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It is proved that an analytic symplectomorphism close to an integrable one can be repre-
sented as an isoenergetic Poincaré succession map for a vector field close to an integrable
one.

The paper is devoted to a rigorous proof of the following well-known claim: “In the real-
analytic category, the study of perturbations of integrable diffeomorphisms is equivalent
to the study of perturbations of integrable vector fields”. The Poincaré succession map
transforms vector fields into diffeomorphisms. The suspension construction provides the
inverse transition and can be performed in the smooth category without essential difficulties
[1-4]. The analytic case turns out to be much more complicated (see the discussion in [5,
§26.3]). The only proof we know of the existence of the inverse transition in the analytic
situation is contained in Raphael Douady’s thesis [6], and thus is hardly available. Moreover,
it has a more important shortcoming, since it is based on the Grauert analytic embedding
theorem, and therefore is not constructive. That is why the proof [6] does not allow to
estimate the magnitude of the perturbing vector field and its analyticity radius; thus, it
is hardly suitable for a refined analysis of perturbed diffeomorphisms, e.g., for the proof
of the analog of the Nekhoroshev theorem [8] for their iterations. In fact, the inclusion of
the e-perturbation of an integrable symplectomorphism into a Hamiltonian flow close to an
integrable one permits to prove the following fact: let Ap(NN) be the variation of the action
variable under N iterations of the symplectomorphism; then

| Ap(N) |[< C1e® if N < Cyexp(Cze™?).

The exponents are determined by the unperturbed symplectomorphism, while the constants
Cq, C3, C3 depend essentially on the analyticity radius for the Hamiltonian, whose flow
includes the perturbed symplectomorphism. Therefore, if we are unable to control this
radius, we can hardly claim that the “perturbed system is stable for a very large time
interval if the perturbation is small”, since a priori the stability interval may depend not
only on the magnitude of the perturbation but on its other properties as well.

In the paper, in conformity with the author’s taste, we pay attention mainly to sym-
plectomorphisms (i.e., symplectic structure preserving diffeomorphisms). The proof below
is valid also in the nonsymplectic case, which we discuss briefly at the end of the paper.
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number of issues directly related to the matter of the article with me and Raphael Douady,
who gave me a copy of his thesis [6]. I am grateful to V. F. Lazutkin, who acquainted me
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1. THE STATEMENT OF THE MAIN RESULT

For a subset X C R™ and § > 0, denote by X(J) the complex d-neighborhood of X in
C™. For the torus T™ = R™/Z™, define T(§) = {z + iy € C™/Z™ | |y| < §} (here and
henceforth | - | is the Euclidean norm in R™ and C", n > 1). For X C R™ put

A™(X)=T" x X, AT(X)=T"(8) x X(§), A™=T™ x R™. (1.1)

Fix n > 2. We denote points of A"~! by (¢,p), ¢ € T"" !, p € R"!  and points of A" by

(¢,p); then ¢ = (q,qn), P = (p,pn), where (g,p) € A",
Let 6y > 0, P be a convex neighborhood of the origin in R*~!, and

f: A" (P) x (=1,1) - A"

be a smooth map such that

a) Ve € (—1,1) themap f=: A" 1(P) — A"~ (¢,p) — f(q,p,¢) is globally canonical
with respect to the symplectic structure defined by the form wy = dp A dg = dwy,
w1 = pdgq on A™~ L. In other words,

[ wr — w1 =dg°(q,p) (1.2)

for some smooth function ¢¢ (in particular, f*ws = df**w; = wo);
b) the map f° is Liouville integrable, i.e., f°(q,p) = (¢ + Vh(p),p);
¢) the maps f¢, ¢ € (—1,1), and h can be extended to complex-analytic maps

for AL P) = ATTH(P), h: ALTH(P)—C (1.3)

such that for some K > 0 we have
|h| < K, |Vh| <K, |[0°h/op:Op;|| <K, |0f/0¢] <K (1.4)
in Ago_l(P) x (—1,1) (we denote by || 9?h/0p;Op; || the norm of the linear operator

with the matrix (82h/0p;dp;) ).

Consider the symplectic manifold (A™(Q), dp A dq). Here the domain Q C R™ is the image
of the domain P x (—1, 1) under the map (p, v) — (p,v—"h(p)). Put M° = {(g,p) € A™(Q) |
¢n = 0} and consider the Hamiltonian H°(G,p) = p, + h(p) on A™(Q). It corresponds to
the Hamiltonian vector field

VO = al +Z@(p)i (1.5)

and to the succession map S with respect to the (transversal) plot M,

5°(g,0,p,pn) = (g + Vh(p),0,p,pn).
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The isoenergetic succession map with respect to the plot Mg? = M9 N {H® =0}, 0 €
(—1,1), has the form

For any 6 it is conjugate to the symplectomorphism f° by means of the symplectic embed-
ding
jo: A"THP) = A", (g,p) = ((¢,0), (p.0 — h(p)))-

If M’ is an analytic hypersurface in A" close to M?, and H’ is an analytic Hamiltonian
close to H?, then the succession map S’ : M’ — M’ and the isoenergetic succession map

Sh: My = M N {H =0} — M,

are defined for the Hamiltonian vector field V.. The latter notation is not quite correct,
since the domains of the maps S” and Sj are, in general, a little bit smaller than M’ and
Mj,. By virtue of analyticity, the hypersurface M’ is a strict subdomain of its analytic
extension M”. Then, if the surface M" is sufficiently close to {(¢,p) | ¢» = 0}, and the
Hamiltonian H’ to H°, the maps S’: M’ — M" and S} : M}, — M}/ are well-defined.

