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Archytas’ duplication of the cube – An easy construction 

 

I. First part - Presentation 
 

1. The motivations 

The main testimony on Achytas’ construction on the duplication of the cube is a text in 
Eutocius’ Commentary1 of Archimedes’ Sphere and Cylinder2. It makes use of three 
different kinds of spatial surfaces (two quadrics and one quartic3), so that an amazing 
amount of spatial imagination is required to get the geometrical picture. In spite of the 
apparent difficulty of the construction, there are several reasons to try to understand it. Let 
us review three of them: 

- The first is purely mathematical: among all the results of ancient Greek mathematics, it is 
the only one which has generated such amazement. For instance, the well-known 
mathematician van der Waerden claimed such a solution had to come through a ‘divine 
inspiration’ ([Waerden1963], p. 151). Thus it makes sense to return to the problem to see if 
really the gods visited a mathematician 2500 years ago. 

- A second is historical: since there are so few testimonies on pre-Euclidean geometry, a 
dating of this extraordinary and unusual construction, plays a fundamental role in 
understanding the state of such mathematics.  

- A third is philosophical: neo-Pythagorean and neo-Platonic traditions see Archytas as a 
nodal point between Pythagoras’ and Plato’s doctrines. For example, a famous sentence in 
Plato’s Republic (528a9-b3) is interpreted with respect to Archytas’ construction (pro: 
[Horky2007], p. 136-137, con: [Huffman2005], p. 385-392). And in Timaeus, the 
construction of the universe by the ‘demiourgos’ depends of this very problem. Moreover, 
the relations between Plato and a) Archytas’ mathematics b) Archytas c) mathematics 
hinge upon it. 

There have been already so many studies of Archytas’ theorem as well as its detailed 
geometrical reconstructions4 either by historians, or mathematicians or other 
commentators, it is reasonable to ask why to add a new one5. In ([Knorr1986, 1989]) for 
instance we find a translation of several texts concerning solutions of doubling the cube, as 
well as a detailed analysis and reconstruction of Archytas’ result. Nevertheless it is 
difficult to follow the geometrical steps and to understand the motivations behind a 

                                                 
1 Eutocius of Absalon, a mathematician in the 6th century CE i.e. ten centuries after Archytas. 
2 [Eutocius2015] 84.12-88.2. Other texts: Proclus, Commentary on Plato’s Timaeus 32a-b, [Proclus 1906], II, 
33.29-34.4; [Eutocius], II, 88.3-96.27; [Plutarch1938] VIII, 2.1; On the Sign of Socrates 7, 579b-d; On the 
‘E’ at Delphi 6, 386d-f; [Plutarch1994], Marcellus, XIV, 5-6; [Vitruvius1931] IX, Prol. 13-14; [Theon1878], 
p. 2, 3-15; [Philoponus1909] 102.12-22; [Anonymous1962],5.15-24. Most of these texts, in Greek with an 
English translation, are given in [Huffman2005], chap. III. 
3 In modern terms, two surfaces of degree 2 and one of degree 4 in the 3-dimensionnal space. 
4 For instance [Heath1921], I, p. 246-249; [Waerden1963], p. 150-153; [Knorr1986] p. 50-52; 
[Huffman2005], p. 353-357; [Menn2015]. 
5 Cf. for instance [Saito1995], p. 120. 
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construction which seems coming from nowhere ([Knorr1986], p. 51-52). One problem is 
the choice of parameters; another one is a missing detailed study of the plane case. 

Indeed Knorr has to admit the construction to be a ‘tour de force’6 and the extreme 
difficulty to connect it to mathematics of Archytas’ time. Since the theory of spatial 
surfaces/volumes began much later7 the possibility of such a construction at such an early 
stage of Greek mathematics is problematic. Thus it gives rise to the skepticism of some 
commentators who question the authenticity of the texts. They argue they are from a much 
later period (ten centuries later) and it is possible to doubt their authors’ claims they use or 
even quote much earlier authors as Eudemus of Rhodes, a student of Aristotle and one of 
the first known historian of mathematics ([Zhmud2006], p. vi). For instance Eutocius says 
to report Eudemus’ account on Archytas’ construction while Knorr showed convincingly 
through a painstaking study of the text, it is certainly not a direct quotation ([Knorr1989], 
p. 100-101). Nevertheless he concludes it is essentially true to Eudemus.  

