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1. Mathematical introduction. 
 
In a well-known article, ‘The Unreasonable Effectiveness of Mathematics in the Natural 
Sciences’, Eugene Wigner expressed the astonishment of a physicist about the 'unreasonable' 
consequences in Physics of the consequences of the most theoretical constructions. 
 
But we can also consider the Unreason in mathematics themselves. 
Indeed, mathematics and mathematicians admit working with unreasonable objects from the 
beginning of Greek mathematics. 
As a matter of facts, the two central bases of Greek Mathematics, are: 
 

- Ontologically, a new kind of objects, ‘irrational magnitudes’ (‘ajxummevtron’) 
- Epistemologically, a new kind of reasoning, the ‘reductio ad absurdum’ (reductio to 

‘ajduvnaton’ or ‘a[topon’). 



 
2. Philosophical introduction. 

 
The original texts (pre-Euclidean) used for the reconstruction of the history of mathematics, 
are not mathematical but philosophical, hence the importance of the earliest of them, the so-
called ‘mathematical part of Plato’s Theaetetus’. 
And since at this time, Mathematics and Philosophy were closely connected, the 
argumentation of the philosophers had a character similar to that of mathematical reasoning. 
Therefore unreason seems as impossible as in mathematics. Yet, as we shall see, this 
mathematical text is marked by unreasonable statements and interpretations. 
 
And finally, making a bridge between mathematics and philosophy, modern history of Greek 
science is not foreign to unreason. 
 



 
3. The origins of Greek Mathematics 

 
In the 20th century, the accounts of the origins of the incommensurability or mathematical 
irrationality by the historians of mathematics were sometimes so unreasonable, that today the 
consensus is reversed. 
While at this time, it was difficult not giving credit of every piece of pre-Euclidian 
mathematics to Pythagoras or his school, today according to the fashionable historian, 
Pythagoras and the Pythagoreans have almost completely ignored anything related to 
Mathematics1 
 
Such divergences in such a short period of time, and without any alternative theory can only 
be understood as a sign of trouble. 
The reconstruction we give does not directly take position on this debate. But it is is 
consistent with the existence of a Pythagorean school of mathematics and with the ancient 
textual testimonies. 
 

                                                 
1 ‘I can with confidence say to readers of this essay: most of what you believe, or think you know, about 
Pythagoras is fiction, much of it deliberately contrived.’ (F. Burnyeat: London Review of  Books, Vol. 29 No. 4, 
22, 2007, p. 3-6). 



 
4. A summary of the history of Irrationality. 

 
In some previous lectures here, we showed: 
 

a) In the 6th century or perhaps even earlier, the Greek mathematicians were able to 
prove the incommensurability of the diagonal in respect to the side of the square i.e. in 
modern words the irrationality of the square root of 2. 

b) As a consequence, they were soon able to reduce the general problem of the 
irrationality of the square roots of integers to the ones of the odds. 

c) Then in the middle of the 5th century, Theodorus was able to prove the irrationality of 
the square root of any odd integer non equal to 1 modulo 8, and in the mathematical 
lesson in Theaetetus, he studied the irrationality of the odd numbers till 17. 

d) Following the lesson, the very young Theaetetus and a comrade of him, named 
Socrates as the philosopher, tried to generalize this study, since they were surprised 
Theodorus did not go further. 

 
We will discuss now Theaetetus’ account. 

  
5. Introduction to Socrates-Theaetetus’ work. 

 
The problems of translation are both hard and numerous. Since our analysis does not depend 
of the translation, we will use the classical translation of Harold Fowler in the Loeb 
collection. When necessary, we will correct it. 
 



 
6. The “division of the entire number”. 

 
Theaetetus details the different steps of their work. 
 

i) Algebraic-geometric correspondence. 
They associated to any integer n a rectangle (possibly a square) of surface this integer in 
the following way: 

a) If n is a ‘square’, i.e. there exists an integer m such that n = m2, they associated 
it to the square of sides m. 

b) Otherwise they associated it to a strict rectangle, for instance of sides (1,n). By 
the way, we see how wrong is the usual claim that in Greek mathematics one 
was absolutely separated from the numbers! 

 



 
 

ii) Squaring a surface. 
 

Now to every such rectangle, they associated a square. This is done by a standard procedure 
giving the geometric mean between to numbers i.e. constructing some x such that m:x = x:n  
as shown below: 
 
 

 

 
 
It is an easy consequence of Pythagoras’ theorem and a particular case of the proposition 14 
of book II in Euclid’s Elements.  

m n 

x 



 
7. The method of “Socrates-Theaetetus’ theorem”. 

 
 

i) First step. 
Usually it is modernized as follows: 
The set N of all integers is divided into two sets C and N’ where C := {1, 4, 9, …} is the 
set of all square numbers and N’ := {2, 3, 5, …} the set of the non-square. 
The boys called an elements of C an ‘equal sides number’ (‘isovpleuro"’) and an element 
of N’ an ‘elongated number’ (‘promhvkh"’). 
As a matter of fact, it is inexact since both definitions are positive, as confirmed by a new 
name (‘elongated number’) and not only a negative one (‘non equal sides number’). The 
‘elongated number’ is an integer such that his factorizations in 2 factors are always (‘ajeiv’) 
product of two unequal numbers. 
 
ii) Second step. 
The sides of the squares associated to the first kind of integers (the ‘equal sides numbers’) 
are called the ‘length’, the second one (the ‘elongated numbers’) are called the ‘powers’, 
and in modern symbolism they are for instance √3, √5, … 
 

Thus, the boys obtained a general theory, where their master Theodorus had to work ‘case by 
case’ (‘kata; mivan eJkavsthn’), and like Socrates, we can understand the pride displayed by 
Theaetetus 

 



 
8. The effectiveness of Socrates-Theaetetus’ method.  

 
 
The method is as follows. Given an integer n, we consider its factorizations into two terms, 
and we must check if any of these products is the product of ‘equal by an equal’, so that it is a 
‘number of equal lengths’. Otherwise it is always the product of two unequal numbers and it 
is an ‘elongated number’. The side of the square corresponding to n is either ‘length’ or a 
‘power’. 
 
