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Abstract
We consider an integrable infinite-dimensional Hamiltonian system

in a Hilbert space H = {u = (u+
1 , u

−
1 ;u+

2 , u
−
2 ; . . . . )} with integrals

I1, I2, . . . which can be written as Ij = 1
2 |Fj |

2, where Fj : H → R2,
Fj(0) = 0 for j = 1, 2, . . . . We assume that the maps Fj define a germ
of an analytic diffeomorphism F = (F1, F2, . . . ) : H → H, such that
dF (0) = id, (F − id) is a κ-smoothing map (κ ≥ 0) and some other
mild restrictions on F hold. Under these assumptions we show that
the maps Fj may be modified to maps F ′j such that Fj −F ′j = O(|u|2)
and each 1

2 |F
′
j |2 still is an integral of motion. Moreover, these maps

jointly define a germ of an analytic symplectomorphism F ′ : H → H,
the germ (F ′− id) is κ-smoothing, and each Ij is an analytic function
of the vector (1

2 |F
′
j |2, j ≥ 1). Next we show that the theorem with

κ = 1 applies to the KdV equation. It implies that in the vicinity
of the origin in a functional space KdV admits the Birkhoff normal
form and the integrating transformation has the form ‘identity plus a
1-smoothing analytic map’.

0 Introduction

In his celebrated paper [Vey78] J. Vey proved a local version of the Liouville-
Arnold theorem which we now state for the case of an elliptic singular point. 1

Consider the standard symplectic linear space (R2n
x , ω0), ω0 =

∑n
j=1 dxj ∧

dxn+j. Let H(x) = O(|x|2) be a germ of an analytic function 2 and VH be the

1Vey’s result applies as well to hyperbolic singular points and to singular points of
mixed type.

2Here and everywhere below ‘a germ’ means a germ at zero of a function or a map,
defined in the vicinity of the origin.
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corresponding Hamiltonian vector field. It has a singularity at zero and we
assume that in a suitable neighbourhood O of the origin, H has n commuting
analytic integrals H1 = H,H2, . . . , Hn such that Hj(x) = O(|x|2) for each j,
the quadratic forms d2Hj(0), 1 ≤ j ≤ n, are linearly independent and for all
sufficiently small numbers δ1, . . . , δn we have {x : Hj(x) = δj ∀ j} b O. Then
in the vicinity of the origin exist symplectic analytic coordinates {y1, . . . , y2n}
(i.e.

∑n
j=1 dyj∧dyn+j = ω0) such that each hamiltonianHr(x) may be written

as Hr(x) = Ĥr(I1, . . . , In), Ij = 1
2
(y2
j + y2

n+j), where Ĥ1, . . . , Ĥn are germs of
analytic functions on Rn.

Vey’s proof relies on the Artin theorem on a system of analytic equations,
so it applies only to analytic finite-dimensional Hamiltonian systems. The
theorem was developed and generalised in [Eli84, Ito89, Eli90, Zun05]. In
[Eli84, Eli90] Eliasson suggested a constructive proof of the theorem, which
applies both to smooth and analytic hamiltonians and may be generalised
to infinite-dimensional systems. In this work we use Eliasson’s arguments
to get an infinite-dimensional version of Vey’s theorem, applicable to inte-
grable Hamiltonian PDE. Namely, we consider the l2-space h0, formed by
sequences u = (u+

1 , u
−
1 , u

+
2 , u

−
2 , . . . ), provide it with the symplectic form

ω0 =
∑∞

j=1 du
+
j ∧ du−j , and include h0 in a scale {hj, j ∈ R} of weighted

l2-spaces. Let us take any space hm, m ≥ 0, and in a neighbourhood O of
the origin in hm consider commuting analytic hamiltonians I1, I2, . . . . We as-
sume that Ij = O(‖u‖2

m) ≥ 0 ∀ j and that this system of functions is regular
in the following sense: There are analytic maps Fj : O → R2, j ≥ 1, such
that Ij = 1

2
|Fj|2 and

i) the map F = (F1, F2, . . . ) : O → hm is an analytic diffeomorphism on
its image,

ii) dF (0) = id and the mapping F− id analytically maps O → hm+κ for
some κ ≥ 0 (i.e., F− id is κ-smoothing). Moreover, for any u ∈ O the linear
operator dF (u)∗− id continuously maps hm to hm+κ.

We also make some mild assumptions concerning Cauchy majorants for
the maps F− id and dF (u)∗− id, see in Section 1. The main result of this
work is the following theorem:

Theorem 0.1. Let the system of commuting analytic functions I1, I2, . . . on
O ⊂ hm is regular. Then there are analytic maps F ′j : O′ → R2, defined on
a suitable neighbourhood 0 ∈ O′ ⊂ O, such that the map F ′ = (F ′1, F

′
2, . . . ) :

O′ → hm satisfies properties i), ii), it is a symplectomorphism, the functions
I ′j = 1

2
|F ′j|2 commute and their joint level-sets define the same foliation of O′
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as level-sets of the original functions Ij. In particular, each Ij is an analytic
function of the variables I ′1, I

′
2, . . . .

See Section 1 for a more detailed statement of the result and see Section 4
for its proof. In Section 3 we develop some infinite-dimensional techniques,
needed for our arguments.

Theorem 0.1 applies to study an integrable Hamiltonian PDE in the vicin-
ity of an equilibrium. In Section 2 we apply it to the KdV equation under
zero-meanvalue periodic boundary conditions

u̇(t, x) =
1

4
uxxx + 6uux, x ∈ S1 = R/2πZ,

2π∫
0

udx = 0, (0.1)

and to the whole KdV hierarchy. The equations are regarded as Hamiltonian
systems in a Sobolev space Hm

0 , m ≥ 0, of zero-meanvalue functions on S1 =
R/2πZ. The space is given the norm ‖u‖m = |(−∆)m/2u|L2 and is equipped
with the symplectic form ν, where ν

(
u(·), v(·)

)
= −

∫
S1(∂/∂x)−1u(x)·v(x) dx.

If m ≥ 1, then (0.1) is a Hamiltonian system in Hm
0 with the analytic hamil-

tonian

hKdV (u) =

∫ (
− 1

8
u2
x + u3

)
dx.

To apply Theorem 0.1 we first normalise the symplectic form ν to the
canonical form ω0. To do this we write any u(x) ∈ Hm

0 as Fourier series,
u(x) = π−1/2

∑∞
s=1(u+

s cos sx− u−s sin sx), and consider the map

T : u(x) 7→ v = (v±1 , v
±
2 , . . . ), v±j = u±j j

−1/2 ∀ j.

Then T : Hm
0 → hm+1/2 is an isomorphism for any m, and T ∗ω0 = ν.

The Lax operator for the KdV hierarchy is the Sturm-Liouville operator
Lu = −∂2/∂x2−u(x). Let γ1, γ2, . . . be the lengths of its spectral gaps. Then
Ij(u) = γ2

j (u), j ≥ 1, are commuting analytic functionals which are integrals
of motion for all equations from the hierarchy. In [Kap91] T. Kappeler sug-
gested a way to use the spectral theory of the operator Lu to construct germs
of analytic maps Fj : hm+1/2 → R2, j ≥ 1, such that 1

2
|Fj(Tu)|2 = π

2j
Ij(u).

In Sections 5 we show that the maps Fj meet assumptions i), ii) with κ = 1
(see Theorem 2.1). So the system of integrals Ij is regular. Accordingly,
Theorem 0.1 implies the following result:

3



Theorem 0.2. For any m ≥ 0 there exists a germ of an analytic symplecto-
morphism Ψ : (Hm

0 , ν)→ (hm+1/2, ω0), dΨ(0) = T , such that
a) the germ Ψ−T defines a germ of an analytic mapping Hm

0 → hm+3/2;

b) each Ij = γ2
j is an analytic function of the vector Ī = (1

2
|Ψj

(u)|2, j ≥
1). Similar, a hamiltonian of any equation from the KdV hierarchy is an
analytic function of Ī (provided that m is so big that this hamiltonian is
analytic on the space Hm

0 );
c) the maps Ψ, corresponding to different m, agree. That is, if Ψmj

corresponds to m = mj, j = 1, 2, then Ψm1 = Ψm2 on hmax(m1,m2).

