
k( [g]) ]R><{O}‘ ‘ e y= i‘ ( )‘ ( )

By contradiction, we assume that there is €y > 0 such that

Mg [ o 1By > [ Ve[ ax s

We fix R > 0. By the equation (6.106),

A
20

& = - |vé|? in R2
& = —or(M, [g])e? | ®° onR x {0} .

243



Chapitre 6. Maximiser les valeurs propres de Steklov sur une surface

We integrate on D},

1 212 . 21812 212 €0
- a]Dzav(cp )dU—Uk(M,[g])/IRe & /DEWCD‘ >

for any R > Ry, for some Ry > 0, since e \QAD\Z € LY(R x {0}) and |V 2 e L'(R?). We set

a2
i) = Jo0: 1217

tr

Then, for R > Ry, 1f'(R) < —% so that

f(R) < —%ln (115()) + f(Rg) — —o0 as R — +o0

which contradicts the fact that f(R) > 0. This ends the proof of Step 3.

We are now in position to get the claim. We integrate (6.110) against 7 and (6.103) against
dx, and we obtain

N 2 4 N
&) et g >/ dA:/ a(y) 4 6.113
/1Rx{0}| (y)| ¢ 7= Rx {0} ! IR><{O}€ ¥ ( )

and we get (6.107) with (6.113) and (6.112).

6.7 Proof of Theorem 15

6.7.1 Regularity of the limiting measures

In this subsection, we aim at proving the following no neck energy and regularity result,
keeping the notations of Proposition 7.

Proposition 8. Fori € {1,--- , N}, there exists q;1, - - ,qis, € S' and e € L*(S'), smooth except
maybe at one point, positive such that for all p > 0,

eido —, e%ido on M(Si(p)) ase — 0

with S;(p) = $'\ (D (p) UULL; Dy(a;) ) and [, e™dd = m;
If mg > 0, there exists py, - - -, ps and a density "0 on dM, smooth, such that

e'edog —, e"dog on M(I(p))ase — 0
with M(p) = M\ Ui—, Bg(pi, p) and [,,,e0dog = my.

Proof. Let N be such that for 1 <i < N,

1<i<N= — 4+ocase — 0

.
NG
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and ,
1
N+1 §i§N:>£isbounded.

NG
We now reintroduce the indices i we droped in section 6.6 :
For 1 <i < N fixed, we recall (see just before Claim 52) that we set

{qin, - qis} = {A " (pop), -+ A (Posy) }

defined by Claim 48 and we recall that (6.76), thatis g;1,- - - ,gis, € R x {0} satisfy

z (sl, {eﬁide}) c{pgiv- Gis )

and that the notations before Claim 52 hold :
Di(p) =D\ (]Dp(zﬂ) ulJ DP(%’J)) and S;(p) = S' N D;(p)

and 7j; is the measure without atoms defined by
e%edd —, ¥; in M(Si(p)) as € = 0

for any p > 0.
For N +1 < i < N, the notations just befor Claim 53 define e and e’ as

ee — e in C°(I,) as € — 0 and
I

e — ¢ in CO(S! \D,(p)) ase =0

for any p > 0. Notice that e = ¢ o A.
We also have {pj,- - -, ps} such that (6.55) holds and denote

M(o) = M\ | Be(pi,p)
i=1

and

1(p) = oM\ U Le(pi, p)
i=1

and 1y the measure without atoms such that
e'edoy —, voin M(I(p)) ase — 0.

Then, we have by (6.59) and (6.61) that
/ v, > m (6.114)
Sl

for1 <i< N and
/ 1 e'idf > m; (6.115)
S
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and by (6.60) and (6.62) that

dvg > my .
oM

Considering for 1 < i < N the set M¢(p) such that

(6.56), (6.61) give that
M(p) N M; (p) = @
and (6.58) or (6.57) and (6.62) give that
i # = Mf(p) N M (p) = @

for € small enough.
By (6.117) and (6.118), we have for p > 0 and € small enough

N
Vo2 dv, > 1, / V|2 d / Vo
/M‘ ‘g Ug =2 0>0 M(p) ’ ’g Ug + 1:21 () ‘ €

(6.116)

(6.117)

(6.118)

(6.119)

Then, applying (6.54) in Claim 45 if mg > 0, (6.102) in Claim 52 for 1 <i < N, (6.105) and
(6.107) in Claim 53 for N +1 < i < N, (6.114), (6.116) and the conservation of the mass (6.63),

N
Zmi = 1,
i=0

we get from (6.119) that

o(M,[g]) = limlim /M\vq>€y§

p—0e—0

Vo N v
: saog+ 3 [ V2L
’”°>°/M - vg+i; T

v

v

Limg>0 (Uk(M/ [8])/81\4 dV0+/M 3

N
+Y <ak<M, ) ||

5 i

N
+ L aMg) [ endo

S

O |[Vw/|?
[P Igdv

Y

R
R+

O |[Vw|?
|| \gdv

y 2 2
D" |Vw;
dﬁi+/ [ @i [Verl” ’3 1N
1 D w:

N |<T>i]2|Vwi|2
ok(M, [8]) + Limg>0 /MT g+;/]D de'

Therefore, all the inequalities are equalities in Claim 45, (6.116), Claim 52, (6.114) and

Claim 53. Then, we get for 1 < i < N that w; = 1 on D so that
&) =10nS!,
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for 1 <i < N that

/Sldfji:mi’

|®> =1 on oM

and if my > 0 that w = 1 so that

and
/ dllo =mg.
oM

Let 1 <i < N.Then, ¥; = &; on R x {0} and the equation (6.93) gives that

{A@:O
(—at)cbi = 0'k<M, [g])cbidlli
in a weak sense on R x {0} \ {gi1,- - ,qis, }- Then, di; = %@ﬁ’ds which means that 7; is

absolutely continuous with respect to ds and
" =1 in R x {0}

2
{ (—0)d; Ad; =0 inRx{0}.

This means that ®; is weakly %—harmonic on R2 \ {gi1," - ,gis }- Then, by Da Lio (see [24],

.. . A (2 X .
Proposition 2.2), since f]Rz ‘VCI)i’ dx < 400, we can extend ®; as a %—harmomc map on ]R%r.
+

By the regularity theory for weakly 3-harmonic maps of Da Lio- Riviére, see [25], &; is smooth

&;.(—0) D

and 1-harmonic on R?. Setting e = w3+ @nd coming back to the disc, we get the first

part of the claim for 1 <i < N.

For N 4+ 1 < i < N, the convergence (6.104) ends the proof of the first part of the proposi-
tion.

If my > 0, then, ¥ = ® and the equation (6.42) gives that

Ag® =0
9, P = o (M, [g])Pdv

.0, P

in a weak sense on M \ {p1,---,ps}. Then, dv = O]

do, which means that v is absolutely
continuous with respect to doy and

D> =1 in OM

PAP=0 inoM.
This means that ® is weakly harmonic on M\ {p1,---,ps} with free boundary. Then, by
Laurain-Petrides (see [70], Claim 4), since f M ]V(I>|2 dvy < +o00, we can extend ® as a harmonic

map on M with free boundary and ® is smooth on M. The smoothness of weakly harmonic

maps with free boundary was proved in [102] and [70]. Setting e" = qu()ﬁ”fg)}) , we get the second

part of the proposition.
¢
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6.7.2 Gaps and no concentration

We prove now by contradiction that N = 0, so that the maximizing sequence {e*do,}
does not have any concentration points. Therefore, by Proposition 8 with mg = 1, the proof of
Theorem 15 will follow.

We now assume that N > 1 and we use Proposition 8 and the gap assumption that (6.3) is
strict in order to get a contradiction.
For 1 <i <N, let 6; be the maximal integer such that

7%, (]D)

i

< o (M, [g]) (6.120)

and let 6y be the maximal integer such that

o5, (M, [8])
Mo

if my > 0. We set 6p = —1 if mp = 0. We get that fori € {1,--- ,N},

< or(M, [g]) (6.121)

0’9i+1 (ID) Z miak(M, [g]) (6122)

and
Top+1 (M, [8]) = mooi(M, [g]) (6.123)

Then, by the spectral gap assumption that (6.3) is strict, we have that
N
Y (6i+1)>k+1 (6.124)
i=0

Indeed, if YN, (6; + 1) < k, the spectral gap gives that

N
; 09,41 (D) + 0,1 (M, [8]) < o(M, [g])

and this contradicts (6.63) (6.122) and (6.123).

Now, we define at least k + 1 test functions for the min-max characterization of 0. =
0 (M, g,0M, e¥<).

Let 1 <i < N. We denote by (¢?,- - 4)?") an orthonormal family in L2(0M, e“0dvg) if i = 0
and in L%(S!,e"d0) if i # 0, such thatif 0 <j < 6, qo{: is an eigenfunction for O'j(M, g,0M, e"0)
if i = 0 and for @(]D, &,S!,e") if i # 0. Such functions exist by Proposition 8 and lie in C 1

We fix p > 0. We denote by 7; some function defined with Claim 40 by

— 10 € CZ(M(/P)), 10 > 1 on M(p) and [y, Vol dog < G-

ln(%)'
. 00 2 C
— Ifi # 0,17 € CC(Si(\/P)), 11i > 1 on S;(p) and [ |V17,'] dx < (D)’
We set for 0 <i < N and 0 < j < 6; some test functions C{, defined by

£ = 1logh on M
and if i # 0, C{ depends on € and satisfies for any € > 0
N o
(&), = neion D
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extended by 0 on M.