Fix an arbitrary §’ such that &' < 6o(1 +3K)~ (1 +2K)~!. For § < §y put

0(6) = A?(Q)7 Q= {(papn) | p€P,pn €R, | Dn + h(p) |< 1}.

Theorem 1. For |e| < eg, with sufficiently small ey > 0, there exist a Hamiltonian vector
field Ve with an analytic Hamiltonian H® on the symplectic manifold (A™(Q), dp A dq)
and a hypersurface M® C A™(Q) such that V0 € (—1,1) the isoenergetic succession map

Sg: Mg =Mn{H® =0} - M;
is conjugate to f°. The conjugation is implemented by means of a symplectic embedding jg,
j5: ATTU(P) > AM(Q), J5(ATTL(P)) = M.

In other words,
Sgodg=1Jgof° (1.6)

in a subdomain of A"~!(P) that is the common domain (of definition) for the left-and-
right-hand sides. Moreover, the function H® admits the holomorphic extension to O(¢'),
and the map jj, to the domain Ag,_l(P). These analytic extensions satisfy the following

estimates:
|H® —pn — h(p)| < Clel, g — dol < Clel. (1.7)

The quantities g and C' depend only on n, &y, 0, and K.

Remark 1. Due to bounds for the analyticity radii of the maps H*® and j; and estimate
(1.7), both the left-and-right-hand sides of (1.6) admit an analytic extension to the entire
domain A}, (P).

Remark 2. By virtue of the second estimate (1.7), the hypersurface M¢ is C|e|—close to the
hypersurface M® = {g, = 0}. Therefore, the isoenergetic succession map Sg and, hence,
the symplectomorphism f¢ are conjugate by means of analytic symplectomorphisms to the
isoenergetic succession map with respect to the hypersurface M° N {H¢® = 6}. By the first
of the estimates (1.7) and the Cauchy inequality for derivatives of holomorphic functions,
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for |e| sufficiently small and |0] < 1 the equation H¢(§,p) = 6 can be resolved with respect
to pn: Pn = K(q,p, qn;0). Moreover, the function K can be extended analytically to O(48")
and |K(q,p, qn; 0) + h(p) — 0] < Cle| there. Therefore, phase trajectories of the vector field
Ve on the surface {H® = 0} obey the following Hamiltonian system

0q;/0qn = 0K /0p;, 0Op;/0¢, = —0K/0q;, i=1,...,n—1 (1.8)

(isoenergetic reduction, see [10, §45.B]). Thus, they are trajectories of a nonautonomous
Hamiltonian system, which is 1-periodic with respect to the variable ¢, playing the role of
time. The map Sy° is conjugate in the symplectic analytic category to the shift map along
trajectories of system (1.8) during the time interval [0, 1].

Theorem 1 allows to deduce theorems on invariant sets of analytic symplectomorphisms
close to integrable ones from the corresponding statements for vector fields. It allows also to
reduce the investigation of higher iterations of such symplectomorphisms to the asymptotic
study of trajectories for Hamiltonian vector fields close to integrable ones.

We present the proof of the theorem in the following section. It can be thought of as
a constructive version of a rather natural approach due to R. Douady [6]. It consists of
two stages. First (step 1), we prove that the analytic manifold B¢ arising in the suspension
construction [2, 3] for the diffeomorphism f¢ is analytically diffeomorphic to a subdomain
of A", and the diffeomorphism itself is conjugate to the succession map for an analytic
perturbation V¢ of the vector field V°. Then, (step 2) we prove that one can amend the
constructed diffeomorphism by means of an automorphism of A™ such that the improved
diffeomorphism B° — A™ becomes a symplectomorphism from B¢ to a subdomain of A™,
and the field V¢ becomes Hamiltonian. The assertion of the first step is, essentially, a
constructive version of the Grauert theorem for the manifold B%. The proof of the assertion
of the second step is based upon a rather traditional application of the Moser-Weinstein
theorem.

2. THE PROOF OF THEOREM 1

Henceforth we denote by C, C’, Cy, Cs,... constants in estimates, which can vary in
different places and depend only on n,dg, ¢’, and K. All complex analytic maps below are
real for real arguments. As a rule, we do not mention this and omit the trivial verification of
this property. We write “diffeomorphism” to denote a diffeomorphic embedding. To derive
estimates we make use of the condition “gy is sufficiently small” in a systematic way.

Fix numbers a < 0, b > 1 such that [b — a| < 3/2. Denote

A=A"1(P) x (a,0) x (=1,1) = {(¢,p,u,0)}, A5 = A" (P) x (a,b)s x (~1,1)s,
where (¢, d)s with ¢ < d denotes the rectangle in the complex plane of the form
(e,d)s ={(z+iy) €eClc—d <z <d+4,|yl <}
We equip A with an equivalence relation ~. such that £ ~. n if the map
E*: (q,p,u,0) = (f(g;p),u = 1,0).
either takes £ to 7, or, conversely, takes 1 to £ (note that the domain of the map E° is a
strict subdomain of .4). We denote the quotient space A/ ~. by B° and endow B¢ with a

structure of 2n-dimensional analytic manifold; the canonical map 7: A — B¢ that assigns
to a point of A its equivalence class is a local analytic diffeomorphism with respect to this
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structure. Then a function A : B — R is analytic if and only if the function 7*h = ho 7 is
analytic. Note that for any 6 € (—1,1) the subset

Bgzﬂ'{(q7p’u,’l}) 6./4'1}:0}

is an analytic submanifold of B°.