Assertion b) of the theorem means that the map Ψ puts KdV (and other
equations from the KdV hierarchy) to the Birkhoff normal form.

In a number of publications, starting with [Kap91], T. Kappeler with
collaborators established existence of a global analytic symplectomorphism

Ψ : (Hm
0 , ν)→ (hm+1/2, ω0), dΨ(0) = T,

which satisfies assertion b) of Theorem 0.2, see in [KP03]. Our work shows
that a local version of Kappeler’s result follows from Vey’s theorem. What is
more important, it specifies the result by stating that a local transformation
which integrates the KdV hierarchy may be chosen ‘1-smoother than its
linear part’. This specification is crucial to study qualitative properties of
perturbed KdV equations, e.g. see [KP09].

A global symplectomorphism Ψ as above integrates the KdV equation,
i.e. puts it to the Birkhoff normal form. Similar, the linearised KdV equation
u̇ = uxxx may be integrated by the (weighted) Fourier transformation T . An
integrating transformation Ψ is not unique . 3 For the linearised KdV we do
not see this ambiguity since T is the only linear integrating symplectomor-
phism. In the KdV case the best transformation Ψ is the one which is the
most close to the linear map T = dΨ(0) in the sense that the map Ψ − T
is the most smoothing. Motivated by Theorem 0.2 and some other argu-
ments (see in [KP09]), we are certain that there exists a (global) integrating
symplectomorphism Ψ such that Ψ− T is 1-smoother than T . 4

3in difference with the mapping to the action variables u 7→ I ◦Ψ(u), which is unique.
4We are cautious not to claim that the symplectomorphism Ψ, constructed in [KP03],

possesses this extra smoothness since it is normalised by the condition

if u(x) ≡ u(−x), then Ψ(u) = v = (v±j , j ≥ 1), where v−j = 0 ∀ j.
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In Proposition 2.2 we show that if a germ of an integrating analytic
transformation Ψ is such that Ψ − T is κ-smoothing, then κ ≤ 3/2. We
conjecture that the 1-smoothing is optimal.

Acknowledgment. We thank H. Eliasson for discussion of the Vey theorem.

1 The main theorem.

Consider a scale of Hilbert spaces {hm, m ∈ R}. A space hm is formed by
complex sequences u = (uj ∈ C, j ≥ 1) and is regarded as a real Hilbert
space with the Hilbert norm

‖u‖2
m =

∑
j≥1

j2m|uj|2. (1.1)

We will denote by 〈·, ·〉 the scalar product in h0: 〈u, v〉 =
∑
uj · vj =

Re
∑
uj v̄j. For any linear operator A : hm → hn we will denote by A∗ :

h−n → h−m the operator, conjugated to A with respect to this scalar prod-
uct.

Below we study germs or real-analytic maps 5

F : Oδ(hm)→ hn, F (0) = 0,

where Oδ(hm) = {u ∈ hm
∣∣ ‖u‖m < δ} and δ > 0 depends on F . Abusing

language we will say that F is an analytic germ F : hm → hn. Any ana-
lytic germ F = (F 1, F 2, . . . ) can be written as an absolutely and uniformly
convergent series

F j(u) =
∞∑
N=1

F j
N(u), F j

N(u) =
∑

|α|+|β|=N

Ajαβu
αūβ, (1.2)

where α, β ∈ Z∞+ , Z+ = N∪{0}. We will write that F (u) = O(ul) if in (1.2)

F j
N(u) = 0 for N < l and all j.

It is not obvious that an optimal global symplectomorphism satisfies this condition, and
we do not know if the local symplectomorphism Ψ from Theorem 0.2 meets it.

5In Section 5 we mostly work with complex-analytic maps, so there analytic stands for
complex-analytic.
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Clearly,

|F (u)| ≤ F (|u|), F j(|u|) =
∞∑
N=1

∑
|α|+|β|=N

|Ajαβ||u|
α+β ≤ ∞.

Here |F (u)| = (|F 1(u)|, |F 2(u)|, . . . ), |u| = (|u1|, |u2|, . . . ) and |u|α+β =∏
|uj|αj+βj . The inequality is understood component-wise.

Definition 1. An analytic germ F as above is called normally analytic (n.a.)
if F defines a germ of a real analytic map hmR → hnR, where the space
hmR is formed by real sequences (uj), given the norm (1.1). That is, each
N -homogeneous map F j

N(v) =
∑

|α|+|β|=N
|Ajαβ|vα+β, where v ∈ hmR , satisfies

‖FN(v)‖n ≤ CRN‖v‖Nm for suitable C, R > 0.

Take any m ≥ 0 and κ ≥ 0.

Definition 2. A n.a. germ F : hm → hm+κ belongs to Am,κ if F = O(u2)
and the adjoint map dF (u)∗v is such that

dF (|u|)∗|v| = Φ(|u|)|v|. (1.3)

Here the linear map Φ(|u|) = ΦF (|u|) ∈ L(hmR , h
m+κ
R ) has non-negative matrix

elements and defines an analytic germ |u| 7→ Φ(|u|), hmR → L(hmR , h
m+κ
R ).

The notion of a n.a. germ formalizes the method of Cauchy majorants in
a way, convenient for our purposes. We study the class of n.a. germs and its
subclass Am,κ in Section 3.

We will write elements of the spaces hm as u = (uk ∈ C, k ≥ 1), uk =
u+
k + iu−k , u±k ∈ R, and provide hm, m ≥ 0, with a symplectic structure by

means of the two-form ω0 =
∑
du+

k ∧ du
−
k . This form may be written as

ω0 = idu ∧ du. Here and below for any antisymmetric (in h0) operator J we
denote by Jdu ∧ du the 2-form

(Jdu ∧ du)(ξ, η) =< Jξ, η > . (1.4)

The form ω0 is exact, ω0 = dα0, where

α0 =
1

2

∑
u+
k du

−
k −

1

2

∑
u−k du

+
k =

1

2
(iu)du.
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For a map f : hm → h−m, f(u)du stands for the one-form

(f(u)du)(ξ) =
∞∑
j=1

fj(u) · ξj =
∞∑
j=1

Re fj(u)ξ̄j.

By {H1, H2} we will denote the Poisson brackets of functionals H1 and H2,
corresponding to ω0: {H1, H2}(u) = 〈i∇H1(u),∇H2(u)〉 . Functionals H1

and H2 commute if {H1, H2} = 0.

Theorem 1.1. Assume that for some m ≥ 0 there exists a real analytic germ
Ψ : hm → hm such that

i) dΨ(0) = id and (Ψ− id) ∈ Am,κ, κ ≥ 0;

ii) the functionals Ij(Ψ(u)) = 1
2
|Ψj(u)|2, j ≥ 1, commute with each other.

Then there exists a germ Ψ+ : hm → hm which satisfies i), ii) and such that

a) foliation of the vicinity of the origin in hm by the sets

{
∣∣Ψj
∣∣2 = constj, ∀j}; (1.5)

is the same as by the sets {
∣∣Ψ+j

∣∣2 = constj, ∀j}.

b) the germ Ψ+ is symplectic: Ψ+∗ω0 = ω0.

The theorem is proved in Section 4.

Remarks. 1) The sets, forming the foliation (1.5), are tori of dimension
#{constj > 0}, which is ≤ ∞.