Note that all the test functions (jf lie in C! and are uniformly bounded. Note also that by
(6.117) and (6.118), if € small enough,

i # 1 = supp(&l) Nsupp(&) =

fori,i’ € {0,--- ,N},0<j<6;and 0 <j < 6y.For1 <i < N, we let E; be the vectorspace
spanned by ( ?, 1-1, cee, Cff) and with (6.124), we deduce by (6.4) that

Vel do
Oe < max sup fM| €|g d

ImMIT 5778 (6.125)
0<i<N ZeE; \{0} faM gzeuedUg

Letie {1,---,N}.For ¢ = Z?":O yj(f{ € E;, with pj € Rand }; yjz =1, we get

0; \ |2
Vefadog= [ |V (1L ne)
/MI ¢l dug D‘ (77 j;))ﬂqul)

and denoting ¢ = Z?’ZO yjq)f, we have

dx

| IVeldng = [ 0 IVoPdx+2 [ g (Vn, Vo)dx+ [ ¢Vl dx
M D D D

2 2 % 2 %
< [ Vo2l (9ol ax) ([ 19nlar)

ol [ 19 dx
D

< /|V(p|2dx+O ! asp — 0.
D (1)

We also have that

leed :/ 22u€d9
/aMCE g = J, 1i9e

By Proposition 8, we get that

/ EZe'edoy, —/ n?¢*e"idf +o(1) ase — 0

so that

~ 2 e >/ 2 i, '
llir(l] aM@e dog > L7 a0 +o(l)asp —0

The same work can be done for ¢ € Ey, so that passing to the limit as € — 0 and thenas p — 0
in (6.125), we get

Vol*d Vol|2do
Uk(M, [g]) S max{ max sup M sup fM’(P’g}
1<isN p€F\{0} fSl gp e ld@ @ER\{0} fan) e fdg'g
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where F; is the space spanned by ¢?, - - -, (pigi. Therefore,

0x(M,[g]) < max { max oy, (ID, ¢, Sl,eﬁi),ago(M,g, oM, e”o)}

1<i<N
< e { a0, (LD
1<i<N m; mo

which contradicts (6.122) and (6.123). Therefore, there is no concentration of {e*dog}.

Therefore, N = 0 and by Proposition 8 with my = 1, Theorem 15 follows.

6.8 Proof of Theorem 14

We prove Theorem 14 in this section. Notice that light modifications of the proof allow us
to prove that if (6.3) is strict, the set of maximal metrics for o (M, [g]) is compact, and if we
have that (6.2) is strict, the set of maximal metrics for oy (7, m) is compact.

Let v > 0 and m > 1 be such that (,m) # (0,1) and [g.] be a sequence of conformal
classes on a compact oriented manifold of genus v with m boundary components such that

ox = 0x(M, [ga]) — 0x(y,m) as & — +o0, (6.126)

where g, denotes the unique metric in its conformal class such that
— The curvature of g, is constant, equal to 0 if (v, m) = (0,2), and —1 if (,m) # (0,2).
— The boundary dM of M is a union of closed geodesics with respect to g,.

By the gap assumption that (6.2) is strict, we have in particular that

M lga) > max e (M, [ga]) + X 65, (D7, €]

1<j<k
o= m=1
for a large enough. By Theorem 15, this gives some smooth harmonic maps with free boun-
dary ¢, : (M, gs) — S"™ for some n, > 0, such that if §, is a metric conformal to g, with the
induced metric on the boundary oM satisfying

dog, = e'edoy, ,

where
D40, P,

Uy
e ’

Ou
then [, dog, = 1 and 0x(M, $s) = 0x(M, [g4]). Since the multiplicity of oy is bounded by a
constant which only depends on k, v and m (see [39] and [62]), we can assume that n = n, is
fixed.
We have the following quantification result on sequences of harmonic maps with free
boundary by Laurain-Petrides, [70], Theorem 1 :

Proposition 9. Let (M, g) be a smooth Riemannian surface with a smooth non empty boundary. We
refer to the notations introduced in Section 6.2.1 for the metric g. Let q1,--- ,q+ € M. Let @, :
(My, 8a) — B""! be an harmonic map with free boundary on an open set M, C M such that

— Forany p > 0, there exists a, > 0 such that for any & > ap, My D M\ Ui_1 B¢ (qi,0)-
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6.8. Proof of Theorem 14

— Forany p >0, go — g in M\ Ui_1 Bg(qi,p) as & — +oo.
- q)a.aUWQ‘x > 0 on Mpé m aM Ell’ld

lim sup D,.0y, Ppdog, < 400
K—r+00 MyNoM
Then, up to the extraction of a subsequence, there exist
— Some harmonic map with free boundary ® : M — §".
— Sequences of points pl,- - -, p5, of IM converging to some points p',- - -, p* of OM as & — +o0
and sequences of scales 5}, - - , 65 converging to 0 as & — ~+oo such that
d i/ ] St 5f
M+—‘.‘+—?‘—>+ooaszx—>+oo (6.127)
si4o, o %
— Some harmonic extensions of non constant %—harmonic maps, wi, -+ ,ws : 1D — B+l
such that