One consequence of our study is to remove, while closely following Eutocius’ account, 
any doubt about the mathematical feasibility in Archytas’ time8.  

Unlike previous interpretations, we explicitly divide his solution into two parts: one is 
mathematically trivial, the other contains Archytas’ ingenious ideas. Then it is easy to 
show that all the material involved is elementary consequences of Pythagoras’ theorem. 
Briefly, it consists in the reduction of a spatial problem to some easily solved plane 
problems9. In ancient texts, Archytas’ construction never raised the amazement and awe 
found in modern ones, though Ancient Greeks did not ignore such enthusiasm. For 
example Proclus praises effusively Euclid’s proof of Pythagoras’ theorem ([Proclus] 
426.6-14), though modern historians hardly understand the reasons of such a fervor. Thus 
chances are strong the Ancient Greeks did not consider this construction to be so different 
from other ones10. 

Our work reaches also some philosophical points. It may shed some light on Plato’s view 
on Archytas’ mathematics, thus on mathematics itself and its supposed tribute and 
admiration for him11.  

 
                                                 
6 In French in the text. 
7 The dating is fiercely debated. Based on one sentence in Eutocius’ commentary of Archimedes’ works, 
some scholars claim it was done by Menaechmus, precisely in connection with the doubling of the cube (pro: 
Jones and  con: Knorr).  Even if it was true, it should be dated around the second half of the 4th century BCE, 
almost a century after Archytas. The first treaty about them, reaching us at least partially, is the famous 
Conics of Apollonius of  Perga who lived at the end of the 3rd century BCE. 
8 Since Hippocrates’ result is essential to Archytas’ solution, an opposite question may be arisen: why the 
latest did not follow almost immediately from the former. Even if any precise dating is impossible, there was 
around half a century between both mathematicians. 
9 The meaning of ‘plane’ and ‘solid’ may be ambiguous according to Greek texts (cf. [Pappus1986], 2.591-
595 and [Proclus1992] 394.17 against [Pappus1965] 4, 258-270 and [Proclus1992] 394.19; also [Heath1921], 
I, p. 439; [Knorr1986], p. 128-129). Here the term has its usual definition in modern mathematics. 
10 Cf. for instance [Waerden1963], p. 197). 
11 For instance [Cicero1995] I, 10, 16; [Plutarch1938], Life of Dion, 18.1-5; [Diogenes1925] III, 22. The 
source may be Plato’s letter 7 whose authenticity is debated. Apart of this problem, the dominant figure in 
this supposed relation is much questioned among modern scholars: Plato, Archytas or even a relation 
between equals (cf. [Huffman2005], p. 32-42; [Zhmud2006], p. 93; [Vlastos1991], p. 129). 
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Remark. We want to show here the simplicity of Archytas’ construction, its mathematical 
origins and motivations. It is essentially a new presentation of this construction. Thus, the 
most part of this article are commentaries on ancient texts or their modern commentaries 
and explanations unnecessary for a purely mathematical understanding of Archytas’ 
construction. The reader interested only in it may go directly to paragraph 1 of part II 
(infra, p. 11-14). 

 

Notations. For two segment of lines XY and ZT, we write XY = ZT if they are of equal 
lengths. When a circle (respectively a plane) is determined by three non-aligned points X, 
Y, Z we will write ‘circle (X, Y, Z)’ (respectively ‘plane (X, Y, Z)’), and the same for 
other figures. We will keep the ambiguity of the term ‘circle’ (‘kuvklo"’) in mathematics, 
meaning sometimes the circumference i.e. a closed curve (its usual sense in modern 
mathematics), and sometimes the surface defined by this circumference (in modern 
mathematics, the ‘disk’), the sense being made clear by the context. 
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2. Preliminary results 
 

a) Hippocrates’ theorem 

Archytas’ construction is based on a result assigned to Hippocrates (one generation before 
Archytas) which reduces the problem of doubling a cube to the finding of two means 
proportional. It consists for any length a, to find two lengths y and z such that: az = y2 and 
z2 = yb with b = 2a.  