2) By the item a) of the theorem each Ij(Ψ(u)) is a function of the vector
I+ = {I+j = 1

2
|Ψ+j|2, j ≥ 1}. In fact, Ij is an analytic function of I+ with

respect to the norm ‖I+‖ =
∑
|I+j|j2m. E.g., see the proof of Lemma 3.1 in

[Kuk00].
3) The map Ψ+ is obtained from Ψ in a constructive way, independent

from m.
4) The theorem above is an infinite-dimensional version of Theorem C

in [Eli90] which is the second step in Eliasson’s proof of the Vey theorem.
At the first step he proves that any n commuting integrals H1, . . . , Hn as
in Introduction can be written in the form ii). In difference with his work
we have to assume that the integrals are of the form ii), where the maps
Ψ1,Ψ2, . . . have additional properties, specified in i). Fortunately, we can
check i) and ii) for some important infinite-dimensional systems.

7



2 Application to the KdV equation

To apply Theorem 1.1 we need a way to construct germs of analytic maps
Ψ : hm → hm which satisfy i) and ii). Examples of such maps may be
obtained from Lax-integrable Hamiltonian PDEs

u̇(t) = i∇H(u), u(t) ∈ hm. (2.1)

(We normalized original Hamiltonian PDEs and wrote them as the Hamilto-
nian systems (2.1) in the symplectic space as in Section 1). The Lax operator
Lu, corresponding to equation (2.1), is such that its spectrum σ(Lu) is an
integral of motion for (2.1). Spectral characteristics of Lu may be used to
construct (real)-analytic germs Ψj : hm → R2 ' C such that the functions
1
2
|Ψj|2, j ≥ 1, are functionally independent integrals of motion. For some

integrable equations these germs jointly define a germ of an analytic dif-
feomorphism u 7→ Ψ = (Ψ1,Ψ2, . . . ), satisfying i) and ii). Below we show
that this is the case for the KdV equation. Our construction is general and
directly applies to some other integrable equations (e.g. to the defocusing
Schrödinger equation).

Consider the KdV equation (0.1). This is a Hamiltonian equation in any
Sobolev space Hm

0 , m ≥ 1, given symplectic structure by the form ν, see In-
troduction. It is Lax-integrable with the Lax operator Lu = −∂2/∂x2−u(x).
Let γ1(u), γ2(u), . . . be the sizes of spectral gaps of Lu (e.g., see in [Kuk00,
KP03]). It is well known that γ2

1(u), γ2
2(u), . . . are commuting analytic in-

tegrals of motion for (0.1), as well as for other equations from the KdV
hierarchy, see in [KP03].

In Sections 5, 6 we show that the spectral theory of Lu may be used to
construct an analytic germ Ψ : h1/2 → h1/2,Ψ = (Ψ1,Ψ2, . . . ),Ψj ∈ R2, with
the following properties:

Theorem 2.1. For any m′ ≥ 1/2, Ψ defines a real-analytic germ Ψ : hm
′ →

hm
′

such that
i) dΨ(0) = id and (Ψ− id) ∈ Am′,1;
ii) for any j ≥ 1 and v ∈ hm

′
we have 1

2
|Ψj(v)|2 = π

2j
γj(u)2, where

u(x) = 1√
π

Re
∑∞

j=1

√
j vje

ijx.

Combining Theorems 2.1 and 1.1 we get Theorem 0.2, stated in the In-
troduction. Indeed, assertions a) and b) follow from the two theorems and

8



Remark 2 to Theorem 1.1 since the hamiltonian of any n-th KdV is a func-
tion of the lengths of spectral gaps. Assertion c) follows from Remark 3.

Towards the optimality of Theorems 0.2 and 2.1 we have the following
partial results.

Proposition 2.2. Assume that there exists a real-analytic germ Ψ : Hm
0 →

hm+1/2 ∀ m ≥ 0, dΨ(0) = T , such that:
a) for each m ≥ 0, Ψ − T defines a germ of analytic mapping Hm

0 →
hm+1/2+κ with some κ ≥ 0;

b) the hamiltonian hKdV of the KdV equation is a function of the variables
1
2

∣∣Ψj(u)
∣∣2, j ≥ 1, only.

Then κ ≤ 3/2.

Proof. We may assume that κ ≥ 1. Denote by G the germ G = Ψ−1 ◦
T : Hm

0 → Hm
0 . We have dG(0) = id and G − id : Hm

0 → Hm+κ
0 . So

G(u) = u+
∑∞

N=2 GN(u), where

‖GN(u)‖Hm+κ ≤ CN‖u‖NHm ∀ N ≥ 2, (2.2)

for each m ≥ 0, with some C = C(m). Consider the functional K = hKdV ◦
G. It defines a germ of analytic mapping H1

0 → R and can be written as
an absolutely and uniformly convergent series K(u) =

∑∞
n=2Kn(u), where

Kn(·) is an n-homogeneous functional on H1
0 . Then

K2(u) = −1

8

∫
u2
x dx , K3(u) =

∫ (
− 1

4
ux∂xG2(u) + u3

)
dx .

It follows from assumption b) that K2l+1, l = 1, 2, . . . , vanish identically. In
particular, K3(u) ≡ 0. Together with (2.2) this leads to the relations∣∣∣∣ ∫ u3dx

∣∣∣∣ =
1

4

∣∣∣∣ ∫ ux∂xG2(u) dx

∣∣∣∣ ≤ C‖u‖H2−κ
0
‖G2(u)‖Hκ

0
≤ C‖u‖H2−κ

0
|u|2L2

,

valid for each u ∈ H1
0 . If κ ≥ 2 we have an obvious contradiction. It remains

to consider the case when 1 ≤ κ < 2. Now ‖u‖H2−κ
0
≤ ‖u‖2−κ

H1
0
|u|κ−1

L2
and the

inequality above implies that∣∣∣∣ ∫ u3dx

∣∣∣∣ ≤ C‖u‖2−κ
H1

0
|u|1+κ

L2
∀u ∈ H1

0 . (2.3)
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For 0 < ε ≤ 1 we define vε(x) as the continuous piece-wise linear 2π-periodic
function, equal ε−2 max(ε− |x|, 0) for |x| ≤ 4. Then uε := vε − (2π)−1 ∈ H1

0

and ∫
u3
ε dx ∼ ε−2,

∫
u2
ε dx ∼ ε−1,

∫ (
∂

∂x
uε

)2

dx ∼ ε−3.

Substituting uε in (2.3) we get that ε−2 ≤ const ε−
3
2

(2−κ)ε−
1
2

(1+κ) for each ε.
So κ ≤ 3

2
, as stated.

If a germ Ψ : Hm
0 → hm+1/2 is defined for a single value of m we have a

weaker result:

Proposition 2.3. Let for some m′ ≥ 1 there exists a germ of real-analytic
symplectomorphism Ψ : (Hm′

0 , ν) → (hm
′+1/2, ω0), dΨ(0) = T , satisfying a)

and b) in Proposition 2.2 with m = m′. Then κ ≤ 2.

Proof. Assume that κ > 2. Keeping the notations above we still have K3 = 0.
So

0 = ∇K3(u) =
1

4
∆G2(u) +

1

4
dG2(u)∗∆u+ 3u2 .

The first term in the r.h.s. clearly belongs to Hm′+κ−2. The germ G is a sym-
plectomorphism of (Hm′

0 , ν). Therefore dG(u)∗JdG(u) ≡ J , J = −(∂/∂x)−1,
and dG(u)∗ maps Hm′+1

0 to itself. Since dG(u)∗ also maps to itself H−m
′

0 ,
then by interpolation dG(u)∗ : Hs

0 → Hs
0 for each s in [−m′,m′ + 1]. So the

second term in the r.h.s. also belong to Hm′+κ−2. Since κ− 2 > 0, then the
sum of the first two terms cannot cancel identically the third, belonging to
Hm′

0 . Contradiction.

3 Properties of normally analytic germs

Lemma 3.1. If F : hn1 → hn2 and G : hn2 → hn3 are n.a. germs, then the
composition G ◦ F : hn1 → hn3 also is n.a.