Consider the 2-form as = dp A dg + dv A du on the manifold A. Since the map f¢ is
a symplectomorphism, we have E®*as = a9, and oo defines a closed 2-form w5 on the
manifold B¢. This form defines a symplectic structure on B¢ such that the map 7 is a local
symplectomorphism with respect to this structure.

The map E° respects the vector field 9/0u on A, thus defining a vector field V on
Be. This field is tangent to every manifold By, 6 € (—1,1), and is Hamiltonian with the
Hamiltonian function H, where H(w(q,p,u,v)) = v. Let Sy be the isoenergetic succession

map for the vector field V' on Bjj with respect to the submanifold

My = m{(q,p,u,v) |u=0,v=_0} C Bj.

Lemma 1. The map jo: A" 1(P) — B¢, (¢,p) — 7(q,p,0,8), conjugates the maps Sy and
fe

Proof. Consider the point &€ = jg(q,p) = 7(q,p,0,6). The shift along trajectories of the
field 9/0u in unit time takes (¢,p,0,0) to (¢,p,1,0). But w(q,p,1,0) = 7(f*(¢,p),0,0) =
0(f°(q,p)). Therefore, the shift along trajectories of the field V' takes the point jg(g,p) €

My to the point jg(f<(¢,p)) € My as required.

Thus, the suspension construction conjugates the map f¢ with the succession map for
a Hamiltonian vector field on the manifold B¢, depending on . To prove the theorem, a
symplectomorphism ¢° from the manifold 5° to a subdomain of A™ is to be constructed.
Thereafter we can put H° = H o (¢°)71, jo° = ¢ 0 jy. We construct the map ¢° as the
superposition p° = K°oG*, where G° is an analytic diffeomorphism from B¢ to a subdomain
of A" such that the form (G=*)~lws® is equal to dp Adq+ O(e) and K* is a diffeomorphism
of A™ compensating the discrepancy O(e) (and transforming the superposition K€ o G® into
a symplectomorphism).

The map G* solves the problem of analytic conjugation of the map f¢ with the succession
map for an analytic vector field on A™. The proof of its existence is the main step in the
proof of the theorem. Below we state the corresponding result as a lemma, to be proved in
the next section. Since ¢’ < &o(1 +3K)~1(1 + 2K)~!, we can choose numbers 6, §2,...,
8% such that

So>06' >8> >8>0, S > (1+3K), 6> (14 2K)8°. (2.1)

Lemma 2. If |¢| < g9 with sufficiently small €y, then there exist a constant C and an
analytic diffeomorphism Gg: B — A" such that the map G§: A — A" takes the point
(¢,p,u,v) to ((¢',qn), (p',v)) (ie., it is identical in the variable v) and can be extended
analytically to the domain Ags. In this domain it differs from G by less than Ce and

Go(g,p,u,v) = (g +uVh(p),u,p,v).

Remark 3. The image of the map G§ belongs to a polyannulus A™(X), where X is a n-
dimensional parallelepiped. Thus G§ defines an analytic embedding of B¢ into R?*", with
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a known lower bound for its analyticity radius, and the lemma provides a constructive
proof of the Grauert theorem for the manifold 5°. Conversely, a nonconstructive version of
Lemma 2 follows easily from the Grauert theorem. For the proof, we introduce a natural
structure of an analytic manifold in the set B = {({,¢) | £ € B%,¢ € (—1,1)} and construct
an embedding j: B — RY in accordance with the Grauert theorem. If B< is an arbitrary
compact set in B then, for |¢| small enough, the analytic map 7. : j(BS) — j(B°) assigning
to a point of B¢ the nearest point of By is defined. The map

A= A" (q,p,u,v) = (q+ uVh(p),u,p,v)
defines an analytic embedding GJ: B® — A™. We must still set
§=Gyoj lomojlp: .

Consider the map G1: A™ — A"™ given by (q,qn,p,0n) = (¢, qn,p,pn — h(p)), and put
G* = G1 0G§: B — A". Then the map 7*G® can be extended to Ass as well,

|T*GE — m*G°| < Chie Y(q,p,u,v) € Ags, (2.2)
where
TG (g, p,u,v) = (¢ + uVA(p), u, p,v — h(p)). (2.3)
Now we proceed to the construction of the map K°©.

Lemma 3. The form w§ is exact : w§ = dwj for some smooth 1-form wj on B°.

Proof. It suffices to find a smooth 1-form af on A such that daj = as = dp Adg + dv A du
and
Ef*af = af. (2.4)

We put of = pdq + vdu + dV(q,p,u,v). The differential of this form has the required
expression and we must still verify equality (2.4). By (1.2), we see that

E*af = pdq + vdu — dg® + d(V o E¥).
Thus, equality (2.4) holds if the function V' obeys the relation
VoE*=V+yg (2.5)

on the whole domain of the map E*°.
A smooth function ¢%(g,p) on A" 1(P) can be recovered uniquely, up to a constant,
from its differential by the formula

9°(¢,p) = /dgs,
Yy

where v is any smooth path from a fixed point (go,po) to (¢,p). By virtue of (1.2), the

n—1

form dg® can be extended analytically to A /2 (P)N A™~1 if |¢] is small enough. Therefore

the function g°(f°(q,p)) can be extended analytically to A"~!(P). To construct a smooth
function V satisfying (2.5), we take for V' a smooth extension on A of the function that is
equal to zero for a < u < b—1 and equal to g°(f¢(g,p)) for a + 1 < u < b. We shall use in
a systematic way the Cauchy estimate for derivatives of holomorphic maps, in particular,
in the following form:
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Lemma 4. Let g : As — C" be a holomorphic map whose modulus does not exceed one.
Then for ¢’ <6 and j =1,2,...,n we have

09/0g;] < (5 —06")7", [99/0p;| < (6 —3")7"

everywhere in Ag.