S
2 24, —
/M yvq>ygdvg+;/ﬂ) Vw;Pdx =€ (6.128)
where
£ =lim lim @a.avaq)ad(rgﬂ
p—=0a=+00 JOM\Ui; L (g:0)
and for all p > 0,
D0y, Dpdog, — ©.0,Pdog on I(p), (6.129)
&i (—a@;) ds —, @p. (—dw;)ds on Ti(p), (6.130)
where we define the sets
t
I(p) = oM\ | U L(qi,p) U U Ie(z,p) | and
i=1 2€Z(OM\U_1 L (4i,p) Pu-duy Padog, )

Li(p) =11\ U Ip(2)

z€Z(1y &l (—0,di ) ds)
0

and the functions on R%
o ~ 1, I . _
& (x) = @, (Ohx + pli) and & = wjo AT,
where 1 < I; < L is chosen such that p' € wy, and A is defined page 209.

Assuming that g, — g as @ — +co for some metric ¢ with constant curvature and which
defines closed geodesics boundary components, we apply Proposition 9 for M, = M, ®,, g
and g. Notice that the use of Proposition 9 together with the gap assumption that (6.2) is strict
follows exactly the same path as the use of Proposition 8 together with the gap assumption
that (6.3) is strict in order to prove that the maximizing sequences do not have any concen-
tration points. Therefore, one can easily contradict the fact that (6.2) is assumed to be strict in
this case.

We assume now that the sequence of conformal classes [¢,] degenerates in the following
sense :
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— If (,m) = (0,2), in the case of the annulus, this means that R, — +c0 or R, — 1,
where R, > 1 denotes the real parameter such that (M, g,) is isometric to Dg, \ D.
— If (,m) # (0,2), in the hyperbolic case, this means that the injectivity radius iz, (M) —
0 as & — oo so that there exist closed geodesics which length goes to 0 or geodesics
which cross two boundary components of (M, g,) with length going to 0.
Let’s tackle both cases in order to contradict that the gap (6.2) is strict. During all the proof,
we identify R? and C thanks to the map F(x,y) = x + iy.

6.8.1 The case of the annulus
Let (7y,m) = (0,2). Then, (M, g.) is isometric to (Dg, \ D, &).
We first assume that R, — +o0 as & — +o00. We denote by I'1 = Sland Tp = S}%a the

boundary components,

m; = lim e"*dog and my = lim e"*dog .
x—+00 JT x—+00 JT,

With the inversion 1(z) = 1, we have /(Dg, \ID) = D\ D, 1(T'1) = 8! and the harmonic
map with free boundary '
ol =®,01:D\Dy — Bt

satisfies the hypotheses of Proposition 9 on (ID, {) since D \ ID L exhausts ID. We have some

limits q)l,w}, e, wgl such that

1/ ! 212
I |ve!] dx+l;/]D|Vwi\ dx = my

and the conclusion of Proposition 9 holds for some associated scales.
With the dilatation H(z) = £, we have H(Dg, \ D) = D\ D, H(T;) = S! and the
harmonic map with free boundary

;=P 0H 1 :D\D, — B""!

satisfies the hypotheses of Proposition 9 on (ID, §) since D \ ID L exhausts ID. We have some

limits @2, w%, cee, w522 such that

22 Sl/ 212 4. _
| Ive?| a3 [ [V dx = m

and the conclusion of Proposition 9 holds for some associated scales.

Following the proof of section 6.7.2, we use suitable eigenfunctions associated to the pre-
vious smooth limiting maps at their respective concentration scales as test functions for o,.
They give a contradiction for the assumption that (6.2) is strict which reads as

01(0,2) > max d; (0,1)
it it = qu

on the annulus, for s = 2 + s1 + s».
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6.8. Proof of Theorem 14

We now assume that R, — 1 as & — +o0. Then thanks to the application

£(z) = exp <(z+ 7) zm(zz)) ,

7T
we have
f(Tuc> = Dg, \]D
with 5
7T T 7T
T(X = [—Z,Z] X [O,ba] and ba = m — +ooas a — +00.

Notice that we identify {Im(z) = 0} and {Im(z) = b,} and that {Re(z) = —%} and {Re(z) =
2} correspond to the boundary components of the annulus. We denote by

T T
= ({=33u{3}) x [0,
and for 0 <r <s < by,
L(r,s) ={(x,y) € Iyr <y <s}.
For sequences {r,} and {s,}, rx < s, means s, —r, — +00 as & — +oco. Then, denoting again

Zo on T, the metric f*(g,) we claim that

Claim 54. If some sequences {r'} and {s.} for 1 <i < t satisfy
0:52<<ri<<si<<...<<ri<<si<<rl§+1:ba

and i i
mj = lim Lga(IDé(rZéISZé)> > 0

a—r—+00

for1 <i<t, thent <k

Proof
We proceed by contradiction and assume that we have such sequences with t > k + 1. Let
6, — +oo be such that 6, = o(rit1 —s')asa — +oofor0 <i <t Wesetforl<i<t