Thus y gives the solution for doubling the cube (of side of length a)12. We will return in 
more details on this question in part III. 

 

b) Geometric results 

Mathematically Archytas’ construction is based on two results. Both are consequences of 
Pythagoras’ theorem, one of the first results claimed by Greek geometry (late 6th century, 
early 5th century13). 

For brevity we note XY × ZT the area of the rectangle of sides (XY,ZT) and (XY)2 the 
area of the square of side XY. 

Next proposition is an immediate corollary of Pythagoras’ theorem (proposition 47) and its 
converse (proposition 48) as enunciated in book I of Euclid’s Elements. 

 

Proposition 1. 
Let DBO be a right triangle, OB its hypotenuse and DH its height. Then  

i) OH×OB = OD2 
ii) OH×HB = HD2 

Conversely if DBO is any triangle and DH a height such that : 
iii) If OH×OB = OD2  

or 
iv) OH×HB = HD2 

then the triangle ODH is right. 

 
Figure 1 

                                                 
12 In terms of proportionality theorem, as the result is usually given, it is written: a/y = y/z = z/b, and we get 
immediately: (a/y)3 = (a/y)(y/z)(z/b) = a/b = 1/2 i.e. y3 = 2a3. As Ken Saito remarked there are few ancient 
sources on Hippocrates’ theorem and the proof given beforehand was certainly not available in Hippocrates’ 
time ([Saito1995], p. 120). He rightly considers the understanding of Hippocrates’ proof plays a fundamental 
role in the study of any pre-Euclidean (or pre-Eudoxean) theory of proportions. 
13 Some scholars date it even later, but one of their arguments is precisely the use of the theory of proportions 
in Archytas’ theorem. 
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Proposition 2. 
i) Let A, B, C, D be four points on a circle Q and M the intersection of the 

segments of line AB and CD. Then we have: AM×MB = CM×MD. 

 
Figure 2 

 

Proposition is nothing else than the proposition 37 of book III in Euclid’s Elements.  

 

c) Geometrical construction and Hippocrates’ solution 

 
Figure 3 

 

Let O, A, B, M and N be five points such that  

- OB = 2OA 
- BN (respectively NM, respectively MA) is orthogonal to the line defined by OA 

(respectively OB, respectively OA) 

Since NM (respectively MA) is the height of the right triangle ONB (respectively ONM), 
from proposition 1.i) we get: OM × OB = ON2 and OA × ON = OM2. From a) supra, we 
get: OM3 = 2OA3 i.e. the cube of sides OM has a volume double of the one of sides OA. 

Then M and N are solution of Hippocrates’ problem i.e. ON and OM are two mean 
proportionals between OA and OB14. 

                                                 
14 Written according to ancient Greek terms, it is even more direct since ON2 and OM2 are the area of the 
square of sides respectively ON and OM, and OM3, OA3 are the volumes of the cubes of sides respectively 
OM and OA. 
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As the points O, A, B are given and M, N easily constructed, the problem is to find when 
MA is orthogonal to OA, or equivalently when MA is the height of the (right) triangle 
NMO. 

 

We will also use of course some more elementary (and primitive) results such as any right 
triangle is inscribed in a circle and conversely. 
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3. Geometrical approximation for the duplication of the cube. 

Thus, it is not only a previously needed step useful by itself and crucial to explain the very 
construction. It is one of the simplest ways to find mathematically a length for doubling a 
cube of a given side. It uses the same principles as the well-known mechanical devices by 
later mathematicians as Eratosthenes. However this paragraph plays no role in the 
construction itself other than to give a better understanding of its origin and of the 
motivations of Archytas’ construction. 