For § < 63, denote
DfF=G*(B°)=(moG°)AC A", D= (n"G)As, (2.6)
and define a 2-form on D¢ by putting
7 = (G)7lws = ((G° om)") 'z,

The map G® o m: Ass — Djs is a local biholomorphism. Since ay can be extended to a
(2,0)-form (see [7]) with constant coefficients on Agss, the form 75 can be extended to Dj,
as a holomorphic form. By Lemmas 2 and 4, the maps 7*G¢ and 7*G" are Ce-close on Ags
with respect to the C'-norm. One verifies directly that (G° o 7)*dp A d§ = a. Therefore
7Y = dp A d§ and if Ay, =5 — dp A dg, then

|A7ya| < Cae  everywhere in DS, (2.7)

where |A7,| stands for the maximal modulus of the coefficients of the (2,0)-form in its
expansion with respect to the basis dzy A dx;, x = (p,¢),1 < k,1 < 2n.

Lemma 5. There exists an analytic differential form Avy, in D® such that dAy, = A~s.
Moreover, Ay, can be extended to O(6°) as a holomorphic (1,0)-form, and the estimate
|Av1| < Cle| holds for the extended form.

Proof. Observe that the map G¢ o 7 is an affine mapping with respect to the variable v.
Therefore, for all C' > 0 the forms 5 and A~vs admit an analytic extension to the domain
D5, (C) consisting of points of the form (q,qn,p,pn + v), where (¢,¢n,p,pn) € D5s and
v € C,|v] < C. Moreover, the estimate (2.7) is valid in D% (C), with a constant Cy
depending on C'. For sufficiently large C, the map

W: D5i x [0,1] = D5 (C),  (q,p.t) — (,tp)
determines a holomorphic homotopy between the identity map Wi: D5, — D5, and the

natural projection Woy: D5, — T™(1) x {0}. Consider the form @ = W*A~, on D5, x [0, 1]
and define a form D) on D5, by

DQ = /1(8/0tJQ)dt
0

(the integral is to be understood as follows: we write out the form 9/0¢|€) in the natu-
ral coordinate system for the manifold D5, x [0,1] and then integrate its components as
functions). The following homotopy formula holds [11]:

A’YQ - Al’)/Q = dDQ, Al’}/Q = WJA’YQ (28)
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The forms A7y, and D) are holomorphic in D5,. By virtue of (2.7) we have
[A1ye| + D < C7e] (2.9)

everywhere in D, .
It follows from the explicit form of the map G o 7(see (2.3)) that

(G o 7) Mg, @ns 2, Pn) = (¢ — @ VR(D), G, P, P + B(P)).
Set § = 0*(1 +2K)~ L. If (¢, gn, P, Pn) € O(J) then 0 < Rq,, < 1, and by (1.4) we have

1S5(q — ¢ VR(p)| < [Sq| + [Sn|[RVA(p)| + +|Rqn||Sm Vh(p)|
<5+ 6K + |S(Vh(p) — VR(Rp))| < 8(1 + 2K)

and
1S(pn 4+ h(p))] <+ K.

Therefore (G° o 7)~1O(5) C Aj4, and consequently
O(0*(1+2K)™) C (G° o) Ass = Dl

From estimate (2.2) and Lemma 4 we see that the set D5, = (G® o 7).As4 contains the
Cle|-interior of the set DY, = (G° o m)Asa. Since 6° < §*(1 + 2K)~!, the domain D,
contains O(6°) for sufficiently small |e|. Now consider transforms S; of the domain O(5%):

Sl((jaﬁ) = ((j+l,ﬁ)a le Rn, |l| < \/ﬁ

The maps S; are homotopic to the identity map. Therefore, in the same way as above, we
have Ajvy = S A1z 4 d€Y; for some 1-form € that can be extended to a holomorphic form
in O(6°) and does not exceed C|e| there. Integrating the latter equality with respect to
1 €[0,1]™, we get

Arye = Aoy + dQl, Agye = /Sl*Al’ygdl. (2.10)

Since the coefficients of the form A;+y5 do not depend on p, the coefficients of the form Aoy
are constant, and |Agys| + | < Cle| everywhere in O(6°).

From (2.8) and (2.10) we derive Ay = Agvys + d(Q! + DQ); by Lemma 3, the form A~y
is exact. Therefore, the form As~ys is exact as well, and Asys = dy; for some smooth form
~v1 everywhere in D¢.

By averaging the latter equality with respect to ¢ € T™ we obtain

Npya =dv), A= a;(p)dp; + b;(p)dq;
j=1

and
da;(p) .- 0bi() .
A = L dpe A dp; + =22 dp A dGs).
2= ( op Dr by + =5 —dp aj)
This means that the derivatives

da;(p) /0, = C¥,  9b;(p)/0p, = C'5, |CH| +|C"5| < Cle| Vi, k
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are constants and a;(p),b;(p) are affine functions whose gradients do not exceed C’|e|.
Replace the functions a;(p) and b;(p) in the expression for the form ¢ by a;(p) —a;(0) and
b;(p) — b;(0), respectively, and denote the form thus obtained by 7{°.Then dv{° = dy? =
Agyz and [19°] < Ciel.