Proof. Denote F (u) = v and G(v) = w. Then

wj = Gj(v) =
∑

A(G)jαβv
αv̄β, vl =

∑
A(F )lαβu

αūβ.

Substituting series in series, collecting similar terms and replacing uj and ūj
by |uj| we get G ◦ F (|u|).
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Next consider G ◦ F (|u|). This series is obtained by the same procedure
as G ◦ F (|u|), but instead of calculating the modulus of an algebraical sum
of similar terms we take the sum of their moduli. As |a+b| ≤ |a|+ |b|, we get
G ◦ F ≤ G ◦ F . Since both series have non-negative coefficients and G ◦ F
defines an analytic germ hn1

R → hn3
R , the assertion follows.

Lemma 3.2. If F : hm → hm is a n.a. germ such that F1 = dF (0) = id,
then the germ G = F−1 exists and is n.a.

Proof. Write F (u) = u + F2(u) + F3(u) + . . . . We are looking for G(v) in
the form G(v) = v −G2(v)−G3(v)− . . . . Then

F (G(v)) = v −G2(v)−G3(v)− . . .
+ F2(v −G2(v)− . . . , v −G2(v)− . . . )
+ F3(v −G2(v)− . . . , v −G2(v)− . . . , v −G2(v)− . . . ) + . . . .

Here and below we freely identify n-homogeneous maps with the correspond-
ing n-linear symmetric forms. Since F (G(v)) = v, we have the recursive
relations

G2(v) = F2(v, v),

G3(v) = F3(v, v, v)− 2F2(v,G2(v)),

G4(v) = F4(v, v, v, v)− 3F3(v, v,G2(v)) + F2(G2(v), G2(v))− 2F2(v,G3(v)),

. . . .

For the same reasons as in the proof of Lemma 3.1 we have

G2(|v|) ≤ F 2(|v|, |v|) =: Ǧ2(|v|),
G3(|v|) ≤ F 3(|v|, |v|, |v|) + 2F 2(|v|, Ǧ2(|v|)) =: Ǧ3(|v|),

. . .

These recursive formulas define a germ of an analytic map hmR → hmR , |v| 7→
Ǧ(|v|) = |v|+ Ǧ2(|v|) + . . . . Since G ≤ Ǧ, then the assertion follows.

For a n.a. germ F : hm → hn consider its differential, which we regard as
a germ

dF (u)v : hm × hm → hn. (3.1)

Lemma 3.3. Germ (3.1) is n.a. and dF (|u|)|v| ≤ dF (|u|)|v|.

11



Proof. Let us write F as series (1.2). For any u, v we have

dF j(u)(v) =
∑
α,β

∂

∂t

∣∣∣∣
t=0

Ajαβ(u+ tv)α(ū+ tv̄)β

=
∑
α,β

∑
r

Ajαβ
(
αrvru

α−1r ūβ + βrv̄ru
αūβ−1r

)
,

where 1r = (0, . . . , 0, 1, 0, . . . ) (1 is on the r-th place). Therefore

dF j(|u|)(|v|) ≤
∑
α,β

∑
r

|Ajαβ||u|
α+β−1r |vr|(αr + βr) = dF j(|u|)|v|.

Lemma 3.4. i) The class Am,κ is closed with respect to composition of germs.
ii) If F ∈ Am,κ, then (id+ F )−1 = id+G, where G ∈ Am,κ.

Proof. i) If F,G ∈ Am,κ, then F◦G : hm → hm+κ is n. a. by Lemma 3.1. It re-
mains to verify that it satisfies (1.3). We have d(F◦G(u))∗ = dG(u)∗dF (G(u))∗.
Arguing as when proving Lemma 3.1 we get

d(F ◦G(|u|))∗|v| ≤ ΦG(|G(u)|)ΦF (|u|)|v| ≤ ΦG(G(|u|))ΦF (|u|)|v|.

So F ◦G meets (1.3).
ii) Relations, obtained in the proof of Lemma 3.2, imply that G : hm →

hm+κ is n. a. We have E + dG(u)∗ = (E + dF (G(u))∗)−1. Therefore
dG(u)∗ =

∑
(−1)k(dF (G(u))∗)k and dG(|u|)∗|v| ≤

(∑
ΦG(G(|u|)k

)
|v|. So

dG(u)∗ satisfies (1.3) and G ∈ Am,κ.

Let t ∈ [0, 1] and V t(u) : [0, 1] × Oδ(hm) → hm+κ be a continuous map,
analytic in u ∈ hm and such that V t ∈ Am,κ ∀t, uniformly in t. Consider the
equation

u̇(t) = V t(u(t)), u(0) = v, (3.2)

and denote by ϕt, 0 ≤ t ≤ 1, its flow maps. That is, ϕt(v) = u(t).

Lemma 3.5. For each 0 ≤ t ≤ 1 we have ϕt − id ∈ Am,κ.

12



Proof. Denote a solution for (3.2) as u = u(t; v), and decompose u(t; v) in
series in v: u(t; v) = u1(t; v)+u2(t, v)+ . . . , where uk(t; v) is k–homogeneous
in v. Then u1(t, v) ≡ v. Writing V t(u) = V t

2 (u) + V t
3 (u) + . . . , we have

u̇2(t) = V t
2 (u1, u1) = V t

2 (v, v), u2(0) = 0.

Therefore u2(t) =
∫ t

0
V s

2 (v, v)ds. Similar for k ≥ 2 we have

uk(t) =
k−1∑
r=2

∑
k1+···+kr=k

t∫
0

V s
r (uk1(s), . . . , ukr(s))ds.

Arguing by induction we see that the sum
∑∞

k=1 uk(t, v) defines a n.a. germ.
This is the germ of the map ϕt(v).

For any vector ξ, dϕt(v)ξ = w(t) is a solution of the linearized equation

ẇ(t) = dV t(u(t))w(t), w(0) = ξ.

So dϕt(v)ξ = U(t)ξ, where the linear operator U(t) may be calculated as
follows

U(t0) = id +
∞∑
n=1

t0∫
0

t1∫
0

. . .

tn−1∫
0

dV t1(u(t1)) . . . dV tn(u(tn))dtn . . . dt1.

This series converges if ‖u(0) = v‖m � 1. Taking the adjoint to the integral
above we see that dϕt(u)− id satisfies (1.3) and the corresponding operator
Φt(|v|) meets the estimate

Φt0(|v|)|ξ| ≤
∞∑
n=1

t0∫
0

. . .

tn−1∫
0

ΦV tn (|u(tn)|) . . .ΦV t1 (|u(t1)|)|ξ| dtn . . . dt1.

Replacing |u(tn)| by ϕtn(|v|) we see that the operator Φt defines an analytic

germ hmR → L(hmR , h
m+κ
R ). So ϕt − id ∈ Am,κ.

Let G0 ∈ Am,κ. Denote G(u) = u + G0(u). The arguments in Section 4
use the map B(u) = dG0(u)∗(iG(u)).

Lemma 3.6. B ∈ Am,κ.

13



Proof. We have B(|u|) ≤ ΦG0(|u|)|iG(u)| ≤ ΦG0(|u|)G(|u|). Since the map
in r.h.s. defines an analytic germ hmR → hm+κ

R , then B is n.a.
It remains to check that B meets (1.3). We have dB(u)ξ = M1ξ + M2ξ,

where M1 = dG0(u)∗idG(u) and

M2 = dR(u), R(u) = dG0(u)∗U, U = iG(u).

Since M∗
1 v = −dG(u)∗idG0(u)v, then by Lemma 3.3

M1(|u|)∗|v| ≤ (ΦG0(|u|) + E) dG0(|u|)|v|.

So M∗
1 v has the required form. Now consider M2. Let u(t) be a smooth curve

in hm such that u(0) = u and u̇(0) = ξ. Then

〈M2ξ, v〉 =
∂

∂t

∣∣∣∣
t=0

〈dG0(u(t))∗U, v〉 =

=
∂

∂t

∣∣∣∣
t=0

〈U, dG0(u(t))v〉 =
〈
U, d2G0(u)(ξ, v)

〉
.

