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INTRODUCTION 
 

 
In previous articles we studied the origin of the irrationality in ancient Greek mathematics 
([Ofman2010]), the new field of mathematics it opened ([Ofman2013]) and its importance 
in Greek thinking ([Ofman2014]). One of its consequences was the amazing theory of 
ratios developed in book V of Euclid’s Elements ([Ofman2015]). 
 
Here is a brief summary of these questions. The irrationality of √2 is equivalent, via 
Pythagoras’ theorem, to the incommensurability of the diagonal to the side of the square. 
Early Greek testimonies show it is certainly the first result concerning the existence of 
irrational magnitudes. The oldest texts about this question are found in Aristotle’s Prior 
Analytics1. In the so-called ‘mathematical part’ of Theaetetus, Plato writes about a later 
result concerning the irrationality of the square roots of some other integers. They are the 
fundamental tools, if not the only ones, for a modern reconstitution of the history of the 
mathematical theory of irrationality.  
These texts are very succinct and do not enter into the details of the mathematical 
reasoning. They are not written for mathematical but philosophical/logical purposes and 
they completely overlook the method of demonstration, however essential for us to 
understand the state of pre-Euclidean mathematics. 
 
Fortunately, there is a natural answer: at the end of the book X of Euclid’s Elements, the 
proposition X.117 (certainly a late addition of some Elements’ editors) establishes exactly 
this result. Hence the standard proof almost universally adopted from the end of the 19th 
century has been this (very natural) demonstration for this proposition. 
But there is a huge problem. It contradicts both Aristotle’s and Plato’s texts as well as 
almost all later commentaries from the Antiquity about Greek mathematics in the fifth 
century BCE2. 
 

                                                 

1 For the details, we may refer to [Ofman2010]. 
2 Ibidem. 
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Since the standard proof has shown so blatant discrepancies with the textual testimonies, 
another one was proposed by the Danish mathematician Hieronymus Zeuthen at the 
beginning of the 20th century.  
It is based on the so-called ‘anthyphairesis’, transliteration of the Greek term 
‘ajnqufaivresi"’, formed from ‘uJfaivrew’ (‘subtract’) et ‘anti’ whose meaning here is 
‘answer’, ‘alternating’ so that the term is often translated by ‘alternated subtraction’. 
It is a generalization to magnitudes of the so-called Euclid’s algorithm3 used to determine 
the ‘common measure’ of the ancient Greek mathematicians (‘koino;n mevtron’) and 
‘Greatest Common Divisor’ (abbreviated as ‘GCD’) of two integers for the modern ones. 
 
A little later, Oscar Becker went further and claimed anthyphairesis was used as the basic 
tool for a pre-Euclidean theory of proportions i.e. preceding the one found in Book V of 
Euclid’s Elements. It has been accepted by some historians and many mathematicians4 
even if the dating of such supposed theory varies immensely with the authors. In the two 
last decades, there have been a lot of discussions, pros and cons, about such a claim, if 
such a theory had even ever existed prior of Euclid5 and who would be the real author of 
the theory of proportions in the Elements6. 
 
Even though there is a wealth of texts about both the anthyphairesis and the theory of 
proportions in the Elements, a clear and simple presentation for the modern reader is not 
easy to find. And for a good reason: from the mathematical point of view, they are neither 
simple nor intuitive. 
In the first part of this article, we propose such an approach. It is all the more necessary 
that the reception of the Euclidean theory of proportions presents a strange aspect: as far 
as we know, it seems to have been no difficulty arisen against it till late Antiquity. But as 
early as the 9th century CE, in the Eastern world, or the 11th century in Occident, and till 
modern times, the situation changes completely and we find a wealth of critics and well-
meaning corrections7. The most reasonable explanation of this puzzling situation is that 
mathematicians of post-antiquity, after the loss of the ancient tradition, were missing a 
background well-known by their predecessors, so that they did no more understand the 
origins, the foundations and consequently the purposes of the theory. 
To remedy to this problem, we have to resort to anachronistic notions. Such rewritings are 
always dangerous8, but sometimes necessary for the aim of clarity and understanding, 
especially when the original common notions have changed. Nevertheless, even if we 
need to use modern notions, the tools are extremely elementary and it is easy to rewrite 

                                                 

3 This denomination is obviously a modern one. 
4 For a recent example, cf. the article [Negre-Tasso2012] of May 2012. 
5 Cf. for instance [Saito2003]. 
6 Its authorship is largely attributed to Eudoxus, even if the textual testimonies are extremely limited (an anonymous 
scholium to the book V of Euclid’s Elements and a remark of Proclus ([Proclus1992], p. 55-56). For instance, W. Knorr 
rejects such a claim and thinks Eudoxus was effectively the author of a theory of proportions, but not the one in the Elements 
(cf. [Knorr1978]). Before him, Jean Itard can claim in 1952 to be ‘the only one’, to object to such an attribution ([Itard1984], 
p. 93, first published in ‘Les “Éléments” d’Euclide, Revue universitaire, 61, 5, 1952). 
7 With another twist after Dedekind’s work on the real numbers. 
8 Cf. for instance Unguru’s criticisms of what he calls the ‘Platonic world’ of the historians of mathematics, a product of their 
mathematical learning ([Unguru1994]).  
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everything into Euclidean wording9. As a matter of fact, what we did here is some ‘reverse 
engineering’, and then a translation into modern writing.  
As it is usual in mathematics, what remains of a theory are its results. The methods and 
the ideas leading to the final constructions disappear, and a deep understanding of their 
mathematical purposes is needed in order to rediscover the hidden mathematical ideas at 
the foundations of these theories. 
 
The first task is not so much to try to understand the texts like their contemporaneous 
readers10, but rather to translate them into the frame of modern mathematics. It is usually 
considered to be an easy task thanks to the advances in mathematics. Such a claim fits 
well inside a model of mathematical as a continuously progressing science. However this 
point of view is obviously wrong in the case of Euclid’s theory of ratios. And indeed, 
some twenty-four centuries later, a 19th century’s mathematical construction11 changed its 
understanding for the moderns. 
Thus, there are two main difficulties to understand this theory. The first is to stay inside 
the frame given by the ancient mathematics. The other is to avoid considering it as a scale 
model of a modern theory12.  
As a result we get a critical view of the different ‘theories of proportions’ proposed by 
modern historians13. Such a ‘deconstruction’ is essential for the question of the existence 
of some (if any) ratios theory anterior to the one in the Elements. Moreover, and maybe it 
is the most important point, it strengthens the arguments against any proof of 
incommensurability based on anthyphairesis, which in turn entails some conclusions 
concerning the dating of some related results14. 
 
This approach is in direct opposition with the theses defended by some historians of the 
two last decades. Their social considerations have led them to view all conceptual ideas, 
including mathematical notions, to be exclusively dependent of the time and the society 
which produced them. According to this school of thinking, since mathematics, as any 
other knowledge, are produced by human beings, their content can be nothing else than a 
pure product of their social environment15. 

                                                 

9 As we will see, there is an exception. It concerns what is at the heart of the paragraph VI. But it has less to do with the 
ignorance of Greek mathematicians than to the absence of some theoretical development in Greek mathematics concerning 
series and more specifically questions related to the (mathematical) infinite. 
10 An even impossible task if according to S. Unguru, it would be as for someone ignoring Sanskrit to think in Sanskrit (cf. 
[Unguru1994, p. 210 and also infra, note 19). Unuguru’s point of view has become currently the dominant position among 
historians of science, albeit with some points of difference cf. for instance [Netz2002]. 
11 The one of Dedekind (cf. supra, note 7). 
12 Cf. the hotly debate between the points of view of the ‘old’ and the ‘modern’ historians of mathematics as in the highly 
polemical texts of S. Unguru ([Unguru1975]) and the answer of A. Weil. The latter did not even name his opponent, only 
designed by the letter Z ([Weil1978]).  
13 Besides the Euclidean theory and the one founded on the anthyphairesis, another was proposed by W. Knorr based on 
some Archimedes’ works ([Knorr1978]), recently reinforced by an article of Henry Mendell analyzing some Aristotelian 
texts ([Mendell2007]). The use of a tool like the anthyphairesis is definitively well attested in Greek texts, the debate 
concerns the evidence about an effective construction of a complete theory founded on it (cf. for instance [Saito2003]). 
14 The use of such a method would mean the irrationality appeared late at the end of the 5th century, much after Pythagoras’ 
and the early Pythagoreans. Many partisans of the anthyphairesis as the source of irrationality consider it consistent with the 
critics along the lines of Burkert’s arguments ([Burkert 1962]), against the attribution to the early Pythagoreans of the 
discovery of incommensurability, and more generally of any serious mathematical works. For other arguments arising from 
ancient testimonies, against such reconstructions, cf. [Ofman2010, 2014]). The main justification given by its supporters is 
the absence of any mathematical work by the Pythagoreans attested by early Greek texts. But this thesis has the  defect 
ancient Greek mathematics seems then to be born ex-nihilo (cf. the critic by Maurice Caveing of such a conception he 
qualifies of ‘hypercritical’ ([Caveing1997], p. 401). 
15 Cf. [Mamchur1994]. 
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As a consequence, the most important errors in analysing past mathematics are 
anachronisms16. Any modern rewriting is open to the danger of forgetting the background 
and to the confusion between past and present. Any analysis of an ancient text has to be 
done through the (when available) exact definitions of their words and notions at the very 
period it was written.  
On the positive side of such ‘hypercritical’ interpretations, there is a healthy scepticism 
concerning many global theories elaborated in the last century which often reflected more 
the problems in the modern age rather than in the Antiquity17. 
But pushed to the extreme, such a position, based on a radical philosophy of history as 
‘idiosyncrasy’, impairs both the mathematical understanding of the texts and their 
mathematical context18. The only remaining way consists then in a philological analysis of 
the texts, though it faces two huge obstacles: the extreme scarcity of the texts in the early 
Antiquity and inconclusive argumentations which often turn into circular reasoning19. So 
that, more often that not, the commentator, the translator or the historian may be tempted 
to make violence to the texts, in order to avoid inconstancies. 
 
It may have some justification if these (few) texts were mathematically 
‘underdeterminated’. Such a model is usual in modern experimental sciences as in 
Physics. Many mathematical models are competing with each other, all being consistent 
with the same observations till (and if) some experience decides the victorious theory (or 
at least it is what many claim). 
Analogously, in history of mathematics, instead of experiences, the texts should decide of 
the right interpretation. This would have a sense if, as in physics, there were at least a lot 
of competitive theories consistent with these texts. But more often than not, the opposite is 
true. Even though we have only very few texts, it is extremely rare to find several 
mathematical reconstructions consistent them, and generally there is none at all20. It is a 
consequence of the linear chain of reasoning in mathematics: a small change implies many 
changes in the chain of results leading to the conclusion. Contrary to philosophical texts, it 
is possible in mathematics to reconstruct a complete reasoning from very few hints21. 