Thus Avyp = d(QF +DQ++°). Coefficients of the forms Q, DQ and 7{° can be extended
holomorphically into O(6°) and do not exceed Cle| there.

Remark 4. Lemma 5 provides a constructive proof of the following fact: if a closed analytic
form is exact in the smooth category then it is exact in the analytic category as well. This
assertion is equivalent to the analytic version of the De Rham theorem: the kth cohomology
group of a real analytic manifold is isomorphic to the quotient group of closed analytic k-
forms by the subgroup of exact forms. For compact manifolds this theorem is an obvious
consequence of the Hodge decomposition. In the noncompact case the latter is not at our
disposal. Nevertheless, the assertion remains true. Its proof can be obtained by using the
theory of coherent analytic sheaves [12]. The above proof of Lemma 5 (in fact, borrowed
from [11]) leans heavily on the fact that the manifold A™(Q) admits an analytic deformation
retraction on the torus T™ x {0}. It seems that no constructive proofs of the analytic version
of the De Rham theorem are known in the general case.
Lemma 6 (Moser-Weinstein). There exists an analytic diffeomorphism K€: D® — A"
such that K*(dp A dq) = ~5. The map K¢ can be extended to a biholomorphic diffeomor-
phism O(6%) — T"(1) x C™ that is C'|e|-close to the identity map.
Proof. We put
we =73 +H(dp AN dg—3) = dp NdG+ (1 —1)Ay,

and construct a nonautonomous vector field & (p, ¢) on the manifold D such that & |w; =
Ary;. By virtue of estimate (2.7) and Lemma 5, the vector field is well-defined and can be
extended analytically to the domain O(§°) so that

(D @)| < Cle| Y(p,q) € O(S). (2.11)
Denote by ; the shift operator along trajectories of the field & for the time interval [0, ¢].
By virtue of (2.11), for any ¢ € [0, 1] the map ¢; can be extended analytically to the domain

O(8%) and differs there from the identity map by no more than Cat|e|.
By the main formula of differential calculus [2, 13] we have

() = 6 (S5)) + gt (€)=~ (85) + i () = digf (= Ay + B) = .
Hence @5 (dpAdq) = 5 (w1) = ¢f(wo) = 75, and the lemma is proved if we take K€ = ;. O
Now we complete the proof of Theorem 1. Denote by M35 the image of the map j§, where

jo =Ko G ojg: A" (P) — A",
and put M® = U{Mj| —1 < 6 < 1}. The map jj is symplectic as the composition of
the symplectic maps jy and K€ o G°. By Lemmas 2 and 6 it can be extended analytically
to A2 7'(P). Since for u = 0 the map K¢ o G¢ is Cle|-close to the map (g,p,0,0)

(¢,0,p, 8 — h(p)), we obtain estimate (1.6) for j5.
By virtue of Lemma 1 the conjugation of f¢ by jg is the succession map for the vector

field (K< o G°), V. The field is Hamiltonian and corresponds to the Hamiltonian H¢,
Hf =Ho(G%) o (K®)™ = (n*H) o (x*G%) Lo (K°)7 L. (2.12)
By Lemmas 2 and 6, the right-hand side of (2.12) can be extended to a complex analytic
function on O(¢’), Cslel-close to the function
(7" H) o (7" G°)~" (¢, u,p, 0) = 0 + h(p),
thus proving estimate (1.7) for the function He.
The last assertion of the theorem follows from the definition of the constants C.
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3. PROOF OF LEMMA 2

We begin with the definition of a certain class of analytic manifolds containing the manifolds
B¢, Let the domains A and A be as in §2, and g be an analytic map from A"~ 1(P) x (a, b)
to A"~ Introduce the following equivalence relation in A: (gq,p,u,v) is equivalent to
(¢',p',u,v') if either
(d.p)=9(g,;p,u), v =u-1, v =v,
or
(Q7p):g(q/7p/7u)7 uzu’_l,'U:’U/.

Denote by B, the analytic manifold obtained by taking the quotient of A with respect to
this equivalence relation.

Let F be a diffeomorphic analytic map of A into A"~1 x (a,b) x (—1,1) that is identical
in the variables u and v. The assertion below follows directly from the definition. Here and
further we denote by x the pair (¢,p) € A"~ }(P).

Lemma 7. The map F defines an analytic diffeomorphism F : By, — Bg,, provided the
following diagram is commutative on the common domain:

(z,u,v) —— (ga(z,u),u—1,v)

Fl lp (3.1)

(@' v) —— (qu(a’ ) 0 = 1,0)

In this case _
For=moF. (3.2)

Note that if g(«, u) = z, then the manifold B, is analytically diffeomorphic to the product
T" x P x (0,1). Therefore, to construct the map G, it suffices to find a map F' that makes
the diagram (3.1) (with g = f© and g;(x,u) = ) commutative.

All the functions arising in this section do not depend on the variable v, while the maps
from A onto itself are identical with respect to v. That is why we omit, as a rule, the letter
v below. By a certain abuse of language, we write (x,u) € A instead of the more precise
notation (z,u) € As" ' (P) x (a,b)s.