Hence, M∗
2 v = M2v = dR(u)v. Due to (1.3) the map R is n.a. and R(|u|) ≤

ΦG0(|u|)|U |. Now Lemma 3.3 implies that

dR(|u|)|v| ≤
(
d|u|ΦG0(|u|)|v|

)
|U | ≤

(
d|u|ΦG0(|u|)|v|

)(
G0(|u|) + |u|

)
.

This component of dB(|u|)∗|v| also has the required form. So B satisfies
(1.3).

4 Proof of the main theorem

In this section we prove Theorem 1.1, following the scheme, suggested in
Section VI of [Eli90]. To overcome corresponding infinite-dimensional diffi-
culties we check recursively that all involved germs Ψ of transformations of
the phase-space hm are of the form id +Ψ0, where Ψ0 ∈ Am,κ.

By Lemma 3.4 the germ G = Ψ−1 is n.a. and G = id + G0, where
G0 ∈ Am,κ. Denote

ω1 = G∗ω0, α1 = G∗α0, ω4 = ω1 − ω0, α4 = α1 − α0.

14



Then dα1 = ω1 and dα4 = ω4. For any v and ξ we have

α1(v)(ξ) = α0(u)(G∗(v)ξ) = α0(v)(ξ) +
1

2
〈iG0(v), ξ〉+

1

2
〈dG0(v)∗iu, ξ〉 ,

where u = G(v). Hence α4 = W (v)dv, where

W (v) =
1

2
iG0(v) +

1

2
dG0(v)∗iu.

By Lemma 3.6, W ∈ Am,κ. Also we have ω1 = J̄1(v)dv∧dv (see (1.4)), where

J̄1(v) = i+ dG0(v)∗idG0(v) + dG0(v)∗i+ idG0(v) =: i+ Ῡ0(v).

Our goal is to find a transformation Θ : hm → hm which satisfies i),
commutes with the rotations uj → eiτuj (j ≥ 1, τ ∈ R), and which “kills”
the form α4, thus reducing α1 to α0 and ω1 to ω0. Then Ψ+ = Θ ◦Ψ would
satisfy the required properties. We will construct such Θ in two steps.

Step 1. At this step we will achieve that the average in angles of the form
ω1 equal to ω0.

For j ≥ 1 and τ ∈ S1 = R/2πZ we define Φτ
j : hm → hm as the linear

transformation of vectors (u1, u2, . . . ) which does not change components ul,
l 6= j, and multiplies uj by eiτ . Clearly, (Φτ

j )
∗ = Φ−τj . Therefore for a 1-form

α = F (u)du we have

(Φτ
j )
∗α(u) =

(
Φ−τj F (Φτ

j (u))
)
du.

For any function f(u) we define its averaging with respect to j-th angle
as

Mjf(u) =
1

2π

2π∫
0

f(Φt
ju)dt,

and define its averaging in all angles as

Mf(u) = (M1M2 . . . )f(u) =

∫
T∞

f(Φθu)dθ,

where dθ is the Haar measure on T∞ and Φθu = (Φθ1
1 ◦ Φθ2

2 ◦ . . . )u. For a
form α we define Mjα ad Mα similarly. That is

Mjα(u) =
1

2π

∫ 2π

0

((Φt
j)
∗α)(u)dt,
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and Mα = (M1M2 . . . )α. In particular,

Mj(F (u)du) =

(
1

2π

∫ 2π

0

Φ−τj F (Φτ
ju) dτ

)
du.

Since
Φτ∗

j ω1 =
(
Φ−τj J̄1(Φτ

j v)Φτ
j

)
dv ∧ dv,

then

(Mω1)(v) = (MJ̄1)(v)dv ∧ dv, (MJ̄1)(v) =

∫
T∞

Φ−θJ̄1(Φθv)Φθdθ.

Let us define

(MJ̄)τ (v) = (1− τ)i+ τ(MJ̄1)(v).

The operator J̄1(v) is i + O(v). But the averaging in θ cancels linear in v
terms, so

(MJ̄)τ (v) = i+ τῩ(v), Ῡ(v) = O(v2).

The operator Ῡ(v) ∈ L(hm, hm+κ) is analytic in v ∈ hm and is antisymmetric,
Ῡ(v)∗ = −Ῡ(v). So the germ v → Ῡ(v)ξ belongs to Am,κ for any ξ ∈ hm.
Cf. the proof of Lemma 3.5.

Next we set

Ĵτ (v) = −
(
(MJ̄)τ (v)

)−1
= −(i+ τῩ(v))−1.

Writing (i + τῩ(v))−1 as a Neumann series we see that Ĵτ (v) = i + Υ̂τ (v),
where the operator-valued map v 7→ Υ̂τ (v) enjoys the same smoothness prop-
erties as Ῡ(v).

Now consider the average of the 1-form α4 = W (v)dv. We have

Mα4 = (MW )(v)dv, (MW )(v) =

∫
T∞

Φ−θW (Φθv)dθ.

Since W ∈ Am,κ, then also (MW ) ∈ Am,κ. Let us define the mappings

V τ (v) = Ĵτ (v)(MW )(v), 0 ≤ τ ≤ 1.
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Due to the properties of Ĵτ (v) and (MW )(v), V τ (v) ∈ Am,κ for each τ .
Consider the equation

v̇(τ) = V τ (v(τ))

and denote by ϕτ , 0 ≤ τ ≤ 1, its flow maps, ϕτ (v(0)) = v(τ). By Lemma 3.5,
ϕτ − id ∈ Am,κ. The operator Ĵτ (v) commutes with the rotations Φθ

j :

Ĵτ (Φθ0v)Φθ0ξ = Φθ0 Ĵτ (v)ξ.

The map (MW )(v) also commutes with them. Accordingly, the maps V τ (v)
commute with Φθ

j , as well as the flow maps ϕτ .
Let us denote ω̂τ = (MJ̄)τ (v)dv ∧ dv. So ω̂1 = Mω1 and ω̂0 = ω0. We

claim that
(ϕτ )∗ω̂τ = const.

To prove this we first note that

d

dτ
ω̂τ = Mω1 − ω0 = M(ω1 − ω0) = Mdα4 = dMα4.

Using the Cartan formula (e.g., see Lemma 1.2 in [Kuk00]) we have

d

dτ

(
(ϕτ )∗ω̂τ

)
= (ϕτ )∗

(
∂ω̂τ

∂τ
+ d(V τcω̂τ )

)
= (ϕτ )∗d

(
Mα4 + V τc ω̂τ

)
.

The 1-form in the r.h.s. equals

(MW )dv + ((MJ̄)τV τ )dv = (MW )dv − (MW )dv = 0,

and the assertion follows.
Since the maps ϕτ commute with the rotations Φθ

j , we have

ω0 = (ϕ0)∗ω̂0 = (ϕ1)∗Mω1 = M(ϕ1)∗ω1.

Denote Ψ̄ = (ϕ1)−1 ◦Ψ. Then Ψ̄ satisfies assumptions i), ii) and in addition
M
(
(Ψ̄∗)−1ω0

)
= ω0. Since ϕ1 commutes with the rotations, then Ψ̄ satisfies

assertion a) of Theorem 1.1.

We re-denote back Ψ̄ = Ψ. Then

iii) Mω1 = ω0 for ω1 =
(
Ψ̄∗)−1ω0.