1 ry <y <s,
i
Y=t o ;_9a§y<ruc
. O
Te=19
i 0 ) )
ut Ty sp <y < s+ b,
O
0 y>s +0,0ory<r —0,

Then,
2
w2 o w12 . o
/Ta |V ‘gm dvg, = /Ta |Vif|“dx = 0.~ o(l)asa — 400,
/ (W?)Zdag,x > mj+o(1)asa — +oo.
Iy
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Chapitre 6. Maximiser les valeurs propres de Steklov sur une surface

Taking these at least k 4 1 functions with pairwise disjoint support for the variational charac-
terization of 0, = 0% (M, §x) (6.4) gives that
Vit g, 4o,

f Ty S

oy < max 5 =o0(1) asa — +oco
tsiskf ()" dog,

which contradicts (6.126).

2

¢

Now, we prove that up to a rotation on M, there exist sequences 0 < r, < s, < b, such
that
im Lg, (Lu(ra,82)) = 1. (6.131)

a—r—+00

Indeed, denying (6.131) would mean that for any sequence 1 < u, < v, < by,

lim Lg, (In(ta,va)) > 0.

a—r+00
Takingforl§j§k+1y{;¢:,(jr%zbaandea:\/ﬂgivesforl§j§k+1

mj= lim Lg (I(yh — 6, vk +64)) >0

a—r+00

so that the k + 1 test functions for o, = 0x(M, g.) with pairwise disjoint support,

1 yL_QaSySyL‘FQa
j
—yh 420, ;
yygilx“ ]/{x_zgzxg]/g]/{x_ezx
m=9
] 0. — . .
Bt o<y <yl+20,
14
0 y2y£+29aory§y{;—29a

would satisfy
2 2
dvg, = — =o(1) asa — o0,

«
Vi G O,

),

2
/1 (17}") dog, > m;+o(1) as a — +o0,

so that 0, = o(1) by (6.4). This contradicts again (6.126).

We take a rotation of M so that (6.131) holds. Then, by Claim 54, we can take t the maximal
integer such that there exist sequences

0=s0 <1y K53 € -+ L 1y L sy <1 =1,

with
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6.8. Proof of Theorem 14

and t
Zm] =1.
j=1
We define a sequence rﬂ; < y& < S{;‘ such that
: iy — 1 iy M
al_lgloo Lga(la(rﬂwya)) = al_lgloo Lg”uua(]/zxrsa)) -
and ' ‘
Y (x +iy) = tan(x +i(y — y}))

for z = x + iy € T,. We consider the harmonic map CTDQ =d,0 (‘Y&) B on D. We let 8, — 400
be such that 8, = o(rf;rl — sfx) for all 0 <j < t. Then,

D}, = ¥h(Ta(rh — 0,7k + 64))
exhausts D, ' ‘ ‘ .

St = Ya(Lu(rk — 6a, i + 6a))

exhausts S!, and

lim L

Sl) = m;,
a—r+00 a) J

&
where ¢, = (‘I’@* G

Then, we apply Proposition 9 on (ID,¢) to <i>{x : (D,],'C,S{,;) — (B"*1,8"). In order to de-
fine suitable test functions which naturally extend to the surface, we have to prove that
1S£ d/,.0,d.d0 does not concentrate at the poles (0,1) and (0, —1). Let’s prove it by contra-
diction : if for instance we have

1S£dv>{;¢.8qu>£d9 — md) + v on gl
with m > 0, and v({(0,1)}) = 0, then, [, dv > 0 and up to the extraction of a subsequence,
we can build ¢, <« y{x such that

al—igloo Lg, (Iu(rh — O, ch)) = m,

so that if we set 7, = y{; + 17, and 5, = cf,'é + 17, with 7, = \/y{; — c{;, we have

m! = lim Lga(la(r{; —04,5¢)) > 0and

m? = lim Lg, (I (Fa, sh + 64)) > 0

a—r—+oo
with m} + m]2 = m; and this contradicts the maximality of ¢.
Therefore, we use eigenfunctions associated to the densities associated to the limits of
&}, given by Proposition 9 and we follow the computations of Section 6.7.2. This defines test
functions for the variational characterization (6.4) of 0, = 0x(M, §x). Since (6.2) is strict, as

already said,
S

0¢(0,2) > max 0; (0,1),
«(0.2) i1+~-~+i5kq:21 5(01)

and we have at least k + 1 test functions which would give a contradiction.
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6.8.2 The hyperbolic case

Now, we assume that (y,m) # (0,2). We let 7.,---,v5 the geodesics whose length
l}‘,- -+, goto0as a — 400, where 1 < s < 3y —3+m ([55], IV, lemma 4.1) satisfying
one of these conditions

(i) For 1 < i < sy, ’y,’;( is a boundary component, that is a closed geodesic such that

v C OM.