The map Gf will be constructed as the composition Gg = (G)_l o F'. We begin with the
map F. We set go = f¢ = (f%9, f°P) and F(q,p,u,v) = Fy = (¢ + uVh(p),p,u,v) in the
diagram (3.1). One can verify directly that the diagram (3.1) can be made commutative by
means of a map ¢1(q,p,u) = (97, 97)(q,p,u) that is defined as follows:

gt (q,p,u) = (g — uVh(p),p), (3.3)
91(q,p,u) = f*U(q — uVh(p),p) + (u — 1)Vh(f" (¢ — uVh(p),p)). (3.4)

Observe that
(q - th(p),p, u) S A50 V(Q7p’ u) € 'A‘SO/(IJrSK)’ (3'5)

Since §' < 8o/(1 + 3K), for (q,p,u) € As1 we obtain from (3.5) and condition (1.4) that
1£°(q = uVh(p),p) — (¢ — uVh(p) + Vh(p))| < Cle],
/(¢ — uVh(p),p) —p| < Clel,  [VA(f") = Vh(p)| < Cilel.
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These inequalities and expressions (3.3), (3.4) for the map g; imply the proximity of ¢g; and
the identity map:
lg1(z,u) — x| < Cle| V(z,u) € Asr.

Let F': By, — By, be the map assigned to F' by Lemma 7.

Now we proceed to the construction of the map G. Take gy(x,u) = z and gy (z,u) =
(91, 97)(x,u) in diagram (3.1). Let the map F' = G make the diagram commutative. Denote

g(z,u) =z — g1(z,u), Gz,u)=(z+ f(z,u),u).

Then ~
lg] < Cle] V(z,u) € As, (3.6)

and the maps g and f are related by
x+f(1’,U*].) :x+f(a:,u) fg(x+f(x,u),u),

or

flzyu) = f(r,u—1) — glx + f(x,u),u) =0. (3.7)

Lemma 8. There exists a function f(x,u) that satisfies (3.7) and can be extended to a
holomorphic function on As2 not exceeding Cie there.

Take Lemma 8 for granted. Then, in view of Lemma 4, the map G is invertible and the
inverse map takes the form

G (zyu,v) = (x4 [ (z,u),u,v), (3.8)

where the function f~(z,u) can be extended to a holomorphic function in Ass, bounded
by Csle|. Hence, by Lemma 7, the map G~ = (G)~! takes B,, to the manifold By,,
g2(x,u) = z, i.e., into a subdomain of A™. Since

G oFor=mog oF
by Lemma 7, Lemma 2 follows from (3.6), (3.8) and the bound for f~.
Now, Lemma 8 is still to be proved. The rest of the section is devoted to this task. We

carry out our proof by using the Newton accelerated convergence method and outline it
without details. The reason for our brevity is explained in the concluding Remark 5.

Proof of Lemma 8. Denote by D the difference operator with respect to u:

Df(u) = f(u) = f(u—1).

We linearize equation (3.7) assuming that the map f is small. It is convenient to write out
the linearized equation in the following form:

Dcp(m,u) JrG(x,u)cp(z,u) = gl(‘r7u)7 G(I,U) = 79;(I7u)|w:x+lpo(m,u)7 (39)

where g1 (z,u) = g(z,u) and ¢y = 0.
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Lemma 9. Suppose that the functions o and g, are holomorphic in a domain As, 6 < ot
and |po| < &' <|el, lg1]| < 1. If 6 < § and

= 1 1
Clel < 00" =8), &' < 3" =9) (3.10)

(the constant C is the same as in (3.6)), then there exists a function (x,u) in Aj such that

CQ|€|
lol < Cq exp{MM} (3.11)

and ¢ obeys relation (3.9) for all the points (v,u) € Aj; such that (z,u — 1) € A;. The
constants Cy and Cy in (3.11) do not depend on 6,4, 4" .

The proof of the lemma is based upon the study of the operator D in the space 2As of
holomorphic functions on (a,b)s that are real for a real argument, endowed with the sup-
norm || - ||5. The lemma stated below will be proved at the end of the section.

Lemma 10. For any 0 < ¢’ < § there exists a linear operator L: 205 — s such that
DoLf(u)=f(u) Yue{ueClu,u—1E¢€ (a,b)s} (3.12)

and
ILflly < Cllflls(6—0")7" (3.13)

We deduce Lemma 9 from Lemma 10. To do this, denote § = (§ + 6)/2 and consider the
function
k(z,u) = L(ln(1l + G(x,u))).

By (3.10) and the Cauchy estimate we have |G| < 2C|e|(6* — §)~!. Therefore, by virtue of
Lemma 10, the function x is holomorphic in the domain Az and

|k(z,u)| < Cle|(6 —§) (0" — &)~ L. (3.14)
The substitution
o =" (3.15)

in (3.9) gives an equation for ¢y:
Doy (z,u) = g1 (z, u)e @0 (1 + G(x,u)) L. (3.16)

We obtain the solution ¢1 (z, 1) by applying the operator L to the right-hand side of (3.16).
After that, we recover ¢ by means of expression (3.15). Then, by (3.15) and Lemma 10
with 6 = 0, &' = 6, we see that ¢ is holomorphic in Az, and estimate (3.11) is valid.

On the base of Lemma 9, the statement of Lemma 8 can be established by applying a
well-known version of the generalized implicit function theorem (see [4, 14]). However, the
simplicity of the setup allows to proceed directly.