Step 2. Now we prove the theorem, assuming that Ψ meets i) – iii). Due to
iii) we have dMα4 = d(Mα1−α0) = Mω1−ω0 = 0. Therefore Mα4 = dg for
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a suitable function g. Since dg = Mdg = dMg, we may assume that g = Mg.
Accordingly, ∂

∂τ
g
(
Φτ
j (v)

)
= 0 ∀ j. Rotations Φτ

j , τ ∈ R, correspond to the
vector fields χj(v) = (0, . . . , ivj, 0, . . . ). So (dg, χj) = 0 and for each j we
have

M(α4, χj) = (Mα4, χj) = (dg, χj) = 0. (4.1)

Denote hj(v) = (α4, χj) and consider the system of differential equations
for a germ of a functional f : hm → R:

(df, χj) ≡ (ivj · ∇vj)f(v) = hj(v), j ≥ 1. (4.2)

First we will check that the vector of the r.h.s.’ (h1, h2, . . . ) satisfies certain
compatibility conditions. Since dα0(χi, χj) = ω0(χi, χj) = 0, then

0 = dα0(χi, χj) = χi(α0, χj)− χj(α0, χi)− (α0, [χi, χj]),

where [·, ·] is the commutator of vector–fields. Hence,

χi(α0, χj) = χj(α0, χi). (4.3)

Lemma 4.1. For any i and j we have χi(α1, χj) = χj(α1, χi).

Proof. Recall that ω1 = J̄1(v)dv ∧ dv, where J̄1(v) = i+ Ῡ0(v) and Ῡ0(v) =
O(v). The operator J1(v) = −J̄1(v)−1 exists for small v ∈ hm, is antisym-
metric and can be written as J1(v) = i + Υ0(v), where Υ0(v) belongs to
L(hm, hm+κ). By interpolation, Υ0(v) ∈ L(h0, hκ).

To prove the lemma it suffices to show that

ω1(χi, χj) = 0 ∀ i, j (4.4)

since then the assertion would follow by the arguments, used to establish
(4.3). Moreover, by continuity it suffices to verify the relation at a point
v = (v1, v2, . . . ) such that vj 6= 0 for all j.

Due to ii), {Ij(v), Ik(v)}ω1 = 0 for any j and k. That is

0 =
〈
J1(v)∇Ij(v),∇Ik(v)

〉
= 〈J1(v)vj1j, vk1k〉 ∀ j, k. (4.5)

Consider the space Σv = span{vj1j, j ≥ 1} (as before 1r = (0, . . . , 1, . . . ),
where 1 is on the r-th place). Its orthogonal complement in h0 is iΣv =
span{ivj1j, j ≥ 1}. Relations (4.5) imply that 〈J1(v)ξ, η〉 = 0 for any ξ, η ∈
Σv. Hence,

J1 : Σv → iΣv.
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Since J1 − i = O(v), then for small v this linear operator is an isomorphism.
As χi, χj ∈ iΣv, then there exist ξi, ξj ∈ Σv such that J1ξi = χi, J1ξj = χj.
So ω1(χi, χj) =

〈
J̄1J1ξi, J1ξj

〉
= −〈ξi, J1ξj〉 = 0 and the lemma is proved.

By (4.3) and the lemma above, relation (4.3) also holds with α0 replaced
by α4. That is,

χj(hk) = χk(hj) ∀ j, k. (4.6)

Also note that by (4.1)
Mhj = 0 ∀ j. (4.7)

For any function g(v) and for j = 1, 2, . . . denote

Ljg(v) =
1

2π

2π∫
0

t g(Φt
j(v))dt.

Due to (4.6), (4.7) the system of equations (4.2) is solvable and its solution
is given by an explicit formula due to J. Moser (see in [Eli90]):

Lemma 4.2. Consider the germ f of a function in hm:

f(v) =
∞∑
l=1

fl(v), fl = M1 . . .Ml−1Llhl.

If the series converges in C0(hm), as well as the series for χj(f), j ≥ 1, then
f is a solution of (4.2).

Proof. For v = (v1, v2, . . . ) ∈ hm and j = 1, 2, . . . let us denote by ϕj the
argument of vj ∈ R2. Then χj = ∂

∂ϕj
. Clearly, ∂

∂ϕj
Mjhj = 0. By (4.6), for

k 6= j we have

∂

∂ϕk
Mjhj = Mj

∂

∂ϕk
hj = Mj

∂

∂ϕj
hk = 0.

So Mjhj is angle-independent and Mjhj = Mhj = 0 by (4.7)
For any C1-function g we have ∂

∂ϕj
Ljg = Lj

∂
∂ϕj

g = g −Mjg. Therefore

∂

∂ϕj
fk =


0, j < k,

M1 . . .Mk−1hk, j = k,

M1 . . .Mk−1hj −M1 . . .Mkhj, j > k,

(for k = 1 we define M1 . . .Mk−1hj = hj). So ∂
∂ϕj

∑
fk = hj.
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Since α4 = W (v)dv, then

hj = (α∆, χj) = ivj ·Wj(v).

The estimates on W (v) easily imply that the series for f and χkf , k ≥
1, converge. So f is a solution of (4.2). Let us consider its differential
df = ∇vf(v)dv. Here ∇vf(v) = (ξ1, ξ2, . . . ), where ξj = ∂f

∂v+
j

+ i ∂f
∂v−j

with

vj = v+
j + iv−j .

Lemma 4.3. The germ v 7→ Y (v) = ∇vf(v), hm → hm+κ, is n.a. and
Y (v) = O(v).

Proof. Noting that ivj ·Wj = Φ
π/2
j vj ·Wj, we have ∇vif =

∑
j∇vifj, where

∇vifj =

∫
Tj

θj∇vi

(
Wj(Π

θjv) · (Φθj+
π
2

j vj)

)
dθj

=

∫
Tj

θj(Φ
−θi
i ∇vi)Wj(Π

θjv) · (Φθj+
π
2

j vj)dθ
j + δij

∫
Tj

θj
(
Φ
−θj−π2
j Wj(Π

θjv)
)

=:

=: Yij + δijZj.

Here

θj = (θ1, . . . , θj) ∈ Tj, Πθj = Φθ1
1 ◦ · · · ◦ Φ

θj
j , dθj =

dθ1

2π
. . .

dθj
2π

.

Denote by Zθj (v) the integrand for Zj. The germ v 7→ Zθ(v), hm → hm+κ, is
analytic and Zθ(|v|) = (diag θj)W (|v|). Hence, the germ Zθ is n.a. for each
θ. So the germ v 7→ Z(v) also is.

Denote by Yθij(v) the integrand in Yij. We have

Yθij(v) = θjΦ
−θi
i

(
dW (Πθj(v))∗

)
ij

Φ
θj+

π
2

j vj.

Using (1.3) we see that
∣∣∑
j

Yθij(|v|)
∣∣ ≤ 2π

∑
j

(ΦW )ij(|v|)|vj|, uniformly in θ.

That is, for any θ the germ hm 3 v 7→
∑
j

Yθij(v) ∈ hm+κ is n.a. So the

map hm 3 u 7→ Y (u) = (Y 1, Y 2, . . . ) ∈ hm+κ is n.a. It is obvious that
Y (u) = O(u).
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For 0 ≤ τ ≤ 1 we set J̄τ (v) = (1− τ)i+ τ J̄1(v) and Jτ (v) = −
(
J̄τ (v))−1.

These are well defined operators in L(hm, hm) antisymmetric with respect to
the h0-scalar product. Clearly, Jτ (v) = i + Υτ (v), where Υτ (v) belongs to
L(hm, hm+κ). Denote by ωτ the form (1− τ)ω0 + τω1 = J̄τ (v)dv ∧ dv.

We define V τ (v) = Jτ (v)(W (v)− Y (v)), consider the equation

v̇(τ) = V τ (v(τ)), 0 ≤ τ ≤ 1, (4.8)

and denote by ϕτ , 0 ≤ τ ≤ 1, its flow-maps. Since V τ (v) = O(v) and
V τ : hm 7→ hm+κ is n.a. (cf. Lemma 3.5 and its proof), then (ϕτ−id) = O(v)
and (ϕτ − id) : hm 7→ hm+κ is n.a. Also

d

dτ
(ϕτ )∗ωτ = (ϕτ )∗d(α∆ + V τcωτ ) = (ϕτ )∗d

(
Y (v)dv

)
= 0

since Y (v)dv = df . So (ϕτ )∗ωτ = const and (ϕ0)∗ω0 = ω0 = (ϕ1)∗ω1. That
is, the n.a. germ

Ψ+ = (ϕ1)−1 ◦Ψ : hm → hm

is such that dΨ+(0) = id and Ψ+∗ω0 = ω0. The germ (ϕ1)−1− id : hm 7→ hm+κ

is n.a., so Ψ+
0 = Ψ+− id : hm 7→ hm+κ is n.a. as well.