In the above Figure 3, let us consider the point B moving along the circle C of diameter 
OB, so that we get successively the points P1, P2, P3, P4, ….as in the Figure 4 below15: 

 

 

 
Figure 4 

How to find (approximatively) the point to double the cube of side OA. 

 

Let D be the center of the circle C, AH the height of the triangle of OAB and I is the point 
in the semi upper-plane such that the segment OI = OA is orthogonal to OD. 

                                                 
15 As a matter of fact, since Archytas’ construction is kinematic, the point B described a semi-circle, so that, 
according to modern mathematics, it is indexed by a real interval not by integers. For instance, we can choose 
the index q to be the angle between the moving segment OPq and OB, the moving point being indexed by the 
interval [0,90] using degrees as unities of angular measure. The kind of problem appears when we want to 
translate a physical problem into a purely mathematical one. It shows also Archytas’ model was not 
mathematical but mechanical. 
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For any Pq, let Hq be the point such that PqHq is the height of the right triangle OPqB and 
then Jq the point such that HqJq is the height of the right triangle PqHqO. Thus we get two 
sequences of points H1, H2, H3, H4,… and J1, J2, J3, J4,… (on the Figure 4 we have just 
indicated the point J4) 

As seen in §2.c) supra, we need to find a point Pq such that OJq = OA i.e. Jq belongs to the 
circonference (O,A,D). However we have firstly to show such a point exists. 

 

i) Proof of existence 
 

It results from what the moderns call the ‘continuity principle’, taken for granted by 
ancient Greek mathematicians. Intuitively the meaning is that if a (continuous) curve S cut 
the plane in two areas (as for instance a circle), then any (continuous) curve U (for instance 
a segment of line) which has some points in both areas, cuts S. Another way to express it is 
to say a point moving on a (continuous) curve from the point A to the point B, will go 
through all the points between A and B16. The meaning of ‘continuous’ is not really 
defined, roughly speaking is being of ‘one piece’ (in modern terms, it is ‘connected’). 

We start with Pq = B. When Pq is close from B, it is obviously the same for Hq and Jq (cf. 
Figure 5 below). And accordingly the lengths OHq and OJq are close from the length of 
OB. 

 
Figure 5 

 

When Pq gets close from OI orthogonal to OB, then OPq gets as small as we want, thus also 
OHq and OJq : 

                                                 
16 Van der Waerden formulates in a kinetic manner as follows: ‘If a continuous variable is first greater than a 
given magnitude and later less, at some time, the variable equals the magnitude’ ([Waerden1963], p. 152). 
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Figure 6 

 

Thus, when Pq described the circle (O,A,B) the segments of line OPq take all the values 
between OB = 2OA and 0, so that by the ‘continuity principle’, for some value of q we will 
get: OPq  = OA. 

 

ii) Construction of an approximation 

 

We see on the Figure 4, the points J1, J2, J3 and J4 are all outside of the circle OAD but 
closer and closer from it. The cube of side OH4 on the Figure 4 has already a volume 
roughly twice the cube of side OA (it is an easy exercise to find, with the help of modern 
tools, the correct angle. We will return on it in part III). 

Such an approximation is sufficient for building some physical cube of twice the volume of 
a given cube, so it would certainly satisfy an engineer, as Archytas is said to have been (in 
addition of a  mathematician, statesman, astronomer, musician, general…)17.  

 

Let us now return to Archytas’ construction. It is part of a purely plane geometrical 
problem. To transform it into a spatial one is already a very ingenious idea. However we 
do not know if Archytas was the first to make use of this kind of ‘enlargement’. As 
remarkable as it is, it makes no use of special mathematical results. It is indeed a 
mechanical idea applied to mathematics which may explain Plato’s criticism (Plutarch, 
Symposiacs, VIII, 2.1, 718; [Huffman], p. 364-5). True or false the criticism appears not 
completely baseless. 