Form=1,2,..., we put

Om =0 1=~ (1724272 4. 4+ m™2), v =(01-02/H1"2+2724.. )7t

(note that §' > §; > dy > .-+ > §2). We search for the solution of (3.7) by the successive
approximations method. Here, we look for the m-th approximation ®,, in the form ®¢,, =
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o1(z,u)+ -+ ©m(z,u), where ¢, is a holomorphic function in As_,m = 1,2,.... Denote
sup |¢m| by em and the discrepancy of the m-th approximation by A,,:

D, = g(x + P, u) + Az, u). (3.17)

Then D®,, 11 = g(x + g1, u) — g(@ + Py, u) + A1 — Ay,. Taking a solution of the
equation
D®, 1 — g (x4 Py )P = —Ayy (3.18)

for ®,,11, we see that
Am—&-l == *(g(x + (pm—i-lau) - g(i]'] + (I)mau) - g/(ZIZ + (I)ma u)(I)m-‘rl) (319)

(we set @9 =0, Ag = g(z,u) for m + 1 = 1). Under the a priori assumption

1B (z,u)] < =(6 — 6,n) V(z,u) € As,, (3.20)

DN =

by (3.19) and the Cauchy estimate, for m > 1 we obtain the inequality |A,,41| < Clele2, 4

in Ajs,,,,. In view of Lemma 9, equation (3.18) for m > 1 gives

Emt1 = sup{|@m41| | (z,u) € As,,,, } < Cile| exp(Calelm?)es,.

If m+1 =1, then |Ag| < Cle| and 1 < C'|e|. Hence, if || is sufficiently small, the sequence
€m tends to zero superrapidly:
Em < Cl|€|(3/2) .

Therefore, the sequence ®,,, converges to a holomorphic function f in Az and |f] < Clel.
Thus, the a priori assumption (3.20) holds and, passing to the limit in (3.17), we see that
the function f(x,u) satisfies (3.7).

Proof of Lemma 10. Put f1(u) = (14+u?)f(u) and rewrite f*(u) in the form of the Cauchy
integral:
1 [ i)
1
=— ¢ ——=d
fru)=o— il
where T is the boundary of the domain (a,b)s. The contour I' is equal to ' UT'~, where

I't'=Irn{z|Rz<0}, T"=TnN{z|Rz>0}.

In accordance with this decomposition, the function f!(u) splits into the sum f* + f1=

where f!* is the integral along I'*. The function f'* can be extended analytically to a
band IT*, where

O ={z+iy ||y <d, z>a-3}, I ={zt+iy|ly<d, z<b+d}

Then we have
<=8 A+ ul) 7 flls Vu e T

Thus
flu) = +u?)7 () = fH () + f~(w),

where f* = (1 +u2)71 f1*(u), the function f* is holomorphic in the band II* and
[FEI<CLo =87 A+ ul) 72| £lls- (3.21)
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Put
Lif(w) ==Y fT(utn), L_fluy==3 [ (u=n).
n>1 n=>0
Now, by (3.21), the series defining the function Ly f(u) converges absolutely and uniformly
when u € (a,b)s and
[Lxfllsr < Cald = &'[7H fls- (3.22)

Moreover, D(L+f(u)) = f*(u) Yu € As. Put L = L, + L_. The operator L maps s
into s ; estimate (3.13) follows from (3.22), while (3.12) is a consequence of the relation
ff+f=r

Remark 5. 1t is proved by V. F. Lazutkin [9] that under the conditions of Lemma 10 there
exists a continuous operator L in the space 2As. The assertion of Lemma 8 follows from

this (fairly nontrivial) statement and the contraction mapping principle for Banach spaces.
Indeed, the substitution f(z,u) = Ly(x,u) in (3.7) leads to the equation

QD(Z’,U) = g((L’ + L(ga(x,u)), u)

for p(z,u), and its solution is a fixed point for the map

o(z,u) = gl + L(e(z,u)),u). (3.23)

In virtue of estimate (3.6), for || sufficiently small, (3.23) is a self map of a ball of radius
Ce] in the space of holomorphic functions on Asz, endowed with the sup-norm. Moreover,

(3.23) is a contraction in this space, and therefore it possesses a fixed point. Hence, Lemma
8 follows.

4. THE CASE OF NONSYMPLECTIC PERTURBATIONS

It was mentioned above in §2 that the maps G and G* constructed in Lemma 2 conjugate
the diffeomorphism f¢ with a succession map for an analytic Ce-perturbation of the original
vector field V? in a subdomain of A™. The proof of Lemma 2 does not use the symplectic
structure of the manifold B° and, therefore, does not employ the fact that the map f° is
symplectic. Since the vector field V' on B¢ is tangent to the manifold B§ and the map G
takes B§ to Ay = A" N{V = 0}, the field V¢ = (G§)..V = (G§om).(9/0u) is tangent to the
manifold AF. Denote by Vi the restriction of the field V* to the manifold Af and consider
the natural coordinate system (q1,...,¢n,D1,.--,Pn) on All. By virtue of the estimates of
Lemma 2 and the explicit form of the map (G o 7), the field V§ has the form

0 = B B
e _ OO 002 4 POg -2
VS = Qula.p)g-+ ; (QJ @)z, +F (4,p) apj>’

where the functions Q?, PJQ are analytic and
Q} = dh/p;| < Clel, |P}|
Qn — 1

everywhere in Agof/lcl (P) x T(60/C1). The constant C; depends only on K. In view of

Lemma 1, the map f¢ is conjugate to a succession map for the vector field Vi by means of
an analytic embedding of A"~!(P) into A%, C|e|-close to the embedding j, where

it A"H(P) = A, (¢,p) — (¢,p,0).