                                                 

16 Pushed to the extreme, it would end in some ‘negative theology’ of knowledge, the impossibility to say anything about 
what ancient science was, but only of what it was not (for instance [Unguru1994], p. 208-209). For a critical discussion cf. 
for instance [Høyrup2004]. 
17 For instance the so-called ‘crisis’ of the irrationals claimed without any (or against all) evidence(s). Cf. Maurice Caveing 
([Caveing1998], p. 324) against Tannery’s thesis of the ‘logical scandal’ of the irrationalities in early Greek mathematics 
([Tannery1887], p. 259). For more than 50 years it was the dominant view in history of mathematics. And even if most 
historians of mathematics are rejecting nowadays such a claim, it is still prevalent inside the mathematical popular culture (cf. 
for instance the 1998 Guedj’s novel, The Parrot's Theorem chap. 8). 
18 An example of this position is given in Unguru’s previously cited text especially p. 210 (cf. notes 8 and 16). Later we will 
consider the situation which is precisely the first example he chose to illustrate the failure of a modernization of ancient 
mathematics, the algebraic formulation of the proposition 4 of book II of Euclid’s Elements ([Unguru1994], p. 204). As a 
matter of fact, we will see his critics are indeed correct, but for completely different reasons than the one he put forward. 
19 S. Unguru gives the principal deficiency of this way of interpretation, when he writes: ‘It is impossible for modern man to 
think like an ancient Greek.’ ([Unguru1979], p. 556).  
20 This ‘overdeterminated’ situation and the resulting consequences were already remarked by W. Knorr, in his analysis of 
Theodorus’ lesson about the irrationals ([Knorr1975], p. 96-97). 
21 Even a fierce foe of mathematic reconstructions as Walter Burkert has to recognize such a possibility ([Burkert1962], p. 
404). The same line of reasoning is already found in Plato’s Republic. Socrates emphasizes any mistake in mathematics is 
quickly amplified, so that the smallest error in a measure leads to the collapsing of the measure itself: ‘“Nay, my friend,” said 
I [Socrates], “a measure of such things that in the least degree falls short of reality proves no measure at all. For nothing that 
is imperfect is the measure of anything’ (VI, 540c1-3). Likewise, in his treaty On the Heavens, Aristotle writes: ‘since a small 
initial deviation from the truth multiplied itself ten-thousandfold as the argument proceeds. Suppose for instance someone 
maintains that there is a minimum magnitude; that man with his minimum would shake the foundations of mathematics. A 
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The most disputable consequence of such an extreme philosophy of history of 
mathematics is to prevent, or at least to weaken, the research of internal mathematical 
causes22: for instance, to understand the constraints faced by a mathematical theory the 
answer is supposed to be found in some metaphysical ideas shared by all mathematicians 
of the period, rather than in some deep mathematical impediments.  
Our study will follow an opposite path. We will try to understand the kind of 
mathematical difficulties the mathematicians of ancient Greece needed overcoming to get 
a theory of proportions consistent with their mathematics and its role inside these 
mathematics.  
 

  

                                                                                                                                                         

starting point is greater in its potentiality than in its extent, so that an assumption which at the start is small in the end 
becomes immense.’ ([Aristotle1939] I, 5, 271b5-14; translation sligthly modified).  
22 This question is of course completely different from the problem to decide whether the causes of (deep) changes in 
mathematics are internal or external. 
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FIRST PART 
Arithmetic and Geometric anthyphairesis 

  
 

 
I. Anthyphairesis and ‘Euclid’s algorithm’. 

 
1. The algorithm. 

 
In the Elements both the term (verb or adverbial form) of the family ‘anthyphairesis’ and 
the method appear firstly in the propositions 1 and 2 of the book VII. 
 
Proposition 1: Two unequal numbers (being) laid down, and the lesser being continually 
subtracted, in turn (‘ajnqufairoumevnou’), from the greater, if the remainder never 
measures the (number) preceding it, until a unit remains, then the original numbers will 
be prime to one another. 
 
Proposition 2: To find the greatest common measure of two given numbers (which are) 
not prime to one another. 
 
In the proposition 2, Euclid proves that the application of the anthyphairesis to  
- two non-relatively prime integers gives the GCD23 of these numbers;  
- to two relatively prime numbers ends at the unit. 
 
Explanation. In the proposition 1, let m and n be two integers with m > n.  
Let p the greatest integer such that m > qn. We can write: 
 
m = pn + q1 with q1 < n          (1). 
 
If n is not a divisor of m, then q1 is an integer (i.e. non null). And since: q1 < n, there 
exists a greatest integer p1 such that: n > p1q1, and we get: 
 
n = p1q1 + q2 with q2 < q1        (2). 
 
Once again, if q1 is not a divisor of n, then q2 is a (non zero) integer and since q2 < q1, let 
p2 be the greatest integer such that q1 > p2q2, so that we have: 
 
q1 = p2q2+ q3 with q3 < q2        (3). 
 
We can now proceed alike with q2 and q3 and so on. 
 
According to proposition 1, if for some k we obtain qk+1 equals to 1, then m and n are 
relatively prime.  
According to proposition 2 if for some k we obtain: qk ≠ 1 is a divisor of qk-1, then m and n 
are not relatively prime and their GCD is equal to qk. 
 

                                                 

23 Greatest Common Divisor (cf. supra, introduction). 
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There is no other possibility. For since the sequence q1, q2, q3, … is strictly decreasing, it 
is necessarily finite.  
So after a finite number of applications of ‘alternate subtractions’, depending of the 
numbers m and n, the process will necessarily end. So that the last term of the series is 
either 1 (then these numbers are relatively prime), or a number different from 1 (then it is 
the GCD of these numbers). 
Such an algorithm is purely arithmetical and in modern mathematics it would be said to 
be defined by induction. 
 
 
Proof of the propositions. 
let 
qk-2 = pk-1qk-1 + qk with qk < qk-1        (k-1) 
qk-1 = pkqk + qk+1 with qk+1 < qk        (k) 
be the two last steps of the anthyphairesis. 
The first proposition is easy to prove: let r be a common divisor of the integers m and n. 
Then from (1) it is a divisor of q1, so from (2) it is a divisor of q2, and so on, thus it will 
divide any qh.  
If the last number qk+1 of the sequence is equal to 1, then r is necessarily equal to 1, so the 
only number dividing both m and n is 1. Then m and n are relatively prime. 
 
Proof of the second proposition: if m and n are not prime, as we saw above, any common 
divisor of m and n will divide all the qh, thus all the qh are a multiple of the GCD of m and 
n.  
Conversely if qk divides qk-1 it will also divide qk-2 (because of the identity (k-1)), and so 
on, it will divide all the qh. Thus, from the identities (2) and (1) it will also divide n and m, 
so it is a divisor of both m and n. Since it is also divided by their GCD, it is equal to it. 

 
Now let see Euclid’s demonstration and the difference with the modern one. Firstly, it is a 
‘reductio ad absurdum’ and secondly it is done using just 3 steps instead of the 
(indeterminate) k steps in the above proofs. The proof of proposition 1 is as follows (for 
convenience we use other letters than the ones in Euclid): 
Let m and n be two integers with m greater than n so that the anthyphairesis ends with 1, 
and let us suppose (hypothesis of the ‘reductio ad absurdum’), there is an integer r 
‘measuring’ both m and n (i.e. r is a common divisor of m and n). 
 
- Firstly let c be the rest when m is subtracted as many times p as possible from a i.e. c 

(respectively p) is the rest (respectively the quotient) in the ‘Euclidean’ division of n 
by m or: m = pn + c with c < n (in the above demonstration c = q1). 

- Secondly let us do the same with n and c, so that s is the rest when c is subtracted as 
many times d as possible from n i.e. n = dc + s with s < c (in the above 
demonstration, d = p1 and s = q2). 

- Thirdly once again let t be the rest when s is subtracted as many times e as possible 
from c i.e. c = se + t with t < s (in the above demonstration, s = q2, e = p2 and t = q3). 
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Now let us suppose the anthyphairesis ends here i.e. t = 1. Euclid claims without any 
explanation: since r ‘measures’ m and n, it ‘measures’ also c24; and since it measures n 
and c, it also ‘measures’ s; and once again since it measures c and s, it measures t. But t is 
the unit, it cannot be ‘measured’ by a number (greater than the unit), so there is a 
contradiction, and m and n are relatively prime. 
 

2. The induction. 
 

There have been a lot of discussions about the so-called ‘induction principle’ and its 
knowledge by ancient Greek mathematicians. A formal definition of induction does not 
appear in Euclid treaty and as far as we know, its first appearance is found around the 
16th-17th century. Its modern formulation is usually, but not unanimously, attributed to 
Pascal25. There has been also a sometimes extremely hot debate among historians of 
mathematics and mathematicians as well, to decide if inductive reasoning was really 
understood as such by ancient Greek mathematicians. If the answer is positive, it may be 
said they used ‘formal’ induction, otherwise it should be concluded they ignored it. A 
middle position consists to claim they used induction in a more or less intuitive way, and 
in this case we may speak of some form of ‘informal’ induction26.  
The discussions about the principle of induction are usually (as in the above examples) 
about properties verified by all (positive) integers. It is then called ‘complete induction 
principle’ as opposed to when only a part of them is concerned.  
Nevertheless the ‘quantity’ of integers concerned does not really matter, since more often 
than not, only a part of them is involved. For instance the integers greater than 1 (in 
ancient Greek mathematics) or 2, or the odd (or the even) numbers, and so on.  
 