Now we show that Ψ+
0 ∈ Am,κ. Since Ψ+ is symplectic, then

dΨ+(u)∗ i
(
dΨ+(u)

)
= i. Hence,

dΨ+
0 (u)∗ = idΨ+

0 (u)(1 + dΨ+
0 (u))−1i,

and Lemma 3.3 implies that dΨ+
0 (|u|)∗|v| has the required form (1.3).

It remains to check for Ψ+ properties ii) and a). Let v be a vector such
that vj 6= 0 for all j. Since α4 = W (v)dv, then for each j we have

ωτ (V τ , ivj1j) =
〈
J̄τ (v)V τ (v), ivj1j

〉
=

= 〈W (v)− Y (v), ivj1j〉 = (α4, χj)− (df, χj) = 0.
(4.9)

By (4.4) and a similar relation for the form ω0,

ωτ (ξ1, ξ2) = 0 ∀ ξ1, ξ2 ∈ iΣv. (4.10)

Here as before iΣv = span{ivj1j}. Denote(
iΣv

)⊥
= {ξ ∈ h0

∣∣ωτ (ξ, η) = 0 ∀η ∈ iΣv}.
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By (4.10), iΣv ⊂
(
iΣv

)⊥
. We claim that

iΣv =
(
iΣv

)⊥
(4.11)

(i.e., iΣv is a Lagrangian subspace for the symplectic form ωτ ). Indeed, if
this is not the case, then we can find a vector ξ ∈ Σv, ‖ξ‖0 = 1, such that

ξ ∈
(
iΣv

)⊥
. In particular, ωτ (ξ, iξ) = 0. But ωτ (0)(ξ, iξ) = ω0(ξ, iξ) = 1. So

for small v we have ωτ (ξ, iξ) > 0. Contradiction.

By (4.9), (4.11), V τ (v) ∈
(
iΣv

)⊥
= iΣv. So solutions v(τ) of (4.8) satisfy

1

2

d

dτ
|vj(τ)|2 = 〈V τ (v), vj1j〉 = 0,

and Ij(ϕ
τ (v)) ≡ Ij(v) for each j. By continuity this relation holds for all

vectors v (without assuming that vj 6= 0 ∀ j). Hence, Ij ◦Ψ ≡ Ij ◦Ψ for each
j. This proves ii) and a) for the germ Ψ+.

5 Proof of Theorem 2.1

The construction of Ψ that we present below follows the ideas of [Kap91] (also
see [Kuk00], pp. 42-44). It relies on the spectral theory of the corresponding
Lax operator Lu = −∂2

x − u.
It will be convenient for us to allow for complex-valued potentials u:

u ∈ L0
2(S1,C) = {u ∈ L2(S1,C),

∫ 2π

0

udx = 0}.

We write u(x) as Fourier series u(x) = 1
2
√
π

∑
j∈Z0

eijxwj, where Z0 = Zr{0},
and denote

w = (wj ∈ C, j ∈ Z0) = F(u), u = F−1(w).

Clearly, F : L0
2(S1,C)→ h0 = h0(Z0) is an isomorphism. Here and below we

use the notations

hm = hm(Z0) = {w : ‖w‖2
m =

∑
j∈Z0

|j|2m|wj|2 <∞}.

A sequence w called real if F−1(w) is a real-valued function. That is, if
wj = w−j for each j.
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We view Lu as an operator on L2(R/4πZ) with the domain D(Lu) =
H2(R/4πZ). The spectrum of Lu is discrete and for u real is of the form

σ(Lu) = {λk(u), k ≥ 0}, λ0 < λ1 ≤ λ2 < . . . ,

where λk(u) → ∞ as k → ∞. For u small σ(Lu) is ‖u‖L2- close to the
spectrum of L0 = −∂2

x, that is, to the set σ(L0) = {j2/4, j ≥ 0}. More
precisely, one has

|λ2j−1 − j2/4|, |λ2j − j2/4| ≤ C‖u‖L2 , j ≥ 1,

provided ‖u‖L2 ≤ δ, where δ > 0 sufficiently small.
For j ≥ 1 we will denote by Ej(u) the invariant two-dimensional subspace

of Lu, corresponding to the eigenvalues λ2j−1(u), λ2j(u), and by Pj(u) the
spectral projection on Ej(u):

Pj(u) = − 1

2πi

∮
γj

(Lu − λ)−1dλ, ImPj(u) = Ej(u), j ≥ 1.

Here γj is a contour in the complex plane which isolates λ2j−1 and λ2j from
other eigenvalues of Lu. For the computations that will be performed below
we fix the contours as γj = {λ ∈ C, |λ− j2/4| = δ0j}, δ0 > 0 small.

Clearly, u 7→ Pj(u), j ≥ 1, are analytic6 maps from Vδ = {u ∈ L0
2(S1,C),

‖u‖L2 ≤ δ} to L(L2, H
2), L2 = L2(R/4πZ), H2 = H2(R/4πZ), provided δ is

sufficiently small. Furthermore, it is not difficult to check that

‖Pj(u)− Pj0‖L2→L2 ≤ Cj−1‖u‖L2 , ‖Pj(u)− Pj0‖L2→H2 ≤ Cj‖u‖L2 , (5.1)

for j ≥ 1 and u ∈ Vδ. Here Pj0 is the spectral projection of L0, corresponding
to a double eigenvalue j2/4:

ImPj0 = Ej0, KerPj0 = E⊥j0, Ej0 = span{cos jx/2, sin jx/2}, j ≥ 1.

Following [Kat66], see also [Kap91], we introduce the transformation op-
erators Uj(u), j ≥ 1:

Uj(u) =
(
I − (Pj(u)− Pj0)2

)−1/2
Pj(u).

6In this section “analytic” means complex analytic.
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It follows from (5.1) that the maps u 7→ Uj(u) are well defined and analytic
on Vδ. It turns out (see [Kat66]) that the image of Uj(u) is Ej(u) and for u
real one has

‖Uj(u)f‖2 = ‖f‖2, f ∈ Ej0, (5.2)

Uj(u)f = Uj(u)f̄ . (5.3)

For j ∈ Z0 let us set

fj(u) = U|j|(u)fj0 ∈ E|j|(u), fj0 =
1√
2π
e−ijx/2, (5.4)

zj(u) = −
√
π
(

(Lu − j2/4)fj(u), fj(u)
)
. (5.5)

Here (·, ·) stands for the standard scalar product in L2([0, 4π],C):

(f, g) =

∫
fḡ dx.

Lemma 5.1. For u real, one has

i) zj(u) = z−j(u),

ii) |zj(u)|2 = π(λ2j(u)− λ2j−1(u))2, j ≥ 1.

Proof. Assertion i) is obvious (see (5.3)). To check ii), consider

ej = Re fj = Uj(u)ej0, ej0 =
1√
2π

cos jx/2,

e−j = Im fj = Uj(u)e−j0, e−j0 = − 1√
2π

sin jx/2, j ≥ 1.