(ii) Fors; +1 <i <sy, ’yf;( is a closed geodesic such that 'yf;‘ NoM = @.

(iii) For s1+sp+1 < i < s1+8y+5s3 =5, ’yf;( is a geodesic which crosses two distinct

boundary components at its ends.

The collar lemma ([115], lemma 4.2) gives for 1 < i < s an open neighbourhood P! of v},
isometric to the cylinder

{(t,0), i’ <t < pui,0<0<2m}

if 4/ satisfies (ii) or (iii) and
{(t,0),0 <t <pul,0<0<2m}

if 7 satisfies (i), endowed with the metric

2

lli 2 2
W (dt” +d6”)
27T COs E)

, i
Hy = lL’T (7‘[ — 2arctan (sinh <ZZ"‘>>> .

Note that the geodesic 7, corresponds to the line {t = 0}. Note also that in the cases (i) and
(ii) we identify the segments {6 = 0} and {6 = 271} and that in the case (iii), the segments
{6 = 0} and {6 = 27t} correspond to portions of the boundary components crossed by .. In
the following, we identify P! with the corresponding cylinder.

We denote M, - - - , M/, the connected components of M \ |Ji_; P. so that

M= (g P,i) U (]Lrjl ML)

is a disjoint union. For s; +s, +1 <i <5, and —‘u,ﬂ( <a<b< ‘u};l, we denote

with

Pi(a,b) = {(t,0);a <t < b}
and for ¢ = {c"~,c"* }4 5, 11<i<s, We denote Mi(c) the connected component of
S . . . . . Sz .
M\ < U PRl—pat+c ™ —cHu U 7&)
i=1+s1+s i=s1+1
which contains Mi. We also denote
I = Mi NoM
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6.8. Proof of Theorem 14

and for ¢ = {c"~, "} 1, r1<icss
I (c) = Mi(c) N oM

For all the proof, we identify R? and C thanks to the map F(x,y) = x + iy.

Let 1 <i < s;. Then, v/ satisfies the condition (i). Then, the image by the map E : z — €%,
of P! is an annulus D \ D _,; which exhausts D, where S! is the image of the closed geodesic.
The map &} = & o E~! :D \ D, -
get some regular limits &', wj,- - -, wii such that

[
D

and the conclusion of the proposition holds for some associated scales and gives natural test
functions.

P = B"*! satisfies the hypotheses of Proposition 9 and we

K—r+00

t.
2dx—l— Z}:/ ‘ch]l‘zdx = lim / et doyg,
=1 D e

Let 51 + s, +1 < i < s. Then, 7/, satisfies the condition (iii). We denote by
I' ={(6,t) € P;§ =0o0r 6 =2m}
and for —pl <a <b <y,
T (a,b) = {(6,t) €Ti;a <t <b}.

We denote a, < b, if two sequences a, and b, satisfy by —a, — +0co0 as &« — +oco. Then, we
claim that

Claim 55. If for integers t; > 0, some sequences ai!, b for1 <1<t cq ={ck",ci} and a set
JCA{1,---,r} satisfy
—il < —pl i =0 < < b <
< i < b < al it =k — it <l

andfor1 <i<s5 1<1<t,je],

my; = lim Lg (To(a’,bil)) >0

X— =400
— 1 ]
m; = aLIToo Lg, (Ix(ca)) >0,

then, Y5 1 ti +|J| <k.

Proof

By contradiction, we assume that there exist such sequences with }77_; #; + [J| > k + 1. Let
0o — o0 be such that 6, = o(a ™ — i) for1 <i<sand 0 <1<t We set 17,1,51 be such that
supp(yi') C Pl and
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1 il
1 a;ftgbfx + 6,
t_akl—i—ea il il
0 w—0, <t<ay
‘,l_ 14
ni = :
by +6,—t :
P ¥oe—t b <t < b+ 6,
O
L 0 t > b + 6, ort <a—6,

and 17a such that supp(n ) C M, (ca + 6,) and if {t = p'} is on the boundary of M,

1 Mot <<
j
Mo = P i
t—pl +cgm +6 ; D
Pt L0 O << gt
4
and we proceed the same way for the symmetric case {t = —pul} with c’. Taking these at

least k 4- 1 test functions with pairwise disjoint support for the variational characterization
(6.4) of 0y = 0k (M, §u), we get

dUg“IX

12
Ju ’VW dvg, fM\Wi i
0, < max | max ,max

1515, faM< ll) doyg, <l Jom (’h) dog,

Then 0, < o(1) which contradicts (6.126).

We now prove that the set of such sequences such that

ti

S
szi/l+sz =1

i=11=1 jel
is not empty.