As a matter of fact, a problem is usually hidden in the (hotly) contested debates about the 
question of complete (as opposed to partial) induction: the question of the passage from a 
finite to a non-finite (i.e. countable) quantity of objects. Hence the skeptical view is 
related to the difficult problem of the infinite in ancient mathematics.  
If this difficulty is not accounted for, the reason to exclude finite sets is not so clear. For 
instance the well-known so-called ‘horses paradox’27 is based on an incorrect use of 
induction, unrelated to the question of the finiteness/infiniteness The conclusion that all 
the horses are the same color ([Cohen1961]) concerns a finite , though very great, number 
of cases. It is indeed possible to reduce a ‘complete induction’ to a finite one through a 
reductio ad absurdum. Indeed, its main purpose consists precisely to reduce an infinite 

                                                 

24 Thomas Heath let us ‘observe that Euclid assumes as an axiom that, if a, b are both divisible by c, so is a - pb’ where a, b, 
c, p are integers ([Heath 1908], II, p. 297). 
25 Cf. for instance [Hara1962] vs. [Rashed1994]. An Italian mathematician of the 16th century, Francesco Maurolycus, is also 
sometimes cited as preceding Pascal in the explicit use of induction (cf. [Bussey1917], p. 202-203). Anyway, it has to be kept 
in mind that in modern mathematics, the ‘induction principle’ is an axiom (concerning the set of the natural integers), not a 
theorem, as in Pascal’s reasoning. As a matter of fact, Pascal cut it into two lemmas ([Pascal1665], p. 7), so that, strictly 
speaking, it is certainly not stated as a ‘principle’.  
26 For the pros Jean Itard ([Itard1962], p. 73), André Weil ([Weil1978]), David Fowler ([Fowler1994]), for the cons 
S. Unguru ([Unguru1991]) and somewhere in the middle F. Acerbi ([Acerbi2000], p. 57-64) and Bernard Vitrac 
([Vitrac2002], p. 11). 
27 It is argued as follows: for one horse, there is one color; let us suppose the propriety is true for n horses, so that it has to be 
proved for n+1. So let consider the set of n+1 horses, and take one horse outside; then from the hypotheses the n remaining 
horses are the same color; now consider another set of n horses without another horse; once again all the n remaining horses 
are the same color, and this time the horse who was excluded the first time is in the set, so that it is the same color that the n 
other horses. Thus all the n+1 horses are the same color. QFD. 
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process to a finite one (as a matter of fact two, since the main work consists usually, but 
not always, to show why and how the nth case (supposed true) entails the (n+1)th one). 
 
Does it mean the use of ‘induction’ in the finite cases entails its use in the infinite ones? 
Greek mathematics (at least from Euclid’s times) show the very opposite as many proofs 
make use of the former and not the later. The right question is different: it does not 
concern so much the knowledge or ignorance of some logical principle but the reason why 
ancient mathematicians did not formalize it and what consequences may be entailed about 
their conception of mathematics? It is not a mathematical question but both a meta-
mathematical and a modern question.  
It may just as well be an ‘esthetical’ choice to avoid the direct use of this very method. 
Even in modern times, induction has been criticized for a defect which seems to be 
completely missing in the discussion between the pros and cons. While it may give an 
easy proof of the wanted result, it says nothing about its ‘causes’.  
Its critics claim with some reasons, it establishes only the way to go from a step to the 
next one, so that the proof appears as some magic trick. According to Aristotle, it may be 
actually considered not as a ‘scientific proof’ but as a pure chance, an ‘accidental’ one. 
Moreover the texts show it was not Aristotle’s personal view but the common opinion 
among ancient Greeks. Thus, such a method had to be excluded, as much as possible, 
from mathematical reasoning, and maybe it is exactly what ancient Greek mathematicians 
did. 
‘We consider that we have unqualified scientific knowledge of anything (‘ jEpivstasqai 
de; oijovmeq j e{kaston ajplw'"’), as contrasted with the accidental knowledge of the sophist, 
when we believe that we know (i) the cause from which the fact results is the cause of that 
fact, and (ii) that the fact cannot be otherwise.’28.  
That was the common opinion is clearly established by what follows, for Aristotle adds 
immediately: ‘Clearly knowledge is something of this sort; for both those who do not 
know and those who do know agree on the subject.’ (transl. Tredennick a little modified).  
 
If we consider a (modern) proof by complete (or partial) induction, more often than not it 
is hard to claim we know the ‘cause’ of the result, as opposed to the simplicity of the 
Greek repetitive process. In Euclid’s Elements, the ‘induction’ is  
- either a proof concerning a finite (usually 3) number of things, the passage to any 

given number being so evident it is not even worth to add anything (propositions 3 of 
book VII; 2, 4, 13 of book VIII) to get the usual ‘QFD.’ (‘o{per e[dei dei'xai.’) 

- or after the proof is done for this finite set, the demonstration is considered to be 
completed since ‘so similarly, we can show that all those’ (‘oJmoivw" dh; deivxomen (…) 
mavnte" …’) numbers verifying a given hypothesis have the same properties 
(propositions 8 and 9 of book IX). 

We find it also in non-mathematical texts as in Proclus’ Commentary on Plato’s Republic, 
the end of the proof by ‘and so on.’ (‘kai; ajei; ou{tw".’)29 is the closest thing from the 
ubiquitous ‘…’ found in modern mathematics works. 
To return to the proofs of propositions VII.1 and VII.2, since there are only three complete 
steps, nowhere anything even close to the ‘induction principle’ can be found. Nevertheless 

                                                 

28 Posterior Analytics, I, 2, 71b9. 
29 29.4 in Procli Diadochi in Platonis rem publicam commentarii ([Proclus1899], p. 29). The proof is studied in more details 
infra, paragraph V. 
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no mathematician will seriously claim Euclid’s proof is deficient30. The meaning is the 
‘induction’ was considered as evident as other unstated ‘axioms’ (to use Heath’s terms, cf. 
note 24). It is surprising since one of the pillars of mathematical reasoning is the 
impossibility to infer from a finite number of cases, all the (finite or infinite) cases31. 
The reason is the simplicity of the inductive process which consists to repeat the same 
algorithm (the ‘Euclidean’ division) to the couple of integers obtained at the previous step. 
Once formally translated through the modern induction principle, this very character of 
obviousness is found in all the proofs of the Elements where some form of inductive 
reasoning is used32.  
But this shows also the limits of such ‘inductive’ proofs. It is used in extremely simple 
formulations when the passage from the particular cases (the first ones) to the general is 
obvious. There is no need to go further in the debate on the knowledge or ignorance of the 
induction principle by ancient Greek mathematicians. For what matters here are precisely 
the limitations of the ‘inductive’ reasoning (if any)33 since the only thing we need later is 
the acknowledgment of what the absence of such formalization implies: the use (if any) of 
induction (in any sense) would be severely limited to simple problems consisting 
essentially of a repetition of the same process ‘as many times as we want’34. 
 
   

                                                 

30 Cf. the general assessment of André Weil ([Weil1978]). It explains also why mathematicians are rather on the side of the 
ones thinking mathematical tools were used much earlier than their formal introduction (Unguru says such a point of view is 
‘in good Platonic fashion’, [Unguru1975], p. 86) and also the somewhat dismissive view of Jean Itard on this question (cf. 
supra note 26). 
31 This problem is at the heart of Theodorus’ lesson in Plato’s Theaetetus. As Pascal emphasizes, its ‘induction’ lemmas were 
introduced to treat at once an infinite number of cases ([Pascal1665], p. 7).  
32 For instance concerning the proposition IX.8, the closest using the modern ‘complete inductive principle’, Heath notes if 
the elements of a ‘continuous proportion’ (‘eJxh'" ajnavlogon’ i.e. according to the definition VII.20, a geometric progression in 
modern terms) are written as powers: 1, a, a2, …, an, …, the proposition appears then ‘obvious’ ([Heath 1908], II, p. 392). For 
a strong criticism of this claim cf. [Unguru1994], p. 210. 
33 Cf. supra, the discussion on the ‘complete induction principle’ at the beginning of this paragraph. One interpretation is that 
for some unknown reason, philosophical, logical or others, connected to their ancient form of thinking, they were unable to 
express it. An alternative one is they did not need it for purely mathematical reasons. Moreover, the infinite case may entail 
some additional questions the ancient Greek mathematicians would rather ignore (according the second interpretation) or 
were unable to treat (according the first one). In both cases, it entails some strict limits about its use: it has to be restricted to 
simple problems where it is easy to see the general case as consequence of the particular ones (for a study of such voluntary 
restrictions or as the author calls it ‘taboos’ by mathematicians of different cultures (Babylonians, Egyptians, Greeks) cf. 
[Høyrup2004], in particular p. 142-145). 
34 Like in Euclid’s Elements where the problems about an arbitrary number of elements are introduced by ‘if any multitude 
whatsoever of …’ (‘  jEa;n (…) oJposoiou'n (…) w\ein’) as for instance in proposition IX.9. 
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II. Euclid’s algorithm and Geometry. 
 

This algorithm seems both to be an ad hoc one (its historical as well as its logical origin 
are not clear) and essentially arithmetical. Moreover, its (arithmetical) use needs some 
operations rightly considered complicated such as decompositions, separations and 
inversions35. Nevertheless we will see this algorithm may be understood simply through a 
geometrical construction. It is the most natural way to get the approximation of a rectangle 
by squares36 which, in turn, gives a natural explanation of its historical origins37. It is 
supported by the (few) texts we have about it, without the recourse to complicated 
theoretic reconstructions found in Becker ([Becker1933]) or Fowler ([Fowler1999]) for 
instance. Moreover, it is connected to some of the most ancient mathematical questions, 
the calculation of areas38. 
 
Let A be a rectangle of sides (m,n) with m > n. The first approximation of this rectangle is 
given by p squares of side n, where p is the greatest integer such that:  
m > pn. 
 
Then A is equal  
- either to p squares of side n (case 1 in figure 1 below)    (1) 
- or to p squares of sides n plus a rectangle A1 of sides (n,q1) with q1 the (positive) 

integer defined by: q1 := m - pn (case 2 in figure 1 below), so that 
m = pn + q1 and q1 < n        (1’). 
 

 
Figure 1 

 
In the first case, the process stops (m is a multiple of n). 
In the second case, we can apply the same process to A1 so that A1 is equal  
- either to p1 squares of sides q1        (2) 
- or to p1 squares of sides q1 plus a rectangle A2 of sides (q1,q2) with q2 := n - p1q1, so 

that we get: 
n = p1q1 + q2 with q2 < q1        (2’). 