Moreover we will see thereafter the construction appears as a natural consequence of the 
approximation one, the moving points Pq being replaced by the moving circles Qq 
orthogonal to the original plane (O,A,B). In each circle it is possible to repeat the same 
construction as in the circle (O,A,B). So instead of a family of lines OPq, we get a family of 

                                                 
17 There is no need here to get the uniqueness of the exact or approximate point, since any point verifying the 
above conditions is a solution of the problem. Anyway it was easy for ancient Greek mathematicians to prove 
the unicity in the quadrant (O,A,I). For OPq is strictly decreasing with respect to q, the equality OHq × OB = 
(OPq)

2 entails OHq is strictly increasing.  
Moreover, taking OB and OA according another ratio (i.e. OB = pOA), the analogous above construction 
gives approximatively the side of the cube of volume p times the volume of the cube of side OA. 
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circles Qq. As a matter of fact, in this situation there are two ‘degrees’ of orthogonality. 
One in each plane and the orthogonality with respect to the plane. As Plato wrote in 
Timaeus (32c), when one kind of orthogonality is enough to construct one proportional 
mean, two are necessary for two proportional means18. 

 

Remark 1. The proof of existence is not needed in the case of an exact solution of the 
doubling of the cube, since the very result of the demonstration gives the existence of such 
a point and how to get it. As we said, in the case of approximation, the situation is 
different. 

  

                                                 
18 The problem concerns the construction of two proportional means. While one proportional mean is enough 
for the plane, two proportional means are needed for the space. It is usually interpreted as a reference to 
Hippocrates’ theorem but as it is expressed it is clearly an allusion to the geometrical property behind this 
theorem. Indeed at the very beginning of the construction one dimension was added since for one 
proportional mean (cf. Elements, proposition 14 of book II), the three points O, A, B are aligned, while here 
we need these three points to be on a circle. 
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II. Second Part - Archytas’s theorem 
 

All the drawings here are plane diagrams, there are no perspective drawings 
representing spatial volumes. 

 

1. Archytas’s construction 

The starting point for Archytas’ construction is the following diagram: 

 
 

Figure 7 

 

In the plane (O,A,B), we denote:  
- D circle of diameter OB 
- OI the orthogonal line to OB passing by O in the semi-plane (O,A,B). 

Moreover we consider a ‘fan’ of circles Qq of radius OCq orthogonal to the plane (O,A,B). 
The intersections of Qq with the plane (O,A,B) is OCq and we denote by Pq the intersection 
OCqof with the circle D.  

For every q, we complete the circle Qq in a similar way as in Figure 4: 
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Figure 8 

 

Then for every q, we get the following diagram on the plane (O,A,B), where RqR’q is the 
cord passing through Mq orthogonal to the diameter OB: 

 
 

Figure 9 

 

Remark 1. In the circles Qq, orthogonal to the plane (O,A,B), the notations are different 
from the ones in the circle D in the plane (O,A,B) (cf. supra, Figure 4 et Figure 8). The 
point Nq (respectively Pq, Xq) plays the role of Pq (respectively Hq, Jq). 

 

a) From proposition 1.i) of part I, for every q, we have (cf. Figure 8): 

OCq × OPq = (ONq)
2 and  ONq × OXq = (OPq)

2.      

Since by construction: OCq = OC, we get: 

OC × OPq = (ONq)
2 and ONq × OXq = (OPq)

2. 

Remark 2. The problem here is to choose the circle Qq so that OXq = OA, for if such a 
circle Qq exists, then according to Hippocrates’ result (cf. supra, §2.a) of part I): the 
volume of the cube of side OPq would be twice the volume of the cube of side OA. 
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b) Since the cords OPq and RqR’q cut at Mq, from proposition 2 of part I,  for every 
q, we have (cf. Figure 9): 

OMq × MqPq = RqMq × MqR’q       (1). 