Claim 56. We let Iy be the set of indices i € {1,-- - ,s} such that there exists a sequence 0 < ci, < u},
such that

Jim Lg, (T (= + ¢ po — ) =0
and Iy = {1,--- s} \ Io. Then, there exist sequences ci™ — +o0 0 < ci* <« yi for 1 <i < sand
sequences a,, bl, for i € I; with

—ph it <al, <V <l — i,

such that
lim L ( ( Voz"‘f_czx ,“l/la—CZ+)) 0

a—r—+00
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fori € Iy,

11mZL (Té(a’, b)) >0

vc—>+00

forie€ I and

lim Y Lg (T} (al,b})) +2Lga (L(cy)) =1.
t;’é—>—i—ooi€11 ]_

Proof

We proceed by contradiction, assuming the opposite to hold. Then I; # @ and we set for
ichand1<j<k+1

Ho— it =~ =t 16,
b{xz_aa:ta_elx

where #, = ,ﬂf‘z and 0, — oo satisfies 6, = o(y!,). Then, by assumption,

ZangL ( (=t — 0, — 7 1+ 0,) UTE (£ — 0, £ + ea)) >0
for any 1 < j < k4 1. We now set qﬂ; some test functions for the variational characterization

of 0, = 0% (M, ) with pairwise disjoint support defined such that supp(nﬂ;) C Uiey, PL, 1t is
an even function on P! and

0 0<t<td 020,

t—t 4+ 20 y

by + 200 —20, <t<tl—g,
O

= 1 = 6u <t < E! 4+ 06,

g og N

W20 =t id o <y <4 4 0p,
O

0 t 426, <t <l

With these k + 1 test functions, we easily prove that o, < o(1) by (6.4), which contradicts
(6.126). %

Thanks to Claim 55 and Claim 56 there exist for 1 < i < s some mtegers t; > 0 sequences
ail, bl for 1 <1<t co = {ci",ci"}andaset ] C {1,---,r} satisfying ci* < ui,

—uh < =l o =0 <al < bt < -
L aili < bt < afitt =l — ot <l

and for1 <i<s,1<I<t,je],

mi; = lim Lg (Fa(afz,b;’l)) >0

a—+o00

259



Chapitre 6. Maximiser les valeurs propres de Steklov sur une surface

S F ]
m; = “grfw Lg, (In(ca)) >0,

with
ti

gk

m;+ Zm]- =1
m=1 j€]

1

Il
—_

such that )}, f; is maximal.

For fixed1 <i<sand 1 < l' < t;, we focus on the asymptotic behaviour of the harmonic
map O, on the cylinder P;;(af,gl, bf,gl). We define a sequence ti4 such that
lim Ly, (Ta(af, 1)) = tim L, (Tl 00)) = 7

a—>—+00 a—>+00

We set

: 0 — mr—+i(t—t
Yil(0 + it) :tan( ”Jt( "‘)>

» N -1
and we consider the %—harmonic map o = b, 0 (‘I’fxl) on D. Let 8, — +o00 be such that
0, = o(aig”rl — bigl) for0 <l <t;and 1 <i <s.Then,

DY = ¥ (Ti(alt 0,18+ 0,)
exhausts D,

sl =¥ (Th(al! — 0,0 +64))
exhausts S! and

lim L(‘Ff;fl)*(g,x)(skl) =mj;.

K—r 400

We can now apply Proposition 9 on (D, ¢) to & (D%, S%') — (B"*1,8"). In order to obtain
test functions which naturally extend to the manifold, we have to prove that 1, P9, b4 do
does not concentrate at the poles (0,1) and (0, —1). By contradiction, if we have

1Sk1dv>ig’av<bf;g’d9 —, m5(0/1) +v

with m > 0, v({(0,1)}) = 0, then [; dv > 0 by the hypothesis on ti we did and up to the
extraction of a subsequence, we can build qf;gl < 4 such that

lim Lg, (Cu(a — 04, q5)) = m .

x— 00

Setting b, = qf,gl + 1, and @y =t — 7, with T, = \/t — i/ we have

m},l = lim Lga (Fi(ai’l — Qa,a)) >0

x—r—00

m? = lim Lg, (Th(@, b +6,)) >0

a—r—+00

with ml.lll + m%l = m;; and this contradicts the maximality of } ;_; ;.
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For a fixed j € ], we now focus on the asymptotic behaviour of &, on Mi(c,x). We de-
note by M, the connected component of M \ (74, ,73) which contains M), There exists

a diffeomorphism 7, : &; — M{,; such that (X, ) is a non compact hyperbolic surface with
hy = 77 8a- On X, we have
hy — hin Cpy. (X)) as @ — +o0

for a hyperbolic metric h. We let ¢ = [h] and (%;,¢) the compactification of the cusps of
(X, h) so that (ﬁj \ {p1,- -+ ,pt},¢) is conformal to (X;,c) for some punctures py,---,p; as

described in [55]. The sequence of sets X, = 7, 1 (Mﬁ(c,ﬁ) exhausts ﬁj, so that the sequence