                                                 

35 Cf. for instance infra, §VII. 
36 The existence of such an integer p, or in modern terms of the greatest element in the set of all integers whose product by n 
is less than m, is of common use in Greek mathematics. As a matter of fact, its existence as well as its uniqueness results 
from the so-called Euclidean division: it is the (integer) quotient of m by n. Inversely, it is probably such an existence (and 
uniqueness) which validated this operation used much earlier, as it is found almost everywhere in Mesopotamian and 
Egyptian mathematics (for instance the problem 6 in the Moscow papyrus, cf. infra note 49).  
37 According to Proclus it was known as early as the first Pythagoreans if not by Pythagoras himself through the use of what 
is called side and diagonal numbers (cf. [Proclus1899], ii.27.11-22, I, p. 137-138). Its arithmetical abstract character is 
certainly why  some modern historians of mathematics casted some doubts on its early origin, even if they have to go against 
many testimonies including one as early as Aristotle's Topics (158b29).  
38 Cf. infra, note 56. 

or 

case 1 case 2 
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In this case, we can iterate for the rectangle A2 so that is equal  
- either to p2 square of sides q2        (3)  
- or to p2 square of sides q2 plus a rectangle A3 of sides (q2,q3) with q3 := q1 – p2q2, so 

that once again we get: 
q1 = p2q2 + q3 with q3 < q2        (3’), 
and so on (cf.Figure 2 below). 
 
Geometrically we have the following figure: 

 

Figure 2 

The diagram shows immediately the sequence n, q1, q2, … is a strictly decreasing 
sequence of (positive) integers, so that it ends after at most k < m steps. Moreover, all the 
squares are multiples of the last one (the square of side qk), so that of all the sides qk-1, …, 
q2, q1, n and m are multiple39 of qk. Moreover, the integer qk obtained at the last step of the 
process is the GCD of the integers m and n.  
This last result is visually interpreted as follows: considering only figures of integer sides 
(as for instance in Plato’s Theaetetus’ account40) the rectangle of sides (m,n) is a multiple 
of the square (qk, qk). Or in other words, the square (qk, qk) is the greatest one which can 
be used as unit to measure the rectangle (m,n). 
 
Example. 
Let a unit u be chosen. A be a rectangle of sides (m = 32,n = 14). We have then: 
32 = 2 × 14 + 4   (1); 14 = 3 × 4 + 2   (2); 4 = 2 × 2    (3). 
 
We get then the following figure: 

 

Figure 3 

                                                 

39 This gives the proof the area of a rectangle of sides (m,n) is equals to the product mn when m and n are integers. 
40 147d-148b. 
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so that the rectangle A is the sum of two squares of sides 14 plus 3 squares of sides 4 plus 
2 squares of side 2, which (the integer 2) is also the GCD of the numbers 32 and 14. Then 
considering only figures of integer sides the square (2,2) is the greatest square which can 
be used as unit to measure the rectangle (32,14). Thus the rectangle has an area of 8  7 = 
56 (in relation to the new unit, the square of side 2). 
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III. Anthyphairesis and computations of areas. 

 
In the previous paragraph we saw how the anthyphairesis gives a method for computing the 
area of a rectangle, at least for the ones with commensurable sides41. In the previous 
paragraph we chose a unit u such that the sides of the rectangles are multiple of u i.e. they are 
equal respectively to mu and nu with m and n (positive) integers. The computation gives that 
the area of the rectangle of sides (32u, 14u) is equal to: 
2 × 142 + 3 × 42 + 2 × 22 = 448 = 32 × 14,  
or more precisely 32 × 14 v where v denotes the unit-square i.e. the square of side u42. 
 
Of course, there seems to be a more direct computation, going through an arithmo-geometric 
proof. 
The arithmetic part is to arrange numbers in rows or columns of ‘pebbles’ (‘yh'foi’), as early 
Pythagoreans are said to have done43. Then arranging pebbles in a rectangular figure i.e. of 
rows of the same length and counting the number of rows and columns, it is easy to see the 
total number of pebbles: it is the product of the number of rows and columns. 

 

Figure 4 

Now let us return to the calculation of the area of a rectangle of sides (32u, 14u). First the 
sides may be divided respectively into 32u and 14u, and then by drawing the lines parallel to 
the sides, we get as many unit-squares as of pebbles in the above Figure 4 (for instance by 
putting a pebble in every unit-square44). Thus the area of the rectangle is 32 × 14 u2 (where u2 
is the square of side u i.e. the unit-square). 
We find some examples of calculation of areas as early as in the middle of the 2nd millennium 
in some Mesopotamian tablets as well as in Egyptian papyri such the so-called Rhind 

                                                 

41 As a matter of fact we considered only the case of integers, not the more general case of commensurability. Nevertheless, 
by definition of commensurability, it is easily reduced to the former one. A couple of magnitudes (a,b) is commensurable 
when there exists a unit measuring both a and b i.e. a and b  can be written as a sum of u. It is probably the reason of the 
confusion made by the young Theaetetus in Plato’s eponymous book (cf. [Ofman2014], p. 73-74]). 
42 In Plato’s Theaetetus, u and v are identified. 
43 Theophrastus told the Pythagorean Eurytus associated a number to many things by using pebbles (Metaphysics, 6a15-27; 
also Archytas fragments, A13 in [Huffman2005]). We find the same connections between integers and geometric diagrams in 
Theon of Smyrna and Proclus, respectively in [Theon1979] (circa 2nd) and [Proclus1899] (5th century CE), cf. infra paragraph 
V. On early computations using pebbles, Herodotus contrasts the Greek and Egyptian ways both to writing and reckoning 
([Herodotus1999], II, 36); cf. also Solon quoted in Diogenes Laërtius ([Diogenes1925], I, 59) and Aeschylus’ Agamemnon 
570 (‘tiv tou;" ajnaloqevta" ejn yhvfw levgein’). For a skeptical point of view on any arithmetic based on pebbles, part of a 
more general skepticism about any Pythagorean mathematics, cf. for example [Philip1966], p. 201-204 (more recently taken 
up in [Netz1999], p. 64). But this leaves aside some texts especially from Aristotle’s Metaphysics (1092b10-14 about Eurytus 
(cf. supra), 1016b25, 29) and the fragments of Epicharmus of Cos, an early Pythagorean (‘  jEpivcarmo"  JHloqalou'" Kw'o". 
kai; ou\to" h[kouse Puqagovrou’, [Diogenes1925], II, VIII.76-78, p. 391) (cf. [Knorr1975], p. 136-137).  
44 In modern terms this would mean to define an isomorphism between the set of the pebbles and the set of unit-squares v. 
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papyrus45. For instance in the latter, a problem is to calculate the area of a rectangular plot of 
sides 10 ‘rods’46 by 2 ‘rods’ (problem 49), another is the calculation of a triangular area of 
height 10 ‘rods’ and base 4 ‘rods’ (problem 51) or even of an trapezoidal area (problem 52)47. 
In the Moscow papyrus48 there are still other problems of the same type, and even an inverse 
one, the calculation of the side of a rectangular plot, knowing its area and the ratios of its 
sides (problem 6)49. 
This approach needs some caveats, for instance regarding the use of some arithmetical tools to 
solve a purely geometrical problem. Even if the radical rupture in early Greek mathematics 
between arithmetic and geometry may have been somewhat exaggerated50, the connections 
went usually on the other way51. 
Moreover, in the Antiquity products were not simple operations. For instance, the Greeks, 
among others, used different methods to multiply integers. One of them was called the 
‘Egyptian method’52. It is almost certainly the one found in some papyri as the Rhind papyrus. 
It consists in reducing such operations to duplications i.e. iterated additions of a number with 
itself. This is achieved through the decomposition of one of the factors, usually the smallest, 
into a sum of powers of 2 (including the power 0 i.e. 1). For instance the product 14 × 32 
would be done as follows: 
14 = 8 + 4 + 2 (= 23 + 22 + 2) so that  
(8 + 4 + 2) × 32 = 
2 × 32 = 32 + 32 = 64 
 + 4 × 32 = 2 (2 × 32) = 2 × 32 = 64 + 64 = 128 
  + 8 × 32 = 2 (4 × 32) = 2 (128) = 128 + 128 = 256 
to finally get: 

                                                 

45 Circa mid-2nd millenary, it contains 84 problems, eight of them about geometrical areas. To quote Marshall Clagett 
‘calculation regarding areas of land were among the earliest and most widespread of mathematical activities’. Moreover some 
inscriptions on tombs of late third and early fourths dynasty show that ‘the early Egyptians had knowledge of the correct 
determination of area of a rectangle of land’ as early as 2500 BCE ([Clagett1999], III, p. 68). 
46 The Egyptian tem is ‘khet’ a unit of length around 52 m. 
47 Cf. [Clagett1999], III, p. 68-80. As a matter of fact, if there is no doubt about the calculation of rectangular areas (cf. 
supra, note 45), the question is more complicated for other figures because of the brevity of the texts and problems of 
translation. For instance, for the triangle, it is not sure the data concern the base and a side (in which case the result in not 
exact but it is an approximation) or the base and the height (then the result is correct). The answer will depend of the meaning 
of the Egyptian term ‘mryt’, either ‘side’ or ‘height’) (ib., p. 70). More bluntly, D. Fowler writes: in ‘the Rhind Mathematical 
Papyrus where [the formula for area] is applied to isosceles triangles and trapezia (…) many commentators conceal the fact 
that it is an approximation by adapting the translation, and rendering ‘side’ as ‘height’.’ ([Fowler1999], p. 234; our 
emphasis). 
48 From early 2nd millenary, there are 25 problems, seven of them about geometrical areas. 
49 Knowing the area of a rectangle (12 ‘setjat’) and the ratio (3/4) of the sides, to find its sides (4, 3) ([Clagett1999]). 
50 Cf. for instance [Knorr1975], p. 26 
51 The privileged position of geometry inside ancient Greek mathematics is clear in Euclid’s Elements and more generally in 
posterior mathematics; However some scholars (A. Szabo for instance) argue for an inversion in pre-Euclidean time. They 
rely on a text of Archytas of Tarentum claiming ‘logistike seems to be far superior to the other arts in wisdom and especially 
to geometry in treating more clearly what it wishes. And logistike brings proofs to completion where geometry leaves them 
out’ ([Diels-Kranz1952], frag. 47B4 quoted in Stobaeus’ Discourses (I, Preface, 4, 18, 8)). Its authenticity has been 
questioned as well as the exact meaning of the text, in particular the term ‘logistike’. Above all, it may be understood as a 
philosophical rather than a mathematical point of view, so that it would be irrelevant to mathematical works themselves. For 
instance, the same hierarchical considerations are found in Plato’s Republic, but Theaetetus, in Plato’s eponymous text, is 
represented as considering the question of incommensurability in accordance with the geometrical priority: to every integer 
he associates a geometric figure, more precisely a rectangle (147e). Cf. also supra, note 43. 
52 An anonymous scholium of Plato’s Charmides (165e) about the ancient Greek ‘logistic’ (i.e. the ‘science of what is 
numbered’) told us, there were two methods for multiplication and division called respectively the ‘Greek method’ and the 
‘Egyptian method’: ‘The ‘subject-matter [of logistic] is everything that is numbered; its branches include the so-called Greek 
and Egyptian methods in multiplications and divisions (‘mevrh de; aujth'" aiJ  JEllhnikai; kai; Aijguptiakai; kalouvmenai mevqodoi 
pollaplasiasmoi'" kai; meristmoi'"’), as well as the addition and splitting up of fractions’. In his article on the fractions in 
the Antiquity, W. Knorr recalls the ‘debt [of the Greeks] to the ancient Egyptian arithmetical methods’ ([Knorr1982], p. 134). 
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14 × 32 = 64 + 128 + 256 = 448 53. 
 