Moreover, since MqXq is the height of the right triangle OXqPq (cf. Figure 8 above), we get 
(proposition 1.ii) of part 1): 

(XqMq)
2 = OMq × MqPq       (2) 

And now is the (and only but very) astute mathematical part of the demonstration. Let us 
consider the plane Tq containing RqRq’ and orthogonal to the plane (O,A,B). Since MqXq is 
orthogonal to the plane (O,A,B), it belongs to the plane Tq: 

 
Figure 10 

From the above equalities (1) and (2), we have: 

(XqMq)
2 = RqMq × MqR’q which implies (proposition 1.iv, part I), the triangle RqXqR’q is 

right, so that Xq belongs to the circle of diameter RqR’q (which is also the base of the cone 
generated by ORq i.e. the intersection of this cone with the plane Tq). 

 

i) Properties shared by all the points Nq 
 

a) By construction, all the points Nq belong to the fan of circle Qq, and since by 
construction any NqPq is on the line orthogonal to the circle (O,A,B), it belongs to 
the semi-cylinder of base this circle. 

b) For any q, the point Xq belongs to the base of the cone generated by the segment 
ORq (and in particular OXq = ORq). 

 
ii) In search of the right circle 

From the above remark 2, what is needed is to find a circle Qq such that OXq = OA. But 
from the property i.b) above, it means just that ORq = OA i.e., Xq is on the cone 
generated by OA. Let us call Qa such a circle. 
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Since O, Xa and Na are aligned (cf. supra Figure 8), the point Na is on this very cone so 
that it belongs to: 

1) the fan of circle Qq (the so-called ‘torus’) 
2) the demi-cylinder of base the circle (O,A,B) 
3) the cone described by the line extended from the segment OA 

and Na is solution of the doubling of the cube. And this proves Archytas’ theorem. 
 
Remark 3. We did not discuss the unicity of the solution since there is no need to do it, 
any point verifying the three above properties would be solution of the problem. 
Nevertheless it is evident the solution is unique in the quadrant IOB because the 
lengths of the segments OPq are strictly decreasing, which entails the same for ONq and 
thus for OXq. 
 
 
2. Some commentaries about Archytas’ construction 
 
In the preceding paragraph, mathematically the most difficult part of the proof is the 
(subtle) use in §1 of the proposition 2 and the need to consider three circles (one after 
the other) in three different planes: the circle (O,A,B), the circle (O,Nq,Cq) and the 
circle (Rq,Xq,R’q). Nevertheless the introduction of the spatial surfaces i.e. two quadrics 
(the cylinder and the cone), and one quartic (the fans of circles i.e. a ‘torus’ of internal 
radius null), is unnecessary for the proof itself and is done at the very end of the proof. 
Moreover and above all there is no use of any results of spatial geometry19, since the 
study in the different planes is not done simultaneously, but one after the other.  Lastly 
nowhere appears any theory of proportion. 
 
Such a demonstration was effectively feasible not very long after Hippocrates’ proof. 
Nothing more mathematically sophisticated is needed than the proposition 2 (of part I). 
An interval of around thirty years separating both results indicates a primitive state of 
spatial geometry in this period (mid-5th century BCE), confirming the truth of Socrates’ 
account in Plato’s Republic (VII, 528b). 
 
 

  

                                                 
19 It is not completely true. The construction used several times the existence (necessarily unique) of planes 
(respectively lines) passing by a given line (respectively point) and orthogonal to a given plane. For instance 
in 1.b) XqMq is orthogonal to RqR’q because for any point Y in a plane there exists a line passing by Y 
orthogonal to this plane. It means in Archytas’ time there was some spatial geometrical theory, especially 
concerning the orthogonality, even if it was still very elementary. Van der Waerden thinks otherwise, arguing 
some spatial geometrical bodies were known as well as some volumes computed, essentially the pyramids 
and the cones ([Waerden1963], p. 137). But both arguments have little to do with the question, since these 
were known by Babylonian and Egyptian more than thousand years before. Moreover he has to admit his 
claim contradicts Plato’s writings (ib., p. 138-139). 
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III. Third part to come 
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