of harmonic maps with free boundary b, =d,01,: (X4, hy) — B+ satisfies the hypotheses
of Proposition 9. In order to extend on the whole manifold the suitable test functions we define
on X;, we will prove that 1y, CTD,X.GW CTDadUha does not concentrate at the punctures which lie in
the boundary of f.]- (and correspond to the degeneration of some geodesic 7} which satisfies
condition (iii)). By contradiction, we assume that

lzaéa.ayaé)p‘do—hm 4* mép[ + vV on 2]

for some puncture p; € {py,- -+, p+} N0L; with m > 0, v({p;}) = 0. Then, up to the extraction
of a subsequence, we can build g, — 400 such that
Jim L, (Th(—pth+ oy il +ck7) ) = m

for sy +s,+1 < i < s such that 7, ' ({—p! <t < 0}) is a neighbourhood of the puncture
p; of ﬁj. We proceed the same way for the symmetric case {0 < t < pi}. Setting dy = /74,

Ta = — L+ qo — Vi, and b, = —ul, + ¢&~, we have

m= lim L, (r;(@,bj)> >0

a—r—+00

: (=) = .
a1_1>rJrr100 Lg In (Co) = mj—m
where ¢, comes from c,, taking d, instead of cf,f. Adding the sequences 7, < b, contradicts
the maximality of )} ; f;.

As described in Proposition 9 and the computations of section 6.7.2, the limit functions
givenby &, : Di C D —» B for1 <i<s, )} : D D — B fors;+s,+1<i<s
and &}, : &, C ﬁj — B"! and their associated scales give at least k + 1 well defined test
functions for the variational characterization of ¢, by the gap (6.2). Indeed, denoting v; the
genus of ﬁj and m; its number of boundary components, we notice that } ;c;y; < v and
Yieym;j < mand that if |J| =1, 71 < <y or m; < m. These at least k + 1 test functions for the
variational characterization (6.4) of ¢, give a contradiction. This ends the proof of Theorem
14.
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Chapitre 6. Maximiser les valeurs propres de Steklov sur une surface
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Résumé : Cette these est consacrée a 1’étude des valeurs propres de l'opérateur de Laplace et de
I'opérateur de Steklov sur des variétés riemanniennes. On cherche a donner des bornes optimales parmi
I’ensemble des métriques, dans une classe conforme donnée ou non, et a caractériser, si elles existent, les
métriques qui atteignent ces bornes. Ces métriques extrémales ont des propriétés qui s’inscrivent dans la
théorie des surfaces minimales.

On s’intéresse d’abord a la borne supérieure des valeurs propres de Laplace parmi des métriques conformes
entre elles, appelées valeurs propres conformes. Dans le chapitre 1, on estime la deuxieme valeur propre
conforme de la sphere standard. Dans les chapitres 2 et 3, on montre que la premiere valeur propre
conforme d’une variété riemannienne est plus grande que celle de la sphere standard de méme dimension
avec égalité seulement pour la sphere standard.

Ensuite, on cherche a démontrer l'existence et la régularité de métriques qui maximisent les valeurs
propres sur des surfaces, dans une classe conforme donnée ou non. Dans les chapitres 3 et 4, on démontre
un résultat d’existence pour les valeurs propres de Laplace. Dans le chapitre 6, le travail est fait pour les
valeurs propres de Steklov.

Enfin, dans le chapitre 5, fruit d’un travail réalisé en collaboration avec Paul Laurain, on démontre un
résultat de régularité et de quantification des applications harmoniques a bord libre sur une surface
Riemannienne. C’est un élément clé pour le chapitre 6.

Mots clés : valeurs propres de Laplace, valeurs propres de Steklov, valeurs propres conforme, métriques
extrémales, surfaces minimales.

FEigenvalue bounds and extremal metrics

Abstract : This thesis is devoted to the study of the Laplace eigenvalues and the Steklov eigenvalues on
Riemannian manifolds. We look for optimal bounds among the set of metrics, lying in a conformal class
or not. We also characterize, if they exist the metrics which reach these bounds. These extremal metrics
have properties from the theory of minimal surfaces.

First, we are interested in the upper bound of Laplace eigenvalues in a class of conformal metrics, called
the conformal eigenvalues. In Chapter 1, we estimate the second conformal eigenvalue of the standard
sphere. In Chapters 2 and 3, we prove that the first conformal eigenvalue of a Riemannian manifold is
greater than the one of the standard sphere of same dimension, with equality only for the standard sphere.
Then, we look for existence and regularity results for metrics which maximize eigenvalues on surfaces, in
a given conformal class or not. In Chapters 3 and 4, we prove an existence result for Laplace eigenvalues.
In Chapter 6, the work is done for Steklov eigenvalues.

Finally, in Chapter 5, obtained in collaboration with Paul Laurain, we prove a regularity and quantification

result for harmonic maps with free boundary on a Riemannian surface. It is a key component for Chapter
6.

Keywords : Laplace eigenvalues, Steklov eigenvalues, conformal eigenvalues, extremal metrics, minimal
surfaces.
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