In addition of giving a sequence of approximations more and more precise of areas, the 
anthyphairesis may simplify multiplications, albeit in a different way than the ‘Egyptian 
method’. Multiplication is once again replaced by additions, but this time of some squares of 
integers (less or equal to the smallest factor). The value of these squares might have been 
found in tables, were such tables available, in ancient Greece54 as they were in Babylon55. 
 
The anthyphairesis was then the principal tool used in concrete calculations of areas in 
particular areas of lands56, at a time it was even probably the principal activity of the so-called 
‘geometers’ ridiculed by Plato in the Republic (527a; see also infra note 59)57. It may explain 
why it was almost totally disregarded in theoretical treaties such as the Elements where it is 

                                                 

53  This method obviates the need to use multiplication tables or to learn such tables by heart, as done currently (cf. Plato’s 
Meno (82d) where Socrates asks the young servant to ‘count and tell’ (‘logisavmeno" eivpev’) the result of ‘2 times 2 feet’ 
(‘duvo di;" povde"’). Since this lesson of mathematics was totally improvised, and there were no instrument at his disposition, 
the only realistic possibility is the servant was counting on his fingers. 
54 Multiplication was not an easy operation in the alphabetic non positional Greek representation of numbers. The abacuses 
might have been useful, but we have neither such tools from this period, nor multiplication (or squares) tables, so that we are 
reduced to consider the most reasonable (or least unreasonable) hypotheses. David Fowler list four tables of square numbers 
in an appendix of his chapter of numbers and fractions. One dated from 3rd century BCE gives the squares from 1 to 10, then 
all the multiples of 10 till 100, then the multiple of 100 till 800 ([Guéraud-Jouguet1938]); another one maybe of the 2nd 
century BCE giving the squares from 1 to 20, then the multiples of 10 till 40; a third one around the 2nd-3rd century CE from 1 
to 10000 and a last one, extremely partial circa the 1st century BCE ([Fowler1999], p. 276). Even Fowler who is following an 
extremely cautious approach on this subject, has to recognize the importance of squares in early Greek geometry (ib., p. 240). 
55 For instance the tables of squares found at Senkareh giving the squares from 1 to 60 (the usual Babylonian notation for 
calculations was sexagesimal, even if they also used a decimal notation); see also the tablets of the Schøyen Collection 
numbered MS 2831, MS 3045, MS 3946 and so on (cf. [Friberg2007], p. 42-51) . As a matter of fact, the Babylonians used 
frequently square numbers to get products, through the following formulas:  
ab = 1/2[(a + b)2 - a2 - b2] or ab = [1/2 (a + b)]2 - [1/2 (a - b)]2.  
Thomas Heath suggests even the use of the very last formula to obtain the so-called Pythagorean triples (i.e. integers such 
that the sum of the squares of two first numbers is equal to the square of the third one). From the equality: [(a+b)/2]2 - [(a-
b)/2]2 = ab, we get indeed: 

i) Taking for a the square of an odd number m and b = 1:  
m2 + n2 = p2 (with m = (a-1)/2 and p = (a+1)/2) 
ii) Taking a = 2q2 (for any integer q) and b = 2:  
m2 + n2 = p2 (with m = 2q, n = q2 – 1 and p = (a+2)/2 = q2 – 1). 

Moreover (noting m is the smallest integer of the triple (m,n,p)) both cases are disjoint since m is odd in i) and even in ii) 
([Heath 1908], II, p. 385). 
56 Other testimonies are found in Greek texts, such as Herodotus’ Inquiries, where the origins of Geometry are attributed to 
the measurement of lots ([Herodotus2013], II, 109) of land in Egypt, even though we have not such testimonies in ancient 
Egypt. As a matter of fact, Herodotus says honestly such origins of geometry are his own ‘opinions’ (‘dokevei dev moi 
ejnqeu'ten gewmetrivh euJreqei'sa ej" th;n  JEllavda ejpanelqei'n’) which supports he was here discussing some Greek story 
about Egypt (pro or con) rather than some historical facts. The problem, as accounted by Herodotus, is  

i) firstly to determine once for all lots of equal areas, 
ii) secondly to compute the area of each lot the Nile would sometimes flood, rending it impossible for farming, 

one of the first tale about justice concerning taxes (ib.).  
For a modern critical reassessment of Herodotus’ accounts on Egypt, cf. for instance D. Fehling claiming ‘Now the problem 
with [Herodotus’] remarks – and I repeat: a problem recognized by everybody – is that much of what Herodotus tells us 
precisely in these places cannot be taken at face value’ ([Fehling1997], p. 2). Cf. also supra, note 45. 
57 It may help to explain some discrepancies about the meaning of the ‘logivstikhv’ between some authors, in particular Plato 
and Proclus; more precisely on one hand in Plato’s Gorgias (451a7-c5) and Charmides (166a5-7), on the other hand in 
Proclus and in a well-known scholium in Charmides (165e). Plato considers ‘logivstikhv’ to be almost synonymous to 
‘ajriqmhtikhv’, Proclus and the scholiast oppose them as an applied science to a theoretical one. Proclus writes their relation is 
the same as the one between geometry and land surveying. However, according to Plato, their difference is that the first 
considers ‘odd and even’ in themselves, while the second ‘in relation to each other’. According to the above analysis, the 
common point should be precisely the use of the anthyphairesis: the finite case for the ‘logivstikhv’ which considers the 
‘relations’ between integers, the general case for the ‘land surveying’ i.e. the computation of areas (cf. [de Strycker1950], p. 
52; [Fowler1979], p. 829-832]. 
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found only in two propositions in the book VII. Nevertheless they are the very first ones, for 
their importance is not only historical since, as for instance the algorithm gives the GCD of 
two integers. 
 
However, this situation changes dramatically when the sides of the rectangle are no more 
commensurable. Thus the experience of incommensurability had necessarily some 
consequences on such simple problems as calculations of rectangular areas58. 
As a matter of fact, there is just no more simple ways to compute such areas and to prove this 
simple fact: the area of a rectangle is equal to the product of its sides.  
Thus the anthyphairesis method and its increasingly precise approximations, appears 
extremely useful, since it is then possible to extend almost identically the method to the non-
commensurable cases59. 
The geometrical books preceding the book V are testimonies of this change. For instance it is 
certainly these difficulties which leaded Euclid to prove the so-called Pythagoras’ theorem by 
some geometrical tricks (subtle cuts) in the demonstration of the proposition 47 of book I, 
instead of using the much simpler considerations of a square inscribed in another square60 (cf. 
for instance [Ofman2013], part IV, p. 26-30). 

                                                 

58 The mathematical examples of irrationality given by Plato are related to calculations of areas: in Meno (82b-85b), Socrates 
shows how to obtain a square of area the double of a given square of 2 feet of side; in Theaetetus (147e), the problem is how 
to obtain a square of a given area; and in the Laws (819e-820), it is about the existence of squares of area equals to an integer 
but with irrational sides. 
59 If the ‘geometers’ measurers of land used the anthyphairesis to make some approximations of areas, they would still live in 
a purely commensurable mathematic world. Plato characterized such a world as worthy of pigs and not of humans and gods 
(Laws, VII, 819e-820d). It would explain once again the ridicule of these ‘geometers’ he criticizes in the Republic. 
60 Cf. [Knorr1975], p. 26 and [Fowler1999], p. 20-21. It is a generalization of Socrates’ explanation in Plato’s Meno (82b-
85b) of how to draw a square (‘tetravgwno"’) double of a given square of two feet side (‘pleura; duoi'n podoi'n’) by using the 
following drawing: 

 
Figure 1 

 
Let be h the hypotenuse of the right triangle of sides (a,b). It is easy to see that the area of the square of sides (a+b) is equal 
to the area of the square of side h plus four times the right triangle of sides (a,b) (i.e. 2 times the rectangles of sides (a,b)) i.e. 
we have the following equality: area of the square of side (h) = area of square of side (a) + area of square of side (b).  
If a is greater than b, the very same graphic gives immediately the formula in the note 55, since it is clear that we have: 
(a+b)2 = (a-b)2 + 4ab (a and b integers and thus commensurable, cf. supra note 41).  
In the same way it is possible to obtain Pythagoras’ theorem by a ‘grid’ or ‘subdivision’ method (cf. [Zeuthen1904], p. 845-
847;[Heath1908], I, p. 355; [Caveing1998], p. 91-92), a particular case is illustrated in a Chinese book whose dating is 
difficult, the ‘Zhou Bi Suan Jing’, or ‘Chou Pei Suan Ching’ translated by ‘The Arithmetical Classic of the Gnomon and the 
Circular Paths of Heaven’ (from the 11th century BCE to the 3rd century CE, cf. for instance [Zeuthen1904], p.847; 
[Boyer1968], p. 221). It concerns the right triangle of sides (3, 4, 5), which is also a so-called Pythagorean triplet : 
 

 
Figure 2 
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As the anthyphairesis makes use of geometric representations for integers, it is at the border 
of arithmetic and geometry. Such a construction does not entail the highly improbable early 
existence of a developed arithmetic61, as it could be easily done through a kind of 
mathematics essentially based on (visual) graphics. Even more important, it does not suppose 
any use of reductio ad absurdum. Since this method of proof is necessary for the 
demonstration of irrationality62, it makes sense the anthyphairetic construction was known 
much earlier than the irrationality. It would mean before Pythagoras and the early 
Pythagoreans, or at least before they were discovering the irrationality if, in accordance with 
the textual testimonies, they were indeed the ones who obtained it63.  