The effectiveness of the method, tested in the frame of Theodorus lesson, seems excellent. For 
instance, we have: 
 
3 = 1 x 3 = 3 x 1, and 3 is an ‘elongated number’, since no product is the product of a number 
by itself.  
 
5 = 1 x 5 = 5 x 1, and 5 is an ‘elongated number’. 
 
And so on for the odd number till 17 : 
7 = 7 x 1 = 1 x 7 and 7 is an ‘elongated number’. 
 
9 = 1 x 9 = 3 x 3 = 9 x 1, this time 9 is the product of an equal by an equal’ and so it is a 
‘number of equal lenghts’. 
 
11 = 1 x 11 = 11 x 1, and 11 is an ‘elongated number’. 
 
13 = 1 x 13 = 13 x 1, and 13 is still an ‘elongated number’. 
 
15 = 1 x 15 = 3 x 5 = 5 x 3 = 15 x 1, and 15 is once again an ‘elongated number’’. 
 
Finally 17 = 1 x 17 = 17 x 1 is also an ‘elongated number’. 
 
And we could go on and even apply the method to even numbers. It looks like the boys have 
surpassed their master. 



 
9. The failure of the Socrates-Theaetetus’ method. 

 
Unfortunately, this presentation is misleading. Outside of the lesson, i.e. the small numbers it 
is useless. 
For instance, for n = 5040 = 7!, there are 60 divisors and therefore 60 products to test.  
 
But the main problem is the extreme difficulty to obtain the divisors of a number, even using 
modern computers. 
Thus, what the commentators present usually as a testimony of Theaetetus’ genius, is 
ultimately a dead end, grounded on a too hasty generalization of special cases. This should be 
compared with the simplicity and effectiveness of Theodorus’ method. 



 
10. Socrates-Theaetetus’ Theorem, an unreasonable statement. 
 
To summarize, the Socrates (the younger) and Theaetetus have defined or redefined the 
numbers ‘of equal lengths’ and the ‘elongated numbers’, and then, two new terms, the 
‘length’ and the ‘powers’, as the sides of squares. However, no theorem was stated, and no 
proposition appears in the text, let alone a proof. 
So, what is this mysterious Socrates-Theaetetus’ theorem? 

 
It is deduced from the statement at the end of Theaetetus’ account in 148b1: 
‘wJ" mhvkei me;n ouj xummevtrou" ejkeivnai"’,  
Translated by Fowler as: 
‘because they [the ‘powers’] are not commensurable with the others [the ‘length’] in length’. 
 
Ignoring some difficulties or mistakes in the formulation of the sentence, its transcription in 
modern terms would be: 
The square roots of a non-square integer are irrational. 
 
It appears as an evident consequence of what was previously done. Since the boys did not 
give any proof , it could only be a consequence of Theodorus’ lesson. And we know it is not. 
So the failure of the young boys concerns not only the effectiveness but also the theoretical 
point of view.  
 
Their purely nominal method could not prove anything especially not what was the 
central point of Theodorus’ lesson: the irrationality of some square roots.  



 
11. Conclusion. Irrational Plato? 

 
So, concerning Plato’s text, how is it possible to qualify but unreasonable: 
  

i) To give carelessly one of the most important results of Greek mathematics, the 
foundation of the theory of the irrationals in the book X of Euclid’s Elements? 

 
ii) To consider it as a complete evidence consequence of a lesson stopped at 17 

without any explanation? 
 
iii) To never indicate it was a proposition and consequently the necessity of a proof. 

Not even to indicate it as a conjecture, though according to Theaetetus’ account 
the young boys wanted to get definitions not proposition, let alone conjectures? 

 
iv) To make Theaetetus speaking an irrelevant sentence which will be at the center of 

Theaetetus’ work as a future mathematician? 
 

v) Even if we would agree with the thesis the sentence is a proposition or a conjecture 
given or proved by Socrates (the younger) and Theaetetus, how is it possible to 
consider seriously Plato on mathematics as he paints two very young boys, almost 
children, proving spontaneously a so difficult result their well-known master did 
not know or was unable to prove? And moreover 

 
vi) Rather than running to Theodorus to discuss their discovery, Theaetetus told it 

during a philosophical discussion about the definition, and only because Socrates 
blamed him for having misunderstood a simple question? And moreover 

 
vii) As hearing such a discovery, Theodorus stays mute, still interested in some 

‘abstract speculations’ or childish plays, the field of philosophy instead of the only 
really serious things, Geometry (cf. 165a2)? 



 
Since we are into an unreasonable frame and Plato’s book ends on a series of questions 
without any answer, I will do the same but adding one last question: 
 

viii) How such a text, with so many ambiguities, awkwardnesses, approximations 
and inconsistencies could ever be understood by most historians of 
science/commentators/ translators as some posthumous tribute to a dear 
deceased friend and colleague? 

 