<Ole| Vi=1,...,n—1, W
< Cle '
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Therefore, the conjugation can be implemented by means of the embedding j itself. Denote
by W¢(q,p) the vector field (QV)~V§. Then

0 0 0
W= ot X (Qanigg + Blarig).

Jj=1

and estimates (4.1) hold for the functions @Q;, P;. The integral curves for the fields W¢
and Vi coincide. Therefore, the corresponding succession maps are equal. We can identify
the variable ¢,, with a time variable ¢ and treat W< as a nonautonomous vector field with
time-periodic coefficients. Thus we obtain the following assertion.

Theorem 2. Suppose that a smooth map f is as in (1.1) and satisfies conditions b) and
¢). Then for |e| < g, with a sufficiently small positive €g, there exists a nonautonomous
analytic 1-periodic in t vector field W¢(q,p,t) such that the shift map along trajectories
of the field W¢ in time interval [0,1] coincides with f€. Moreover, the field W< can be
extended analytically to the domain Ag(;/a (P) x {t € C | |Smt| < dp/C1}, and obeys

estimates (4.1) there. Values of €9, C, and C; depend only on n,dy, and K.
§5. PERTURBATIONS OF BIRKHOFF INTEGRABLE MAPS
Introduce a symplectic structure in the space
R* 2 ={(z,9)} ={(z1, .., Tp_1, Y1, Yn_1)}
by means of the form dx A dy. Fix numbers a1,...,a,-1,b1,...,b,_1 such that
a; >bj,a; >0,b; #0 Vy,
and consider the domain 2 C R2"~2,
A= {(z,y) | 2a; > x5 +y; >2b; Vj}.

In particular, when b; < 0 Vj, the domain 2 is a polydisc. Let f: 2 x (—1,1) — R272 be
a smooth map such that

a) Ve € (—1,1) the map f¢(z,y) = f(z,y,e) is globally canonical, i.e., f*zdy =

xdy + dg®(z,y),
b) the map fO is Birkhoff integrable, i.e., fO(z,y) = (X,Y), where for j =1,...,n—1

X; _ [ cosw;  sinw; x;
Y; sinw; —cosw; yi )’
=Vh S S Y
(wla"'7wn—1)_ (p177pn—1)ap]_§(x]+y]) Js
¢) the maps f¢,e € (—1,1), and h can be extended to complex—analytic maps
e A(6) — C*™ 2 h:A(6) — C

with modulus bounded by a constant K.
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Note that if b; > 0 Vj, it is possible to substitute symplectic coordinates (g, p), where

, 1
qj = Arg(z; +iy;), pj= 5(96? +93),

for the coordinates (z,y). In these new coordinates the domain 2 is equal to A™(P),P =
(b1,a1) X -+ X (bp—1,an—1), and the map f obeys conditions a)—c) from §1 (estimate (1.4)
follows from the Cauchy inequality, if dy is replaced by &) < dp). In particular, the coor-
dinates (g, p) are action-angle variables for the map f°, and the map takes the form (1.3)
with respect to these variables.

Ifb; <0 Vj, the domain 2 is a polydisc and the coordinate system (g, p) is singular at
the points of 2 where z; = y; = 0 for some j. The center of the polydisc is stable under all
diffeomorphisms f€. In this case the global canonicity of the maps f¢ is equivalent to their
canonicity. We need to study similar families of symplectomorphisms, for instance, when
investigating a single fixed symplectomorphism in a small neighborhood of an elliptic fixed
point. Then the small parameter ¢ is the radius of a neighborhood of the fixed point, while
the map f© is the linearization of the diffeomorphism under consideration at the point.

In the intermediate case b1, ...,bx >0 > bgy1,...,b,-1,1 < k < n—2, the Birkhoff inte-
grable map f° is not simultaneously Liouville integrable (in the entire domain 21). This case
corresponds to perturbations of an integrable diffeomorphism in a neighborhood of a family
of invariant low-dimensional tori (see [15] concerning similar question on perturbations of
integrable vector fields).

The proof from §2-3 for perturbations of Liouville integrable symplectomorphisms re-
mains essentially valid for the case of Birkhoff integrability. It allows to obtain the following
assertion, where B8 C R2*~2 x A'! denotes the domain

B = {(l’,y,l,’l}f h(p17' "apn—l)) | (x,y) € maso € Sla |U| < 1}

equipped with the symplectic form dz A dy + dI A dp.

Theorem 3. For |e| < gy with sufficiently small positive g, there exist a Hamiltonian
vector field V- with an analytic Hamiltonian H¢ on B and a hypersurface M*® C 8 such
that for § € (—1,1) the isoenergetic succession map

Sg: Mg=Mn{H® =0} - Mj
is conjugate to f¢ by means of an analytic embedding
jo: A— B, j5(A) = M.

Moreover, the function H¢ admits a holomorphic extension to the complex (6g/C4)-neigh-
borhood of the domain B, while the map j; can be extended to A(6o/C1). The following
estimates hold for the analytic continuations:

|H8(xay71790) —I- h(plv S 7pn71)
|j§(1‘,y) - (l',y,e - h(ph e apn—l)vo)

Values of €9, Cy, and Cy depend only on n, &y, and K.
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