                                                                                                                                                         

In the case of incommensurable magnitudes the proof of these formulas is, as we said, much more complicated. However 
they are not really needed in the demonstration of Pythagoras’ theorem. They can be replaced by the geometric equalities: Sq 
(a+b) = Sq (a-b) + 4 Rect (a,b), where Sq (x) is the area of the square of side x, and Rect (y,z) is the area of the rectangle of 
sides (a,b) which are proved in the first book of the Elements. It is reasonable to think the first ‘formal’ proof was obtained 
using this kind of visual demonstrations before the emergence of incommensurability (Figure 2), and then had to be modified 
using the former one (figure 1). In order to avoid the question of commensurability/incommensurability, Euclid (or 
previously some other mathematicians) would rather have given a definitively subtler and more difficult proof by cuts, but 
unrelated to this question. 
61 Cf. [Knorr1975], p. 115 and note 25 for a criticism of Tannery’s (and van der Waerden’s) positions on this problem. 
62 Some scholars claim to get a ‘direct’ proof without such reductio ad absurdum, but they do not seriously think it may have 
been done by the ancient Greek mathematicians (for instance H. Mendell speaks about an ‘amusement’, [Mendell1998], 
p. 220-222). 
63 Like all the texts that survived to the present day, they are from later authors. How much later is an open question, since 
though most are from the 1st to the 5th century CE, they quote much earlier ones. For instance Iamblichus and Proclus are 
referring many times to Eudemus, a contemporary of Aristotle. The critics can nevertheless insist on the disparities between 
these testimonies, or conversely their too strong similarities, as well as the difficulties to separate the opinion of the authors 
themselves from the ones they say to quote. Burnyeat calls approvingly this way of thinking, the ‘deflationist’ point of view. 
The founding father of this new school of scholars is usually considered to be Walter Burkert, especially for his book on 
Pythagoreans’ science [Burkert1962]. But it is to forget some older ones, such as Eva Sachs whose objective was already to 
‘get rid of the myth of Pythagoras the mathematician’ (‘Aber erst die Beseitigung der mathematischen Pythagorasfabel’ 
([Sachs1917], p. V) as Burkert himself recalls (ib., p. 404). 
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IV. Generalized anthyphairesis. 

 
Though the existence of a GCD is a property of integers, it is possible to extend the above 
geometrical contruction for the anthyphairesis to any couple of linear magnitudes i.e. 
lines64. 
 
Let a and b be such magnitudes with a > b 65 and p the greatest integer such that 
a > pb 66. We can write: 
 
a = pb + q1 with q1 < b          (1). 
 
If b does not divide a, then p1 is a magnitude (i.e. non-null). Since: q1 < b, there exists a 
greatest integer p1 such that b > p1q1, and we get: 
 
b = p1q1 + q2 with q2 < q1        (2). 
 
Once again, if q1 does not divide b, then q2 is a (non null) magnitude and since q2 < q1, 
there exists a greatest integer p2 such that: q1 > p2 q2, so that: 
 
q1 = p2 q2 + q3 with q3 < q2        (3). 
 
We can now proceed alike with q2 and q3 and so on. 
 
This algorithm is given in the two first propositions of the book X of the Elements67 and, 
as we noted previously, in modern mathematics, it would be defined by induction68. 

                                                 

64 In ancient Greek mathematics, magnitudes were considered as part of geometry, numbers of arithmetic. So the need to 
differentiate between them is evident, however there are many questions whether, before and at the time of Euclid, it meant 
actually a complete disjunction. Several ancient texts seem to blur this distinction, but they are often controversial and 
disputed (for instance cf. Aristotle’s text in Metaphysics D, 15, 1021a5-6 and its analysis by Knorr ([Knorr2001] with the 
footnote 11 by H. Mendell); and also Posterior Analytics, II, 17, 99a8-10: ‘Take the question why proportionals alternate. 
The cause when they are lines, and when they are numbers, is both different and identical; different in so far as lines are 
lines and not numbers, identical as involving a given determinate increment. In all proportionals this is so (‘ou{to" ejpi; 
pavntwn’).’ [Aristotle1928b]). In Euclid’s Elements, there are also some statements which, to say the least, seem to be 
ambiguous, in particular the fundamental propositions X. 5 and X.6 which connect ratios of magnitudes (‘megevth’) and ratios 
of integers (‘ariqmovi’). As a consequence there are understood as faulty (cf. for instance [Heath1908], III, p. 25) since such 
compatibility ‘is directly against all Greek tradition’ ([Caveing1998], p. 233) so that Euclid here ‘appears to err’ 
([Knorr1995], p. 253-254]). We will return to these propositions in the second part. Concerning the situation in early 
Pythagorean mathematics, we refer to [Knorr1975], p. 26.  
65 The existence of an order on the magnitudes is entailed by the very first definitions of book V. 
66 The existence of such an integer p is a consequence of one of the definitions (‘o{roi’) given at the beginning of book V, 
which is usually called (anachronistically and wrongly) Archimedes’ axiom. More precisely, the definition 4 says that for two 
magnitudes ‘to have a ratio’ (‘e[cein pro;" a[llhla mehevqh levgetai’), there are integers such that the first (respectively the 
second) multiplied (‘pollaplasiazovmena’) by these integers will be greater than the other. The existence of a smallest 
integer verifying the property is an (evident) arithmetical property of (positive) integers. If t is the smallest integer such that 
tb > a, then the integer p is equals to t-1, which has a sense since a > b. 
67 As a matter of fact Euclid does not use divisions, but successive subtractions (cf. supra paragraph 1) which provides a 
more flexibility (cf. proposition X.1). For the clarity of the exposition, we may make some changes in relation to the wording 
in the Elements. 
68 Here, the formal definition by induction is replaced by the words ‘and so on’, with a sense not so far from the Greek ‘dia; 
ta; aujta’ or ‘oJmoivw"’ found for instance in the proof of the proposition IX.8 where such inductive process is needed. As a 
matter of fact, even in modern mathematics, the formal induction is often forgotten and replaced either in favor of ‘and so on’ 
or even by the mysterious sign ‘…’. 
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As in the anthyphairesis defined in the previous paragraph, the pi as well as p are 
(positive) integers but this time the qi (as well as a and b) are magnitudes. 
 
Moreover, there is a huge difference with the first case. While for integers, the algorithm 
is always finite, for arbitrary magnitudes this is no longer true.  
More precisely, the propositions 1 to 3 of the book X of Euclid’s Elements give the 
following equivalence: 
Two magnitudes are commensurable if and only if the anthyphairesis is finite. Thus it 
should be possible to use it to determine if two magnitudes are commensurable or 
incommensurable69. 
To differentiate between the two processes, we will call the first one the ‘arithmetic 
anthyphairesis’ and the second one the ‘generalized anthyphairesis’. 

  

                                                 

69 At least according to modern mathematicians, since there is no the least hint of such a possibility in the Antiquity. As a 
matter of fact, all the testimonies suggest the opposite. As we see thereafter, for mathematical reasons, such a proof is highly 
improbable inside ancient Greek mathematics.  
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V. Anthyphaireses and ‘side and diagonal’ numbers 
 
 
The definition, properties and even the name of ‘side and diagonal numbers’ are essentially 
found in two preserved texts of late authors, Proclus and Theon of Smyrna70. Though they 
wrote nothing about their sources, their accounts are strikingly similar so that it is highly 
probable they had the same sources. Both begin with the same reflections on the geometric 
forms of numbers and the ‘one’, which leaves few doubts about a Pythagorean background71. 
As a matter of fact even the mathematical proposition is given with some 
philosophical/rhetorical overtone. Nevertheless, the texts show important differences: even if 
both note the philosophical background, where Theon sticks strictly to the subject, Proclus 
gives some additions and commentaries totally absent in Theon’s text. 
 
Using modern writing, they are couples of integers defined by induction as follows: 
sn+1 = dn + sn and dn+1 = 2 sn + dn with s1 = d1 = 1. 
 
So the beginning of the sequence is:  
s1 = 1, s2 = 2, s3 = 5, s4= 12, s5 = 29, s6 = 70, … 
d1 = 1, d2 = 3, d3= 7, d4 = 17, d5 = 41, d6 = 99, … 
 
This arithmetical sequence has an interesting property concerning the geometrical problem of 
the ratio of the diagonal to the side of a square. In modern terms, this ratio gives rational 
approximations of it i.e. of the value of √2 since for any (positive) integer n, we have:  

	2  =  1          (*)72 
 
Both accounts present the question as a geometric-arithmetic one for, to be understood and 
solved, it needs both some arithmetical and geometrical tools. There are two steps: 

- the first one is the constructions of a sequence of squares, the next one uses the side 
and the diagonal of the former. The first one is the constructions of a sequence of 
squares, the next one uses the side and the diagonal of the former. This is presented by 
Theon as well as Proclus as follows:  the side of the previous square becomes the 
diagonal of the next one, while the diagonal becomes its side. 

- Let A be a square of side c and diagonal d adding to the diagonal d the side c it 
‘become a sides’ of a square B while added to the side c itself (i.e. taking c twice) and 
then d, it becomes the diagonal of B. Since it is possible to do the same for B, we 
obtain a sequence of alternate sides and diagonals (whose lengths are always integers). 

                                                 

70 Cf. supra, note 63. Theon lived at the beginning of the 1st century CE and Proclus during the 5th century. The texts are 
respectively Theon’s On Mathematics Useful for the Understanding of Plato, I, 31 and Proclus’ Commentary on Plato’s 
Republic, XIII, 24.16-25.13; 27.1-29.4. Another important text for the discussion about anthyphairesis in ancient Greek 
mathematics is found in Aristotle’s Topics (VIII, 3, 158a31-b35), at least as it is explained by Alexander of Aphrodisia, but 
nothing is said there about a possible link to the Pythagoreans. 
71 ‘Just as numbers potentially contain triangular, square and pentagonal ratios, and ones corresponding to the remaining 
figures, so also we can find side and diagonal ratios appearing in numbers in accordance with the generative reasons; for it is 
from the numbers the figures acquire their harmony.’ (from the translation of [Thomas1939], p. 132 lightly modified,‘w{sper 
de; trigwnikou;" kai; tetragrwnikou;" kai; pentagrwnikou;" kai; kata; ta; loipa; schvmata lovgou" e[cousi dunavmei oiJ 
ajriqmoiv, ou{tw" kai; pleurikou;" kai; diametricou;" lovgou" eu{roimen a]n†kata; tou;" spermatikou;" lovgou" ejmfanizomevnou" 
toi'"†ajriqmoi'".’). It could as well be understood as neo-Pythagorean, but Theon presents it inside the (old) Pythagorean 
thinking. 
72 It is a particular case of what will be called later the Pell equation, Diophantine equations of the form: a2 - kb2 =  1 where 
k is any non-square integer, a and b the unknowns. 
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Hence the name ‘side and diagonal’ numbers i.e. a sequence of couples of integers 
which are respectively the side and the diagonal of a sequence of a square.  
Proclus claims it is an ‘elegant’ result proved by Euclid in book II (with no more 
precision but he meant probably the proposition 10). 

- Since the square of the diagonal (of a square) is equal to the double of the square of its 
side these couples of integers verifies the following equality: the square of a diagonal 
number is equal to the double of the square of the side number. 

- As a matter of fact the proposition II.10 states a different result73. Its connection to the 
above sequence is a priori not evident. But correctly understood, it appears as a more 
general result proved, as emphasized by Proclus, by geometric means74. 

 
The interest of this sequence is it gives easily (almost amazingly) rational approximations of 
the square root of 2 (and when 2 in replaced by another integer k, other Pell's equations will 
give rational approximations of the square root of k). 
It is easily proved by dividing by sn both members of the former equality: 
(dn/sn)

2 - 2 =  1 which entails : dn/sn = √2  1/sn 
so that, since the sequences of dn, sn are increasing with n, the dn/sn get closer to √2 as n 
increases. 
For instance, the first ratios are: 1, 3/2 = 1.5, 7/5 ≈ 1.4, 17/12 ≈ 1,417, 41/29 ≈ 1,414,… 
 
Once this sequence known, it is not difficult to prove the equalities (*) by (formal) induction. 
As we have seen (cf. supra, §I.2), it was not how the ancient Greek mathematics would have 
worked. Thus it is usually supposed they proved it for some of them and just generalized to 
any element of the sequence. 
 
 
  

                                                 

73 Proposition II.10: ‘If a straight-line is cut in half, and any straight-line added to it straight-on, then the sum of the square on 
having been added, and the (square) on the (straight-line) having been added, is double the (sum of the square) on half (the 
straight-line), and the square described on the sum of half (the straight-line) and (straight-line) having been added, as on one 
(complete straight-line).’ Using symbolic language, it may be translated as follows: for any (segments of) line a and b, we 
have: Sq(2a+b) + Sq(b) = 2 [(Sq(a) + Sq(a+b)] where Sq(x) is the area of the square of side x. 
74 Without any hypothesis on c and d (c and d do not even need to be integers, they are any segments of line), it may be 
written in modern mathematics (cf. [Zeuthen1886], p. 28, [Heath1908], I, p. 398-399): 
For any lengths of line a, b: (2a + b)2 + b2 = 2[a2 + (a + b)2] so that if we consider a sequences an and bn given by induction: 
an+1 = an + bn and bn+1 = 2an + bn, we get:  
(bn+1)

2 + (bn)
2 = (2an + bn)

2 + (bn)
2 = 2[(an)

2 + (an + bn)
2] = 2[(an)

2 + (an+1)
2] 

i.e. (bn+1)
2 - 2(an+1)

2 = 2(an)
2 - (bn)

2 
so that the absolute value of the differences of same ranks are constant and their sign alternate. In particular for any integer n, 
we get: (bn)

2 - 2(an)
2 = ± [2(a1)

2 - (b1)
2], its sign depending of the parity of the rank n. 

When a1 and b1 verify 2(a1)
2 - (b1)

2 = 1, we get the differences 2(a1)
2 - (b1)

2 are alternatively equal to +1 (for n odd) or -1 (for 
n even).  
So that, to quote Heath, ‘Euclid's propositions thus give a general proof of the very formula used for the formation of the 
succession of what were called “side” and “diagonal” numbers.’ (ib., p. 398). 
Of course, this is a completely anachronistic proof, but it is not difficult to re-write it in a language consistent with Euclid’s 
writing using in particular the note 73 above. Its interest is to understand Proclus’ claim connecting ‘side and diagonal 
numbers’ with Euclid’s book II (assuming the reasonable hypothesis it was indeed the proposition 10 Proclus had in mind). 
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VI. Generalized anthyphairesis and continued fractions. 
 
Since we have few mathematical texts before and even long after Euclid, and moreover 
they did not go into the details of the methods used, it is not easy to determine how the 
mathematicians of the Antiquity made their computations. Anyway, even if there were 
other methods, the anthyphairesis was an extremely powerful and convenient way to 
obtain approximation by fractions or ratios. Moreover according several later 
commentators including Proclus, it was already used by the ancient Pythagoreans.  
And in a careful study of some approximations given without any explanation by later 
authors (Archimedes, Archytas, …), by comparing several methods of approximations, 
including some certainly not known at this time, Jean Itard showed the only method 
giving these results was the one by anthyphairesis75. 
This method was such a common tool for the mathematicians of the 3rd century BCE, it 
was unnecessary to indicate its use, so that it was certainly known well before76. 
As we will see, it is closely related to what is called in modern mathematics ‘continued 
fractions’. 
In the rest of this chapter, we assume (in modern terms) the addition is an internal 
operation on the sets of homogenous magnitudes77, there is a (total) order relation78. 
 
Generalized anthyphairesis. 
 
Let a and b be two magnitudes with a > b. If b divides a we stop here. Otherwise let p be 
the greatest integer such that  
a > pb. Thus we can write: 
a = pb +q1 where q1 is a magnitude such that q1 < b     (1) 
and evidently a > pb or  
a/b > p           (1’). 
 
If q1 divides b we stop here. Otherwise let p1 be the greatest integer such that b > p1 q1. 
Then we have: 
b = p1 q1 + q2 where q2 is a magnitude such that q2 < q1    (2). 
 
From (1) we have:  

                                                 

75 [Itard1962], p. 26-32. 
76 Cf. for instance [Archimedes1897], proof of proposition 3, p. 97-98 and the commentary of T. Heath, p. lxxx-lxxxiv.  
77 Magnitudes are not defined in Euclid’s Elements, since they may be extremely general objects, more or less as sets in 
modern mathematics. However they must have some properties given by Euclid at the beginning of the Book V, and a few 
times, he used some other properties, he did not bother to formulate. These we used here are a translation in modern terms of 
the ones explicitly given by Euclid (cf. above, note 67). 
78 To be precise, we need to assume, in the rest of the chapter, some natural properties on the sets of homogenous 
magnitudes. For instance, there is a total order relation noted < (or >); the addition is an internal operation so that if x and y 
are two homogeneous magnitudes, we have x < y if and only if there exists another magnitude z such that y = x + z, and z is 
noted z = y-x.  
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a/b = p + q1/b           (3) 
and from (2): 
b/q1 = p1+ q2/q1 thus  
 
q1/b = 1/( p1+ q2/q1)         (4). 
 
Using the equality (4) in (3), we get: 
 

a/b = p + 1/( p1+ q2/q1) = 

1

2
1

1

q

q
p

p


         (5)  

with q2 < q1 < b and evidently: a/b < 
1

1

p
p        (5’) 

and we can continue. For instance, the next step will be:  
If q2 divides q1 we stop here. Otherwise since q2 < q1, there exists an integer p2 and a 
magnitude q3 with q3 < q2 such that: 
q1 = p2 q2 + q3  
and dividing by q2 we obtain: 
q1/ q2 = p2 + q3/q2 thus 
 
q2/ q1 = 1/(p2 + q3/q2)         (6) 
 
and replacing in (5) q2/ q1 by the second term of the equality (6), we get: 
 

a/b = 

2

3
2

1

1
1

q

q
p

p
p




          (7) 

with q3 < q2 < q1 < b, and a/b > 

2
1

1
1

p
p

p


       (7’)

  
and so on.  
Thus, we obtain for a/b a sequence of fractions of the form: 

a/b =







3
2

1 1
1

1

p
p

p
p  

where p, p1, p2, p3 are a sequence (non necessarily decreasing) of integers.  
 
The fractions Pk: 
P0 = p,  

P1 =
1

1

p
p  ,  
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P2 =

2
1

1
1

p
p

p


 ,  

P3 =

3
2

1 1
1

1

p
p

p
p




 ,  

… 
(where all the p, p1, p2, … are integers) are called in modern terms ‘continuous’ or 
‘continued’ fractions. 
 

As previously noted79, the arithmetical anthyphairesis has no connection to 
incommensurability. Thus in accordance with the texts related to the anthyphairesis, it was 
probably known in early Antiquity, or at very least there are no strong arguments against it. 
The same claim cannot be extended to the generalized anthyphairesis, though the general 
process is a pure copy of the arithmetical one. Hence, it would be unreasonable to argue, once 
incommensurable magnitudes had entered in mathematics, a long period was needed for its 
generalization. It is obvious such a construction leads to some good approximations for 
magnitudes in particular cases (for instance the ratio of the diagonal to the side of a square or 
translated into modern mathematics, the approximation of √2 by rational numbers80). 
Moreover, by construction it is evident the anthyphairesis is finite for commensurable 
magnitudes only81. But to get a general mathematical theory is much trickier, as we see in the 
next chapter.  

                                                 

79 Cf. supra, §III. 
80 Cf. infra, example 6.i). 
81 By construction, if it exists, the final term is a common measure for both magnitudes. 
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VII. Generalized anthyphairesis and approximations. 

 
The ‘continuous fractions’ P0, P1, P2, … give a sequence of approximations of the ratio 
a/b by ratios of integers with the following properties: 
a) They are more and more complicated 
b) According to (1’), (5’), (7’), these fractions alternates i.e. for any integer k we have: 

P2k < a/b < P2k+1. And moreover the subsequence of even (respectively odd) indexes is 
increasing (respectively decreasing). 

c) The magnitudes q1, q2, q3, … form a strictly decreasing sequence, and according to 
proposition X.1 we would say, in modern terms, the ‘continuous fractions’ P0, P1, P2, 
… converge to a/b. 

 
i) Examples: approximation of 2. 
 
We will apply this process to the ratio 2/1 i.e. a = 2, b = 1: 
 
First step. 
2 = 1 + (2 - 1) and we get: p = 1, q1 = (2 - 1) 
with the first approximation: 2  P0 = 1 and (P0)

2 = 1. 
 

Second step. 
Since:  
1/3 < q1 = 2 - 1 < 1/2 (since (4/3)2 = 16/9 < 2 < (3/2)2 = 9/4), we get: 
b = 1 = 2 (2 - 1) + (3 - 22) so that p1 = 2, q1 = 2 – 1, q2 = 3 - 22 
and 

a/b = 2 = 

12

223
2

1
1





 . 

Since (3 - 22 )/(2 - 1) = 2 -1, we obtain: 2 = 1 + 1/(2 + (2 -1))  
and we get the approximation: 2  P1 = 1+1/2 = 3/2 = 1,5 with (P1)

2 = 2,25. 
 
More generally we have here a pattern and all the Pk are of the form: 

Pk =







2

1
2

1
2

1
2

1
1   

So at the fourth step we get:2  P2 = 7/5 and (P2)
2 = 1,96, 

at the fourth step we get: 2  P3 = 17/12  1,417 and (P3)
2 = 2,007…. 

at the fifth step, we get: 2  P4 = 41/29  1,4139 and (P4)
2 =1,999…. 

 
ii) Demonstration of the properties of Pk.  

 



27 

 

At the beginning of the paragraph, we indicated 3 properties for the sequence of Pk 
verified in the above examples. We will give now a simple proof which may easily be 
translated into a form used by ancient Greek mathematicians. Here we will need some 
considerations concerning their understanding of what we would call now a ‘proof by 
induction’, since the very definition of anthyphairesis is given by induction82. 
 

a) The first property is evident by construction:  
the Pk are clearly more and more complicated as k is increasing.  
 
b) The Ph form an alternating sequence. Its elements of rank even i.e. the P2h 

(respectively of rank odd i.e. the P2h+1) form an increasing (respectively 
decreasing) sequence and they are all smaller (respectively greater) than the 
ratio a/b. 

  
For any homogeneous magnitudes t’, t”, x, y, z such that83 0  t’  t < t”, we have:  
z + t‘ < z + t” so that:  

'

1

tz 
 > 

"

1

tz 
 (a). 

Then 

'

1
1

tz
y




 < 

"

1
1

tz
y




 

so that: 

x +

'

1
1

tz
y




 < x + 

"

1
1

tz
y




 (b). 

 
For any integer h and any integers r, r1,…, rh let we define: 

Qh(t) = r + 

tr
r

r

h
h 







1

1
1

1

1

1

  

and we will note  

Qh(0) = Qh =r + 

h
h r

r

r

1
1

1
1

1

1








 

so that we have:  

Qh(
1

1

hr
) =Qh+1   (1) 

                                                 

82 Cf. supra §I.2. 
83 For the convenience we will admit the case t = 0 and t’ = 0. 
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and  

Qh (

h
h q

r
1

1

1 

)=Qh+2 (2).

  
For 0  t’ < t”, the inequalities (a) and (b) give: 
Q1(t’) > Q1(t”)   (3) 
and 
Q2(t’) < Q2(t”)  (4). 
 
In particular for any (strictly) positive magnitude t”, we have: 
Q1 > Q1(t”)  (5) 
and 
Q2 < Q2(t”)  (6). 
 

 
1) For h > 1, we have: 

a) Qh = r + 

































h

h r
r

r

r

1
1

1

1
1

1

2

1

 = r + 

hR
r

1
1

1 
 = Q1 (

hR
r

1
1

1 
)  

with hR = 

h
h r

r

r

1
1

1

1

2








, so from (5) we get: Q1 > Qh. 

 
b) For h > 2, we have:  

Qh = r + 

































h

h r
r

rr

r

1
1

1

1
1

1

32

1

 = r + 

hT
r

1
1

1 
 = Q1 (

hT
r

1
1

1 
)  

with hT = 

h
h r

r

r

1
1

1

1

3








, so from (6) we get: Q2 < Qh. 
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So for any integer h > 2, we have:  
Q1 > Qh > Q2         (*). 
 

2) Since from (2) we have:  

Qh+2 = Qh (

h
h q

r
1

1

1 

), we get from (5) (respectively (6)) : Q1 > Q3 > Q5 and so 

on (respectively : Q2 < Q4 < Q6 and so on ), so that the sequence: 
 
 Q1, Q3, Q5, … (respectively Q2, Q4, Q6, …) is a decreasing (respectively 
increasing) sequence        (**). 
 

3) Using the notations of the previous paragraph and taking r = p and r1 = p1, …, 
rh = ph, from (*) and (**) we get: 
 
a) The sequence P1, P2, P3, … is bounded from above by P1 and from below 

by P2 
b) The sequence P1, P3, P5, … (respectively P2, P4, P6, …) is decreasing 

(respectively increasing) 

c) Defining Ph(t) similarly as to Qh(t), since a/b = 

h

h
h q

q
p

p
p

1
1

1
1




   

we get for any integer k  h > 2: a/b = Ph (
h

h

q

q 1 ), so that as in 2) we 

obtain: 
P1 > P3 > P5 >…Pk > a/b > Pk > …P6 > P4 > P2.  

 
c) The sequence defined by the Ph converges to a/b. 

 
This is the most important property of the Ph.  
We will prove that there exists an integer m such that for any h > m, if h is 
even (respectively if h is odd) the difference Ph and a/b (respectively a/b and 
Ph) is smaller than any given magnitude84. 
 
From the figure 1 (cf. §2 above), this is evident, and therefore is easy to get a 
geometrical proof. 
 
By construction, we have the following equalities (cf. §1 above): 
a = pb + q1 with q1 < b        (1) 
b = p1q1 + q2 with q2 < q1       (2) 
q1 = p2 q2 + q3 with q3 < q2       (3) 
… 
qk-2 = pk-1 qk-1 + qk with qk< qk-1      (k) 

                                                 

84 From b), for any integer h, we have P2h+1 > a/b and P2h < a/b.  
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qk-1 = pk qk + qk+1 with qk+1 < qk (k+1), 
 
at least till qk does not ‘divides’ qk-1: for instance, we need a not to be a product 
of b by an integer, for the formula (2) to make sense, since otherwise, q1 

disappears and the process stops at the first equality. 
 
If we multiply both members of the first equality by b and both members of 
any equality (h) (2  h  k) by qh-1, we get: 
ab = pb2 + q1b with q1b < b2       (1) 
bq1 = p1 + q2q1 with q2q1 <       (2) 
q1q2 = p2  + q3q2 with q3 q2 <       (3) 
…          … 
qk-2qk-1 = pk-1  + qkqk-1 with qkqk-1 <      (k) 
qk-1qk = pk  + qk+1qk with qk+1qk <  (k+1). 
 
 
From (1) and (2) we get: ab = pb2 +p1  + q2q1, then replacing q2q1 by the 
second member of the equality (3), we get:  
ab = pb2 +p1  + p2  + q3q2, …  
and finally we obtain: 
ab = pb2 +p1  + p2  + …+ pk  + qk+1qk. 
Since all the pi are integers, either the sequence q1, q2, q3, … is finite, or for 
any given magnitude L, all the qi from a certain rank h, will be less than this 
magnitude85. To prove it, we will use here a reductio ad absurdum. 
Let us suppose it is possible to find as many as we want elements of the 
sequence greater than L 86. Then we get:  

- their squares would be greater than L2 
- for some integer h, the sum S of h of them would be greater than the product ab (it 

follows from the so-called Archimedes’ axiom or from definition V.4 in the Elements 
that some hL2 will be greater than ab).  

Since pb2 +p1  + p2  + …+ ph  is greater than S, the product ab is greater 
than S which is impossible87. 
 
For the clarity of the calculations we used indexed elements but it is also 
possible to rewrite it using some informal ‘induction’ in the sense of Euclid’s 
proof of proposition VII.1 (cf. supra, §1), which simply means to stop for 
instance at the step 3 since all the others are identical88. 

 
In modern terms, we would say the sequence of the Pk is an alternating 
sequence of rational numbers converging to a/b. 

 

                                                 

85 In modern mathematics it means the sequence converges to 0 which is an immediate consequence of the convergence of 
the series ∑  = a/b. 
86 In modern terms, there exists a subsequence of q1, q2, q3, … non-converging to 0. 
87 It is well-known (in modern mathematics) that the elements of a converging series must converge to 0. Here we have just 
proved it using wording used in Euclid. 
88 Which is nothing else than the meaning of the ‘…’ in the above demonstration. 
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What can we conclude form these calculations concerning a generalized anthyphairetic theory 
in pre-Euclidean times? Firstly we could argue the second result, which gives an alternate 
series, is not actually of great importance for such a theory. So that even if it would be indeed 
extremely complicated to write in the style of the Elements, it does not really matter. Hence a 
non-rigorous proof would be acceptable for ancient Greek mathematicians89. But even if we 
limit ourselves to the proof of the third result, it demands a level of knowledge (as at least an 
equivalent of the definition V.4) and manipulations of inductive reasoning (even informally) 
difficult to assume at an early time. It seems difficult to assume at an early time. It is 
especially unreasonable to consider it was in use before the 5th century, so that it is impossible 
that would have been the essential tool at the origin of the theory of incommensurable 
magnitudes90.  
As a matter of fact, the same claim can be done until much later, for the method demands a 
mastery of infinite sequences nowhere found in the mathematical texts of the Antiquity. 
Ancient Greek mathematicians showed an extreme carefulness for anything connected 
directly to the infinite as it can be seen in the study of the ‘inductive principle’ as well as in 
the so-called exhaustion method91. The absence of any text concerning such a theory is 
certainly not a consequence of the global shortage of mathematical texts before Euclid, but of 
the absence of such a theory. Conversely, assuming as such the mastery of the questions about 
infinite series in ancient Greek mathematics, it would be difficult to understand they never 
went further and did not begin to systematically consider these questions. Yet there is no hint 
of such studies in the Antiquity. 
 
In the second part, we turn to the connection between the anthyphairesis and the theory of 
proportions in book V of Euclid’s Elements. As we will see, it adds weight to this negative 
conclusion.  

                                                 

89 For instance, Jean Itard considers that both the elementary property of (finite) anthyphairesis given in the first proposition 
of book X of the Elements) and the Babylonian or Egyptian style of calculation would be enough to satisfy the search of rigor 
at this time ([Itard1984], p. 94-95, cf. supra, note 6). Proposition X.1 states that if beginning with two unequal magnitudes A 
and B, A greater than B, and we successively cut the greatest in two unequal parts, keeping the less of them, after some 
iterations we get a magnitude less than B. 
90 Except if we assume the irrationals appear late in Greek mathematics i.e. at this period. Nevertheless such a thesis is not 
only contradicted by all the textual testimonies but it begs the question. 
91 Jean Itard noted that ‘historians of science like to repeat the Greeks had a fearful and shy attitude regarding the infinite’. 
Basing essentially on the theory of ratios of book V of the Elements and Archimedes’ works, especially the Method, he 
criticized such an affirmation, going so far to write they had a ‘modern attitude’ (([Itard1984], p. 139,142, first published in 
‘Les methodes infinitésimales chez Euclide et Archimède’, Revue d’Histoire des Sciences, III, 1950). In any case, there is 
almost no direct use of it in the preserved mathematical texts from this period, contrary to what happens from Middle-age. 
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