It follows from (5.2), (5.3) that the vectors ej, e−j form a real orthonor-
mal basis of Ej(u). Let Mj(u) be the matrix of the self-adjoint operator
−
√
π(Lu − j2/4)

∣∣
Ej(u)

in this basis:

Mj(u) =

(
a1
j bj
bj a2

j

)
,

a1
j = −

√
π

(
(Lu −

j2

4
)ej(u), ej(u)

)
, a2

j = −
√
π

(
(Lu −

j2

4
)e−j(u), e−j(u)

)
,
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bj = −
√
π
(
(Lu − j2/4)ej(u), e−j(u)

)
=

1

2
Im zj(u).

Consider the deviators MD
j , j ≥ 1, (for a 2× 2 matrix M its deviator is the

traceless matrix M − (1
2

trM)I):

MD
j (u) =

(
aj bj
bj −aj

)
, aj =

1

2
(a1
j − a2

j) =
1

2
Re zj(u).

By construction, one has |zj(u)|2 = 4(a2
j + b2

j) = π(λ2j(u)− λ2j−1(u))2.

Functions zj(u), j ∈ Z0, are analytic functions of u ∈ Vδ, vanishing at
zero. They can be represented by absolutely and uniformly converging Taylor
series that we will write in terms of the Fourier coefficients w = F(u).

zj(u) =
∞∑
n=1

Zj
n(w), (5.6)

where Zj
n(w) are bounded n- homogeneous functionals on h0(Z0):

Zj
n(w) =

∑
i=(i1,i2,...,in)∈Zn0

Kjn(i)wi1wi2 . . . win , (5.7)

Kjn(·) being a symmetric function on Zn
0 .

Notice that

Pj(u) = Pj0 +(L0−j2/4)−1(I−Pj0)uPj0 +Pj0u(L0−j2/4)−1(I−Pj0)+O(u2),

Uj(u) = Pj(u) +O(u2).

As a consequence,

fj(u) = fj0 + (L0 − j2/4)−1(I − P|j|0)ufj0 +O(u2), j ∈ Z0. (5.8)

Substituting (5.8) into (5.5), one gets

zj(u) =
√
π(ufj0, f̄j0) +

√
π(u(L0 − j2/4)−1(I − P|j|0)ufj0, f̄j0) +O(u3),

which gives that Z1(w) = w and

Zj
2(w) =

1

2
√
π

∑
k∈Z0, k 6=j

wkwj−k
k(k − j)

(5.9)
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In a similar way, one can show that

Zj
3(w) =

1

4π

∑
i1,i2∈Z0

i1 6=j,i1+i2 6=0,j

wi1wi2wj−i1−i2
i1(i1 − j)(i1 + i2)(i1 + i2 − j)

−wj
4π

∑
l∈Z0, l 6=j

wlw−l
l2(l − j)2

.

(5.10)
The structure of higher order terms Zj

n(w) is described by the following
lemma which is the key technical step of our analysis.

Lemma 5.2. One has

(i) suppKjn(·) ⊂ Ω
(n)
j , where Ω

(n)
j is the simplex

Ω
(n)
j = {i = (i1, . . . , in) ∈ Zn

0 ,
n∑
l=1

il = j};

(ii) for n ≥ 2, ‖Kjn‖l2(Zn0 ) ≤ Rn|j|1−n;

(iii) for n ≥ 3, ‖Bjn‖l2(Zn0 ) ≤ Rn|j|−2, where Bjn(i1, . . . , in) = Ki1n (j, i2, i3, . . . , in).

Here R is a positive constant, independent of j and n.

Postponing the proof of this lemma till the end of the section, we proceed
with the construction of the map Ψ. Introduce the map F that associates
to w ∈ h0(Z0) the sequence F (w) = (zj(u), j ∈ Z0), u = F−1(w). Since
Z1(w) = w, we write F as the sum

F = id +F2, F2 = Z2 + F3,

where Z2(w) = (Zj
2(w), j ∈ Z0). Notice that, by the construction,

dF (0) = id, F2(w) = O(w2), F3(w) = O(w3).

As a direct consequence of Lemma 5.2 (i), (ii) one gets

Lemma 5.3. For j = 2, 3 the map Fj : Oδ(hm(Z0))→ hm+j−1(Z0) is analytic
and normally analytic.

Proof. It is sufficient to show that for any n ≥ 2,

‖Zn(v)‖m+n−1 ≤ Rn‖v‖nm, v ∈ hmR (Z0).
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Here Zn(v) = (Zj
n(v), j ∈ Z0) and

Zj
n(v) =

∑
i=(i1,i2,...,in)∈Zn0

∣∣Kjn(i)
∣∣vi1vi2 . . . vin .

From Lemma 5.2 (i), (ii) and the Cauchy-Schwartz inequality we get

∣∣Zj
n(v)

∣∣2 ≤ ‖Kjn‖2
l2(Zn0 )

 sup
i∈Ω

(n)
j

Λ−2m(i)

 ∑
i=(i1,...,in)∈Ω

(n)
j

Λ2m(i)v2
i1
v2
i2
. . . v2

in

≤ R2n

|j|2n−2+2m

∑
i=(i1,...,in)∈Ω

(n)
j

Λ2m(i)v2
i1
v2
i2
. . . v2

in .

Here Λ(i) = |i1||i2| . . . |in| and at the last step we have used the inequality

sup
i∈Ω

(n)
j

Λ−1(i) ≤ Rn|j|−1. (5.11)

Summing up with respect to j one gets that ‖Zn(v)‖m+n−1 ≤ Rn‖v‖nm for
n ≥ 2.

Consider dF3(w)t – the real transposed of dF3(w) with respect to the
(standard complex) scalar product in h0(Z0):

(dF3(w)h, ḡ)h0(Z0) = (h, dF3(w)tg)h0(Z0).

Notice that for analytic maps the inequality of Lemma 3.3 becomes an equal-
ity:

dF (|w|)|h| = dF (|w|)|h|, dF (|w|)t|h| = dF (|w|)t|h|.

Lemma 5.4. (i) For w ∈ Oδ(hm), dF3(w)t ∈ L(hm, hm+2) and the map
w 7→ dF3(w)t, Oδ(hm)→ L(hm, hm+2), is analytic;

(ii) similarly, dF3(v)t, v ∈ Oδ(hmR ), belongs to L(hmR , h
m+2
R ) and the map

v 7→ dF3(v)t, Oδ(hmR )→ L(hmR , h
m+2
R ), is real analytic.

Proof. We have(
dZn(w)th

)
j

= nBj
n(h,w, . . . , w),

(
dZn(v)tg

)
j

= nBj
n(g, v, . . . , v)
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Here Bj
n and Bj

n are the n-linear forms with the kernels Bjn and
∣∣Bjn∣∣ respec-

tively:

Bj
n(w1, . . . , wn) =

∑
i=(i1,...,in)∈Zn0

Bjn(i)w1
i1
. . . wnin , wk ∈ hm ∀ k,

Bj
n(v1, . . . , vn) =

∑
i=(i1,...,in)∈Zn0

∣∣Bjn(i)
∣∣v1
i1
. . . vnin , vk ∈ hmR ∀ k.

To prove the lemma it is sufficient to show that for n ≥ 3 the poly-linear
map

Bn = (Bj
n, j ∈ Z0) : hmR × · · · × hmR → hm+2

R

is bounded and verifies:

‖Bn(v1, . . . , vn)‖m+2 ≤ Rn

n∏
k=1

‖vk‖m, vk ∈ hmR , k = 1, . . . , n. (5.12)

It follows from Lemma 5.2 (i) that∣∣Bj
n(v1, . . . , vn)

∣∣2 ≤ ‖Bjn‖2
l2(Zn0 )

(
sup
i∈Ω

(n)
−j

Λ−2m(i)
)

×
∑

i=(i1,...,in)∈Zn0
(−i1,i2,i3,...,in)∈Ω

(n)
−j

Λ2m(i)
(
v1
i1
v2
i2
. . . vnin

)2
.

Combining this inequality with (ii) of Lemma 5.2 and using once more (5.11)
we get (5.12) for any n ≥ 3.

We next denote by D̃ the operator of multiplication by the diagonal
matrix diag(|j|1/2, j ∈ Z0). It defines isomorphisms D̃ : hr → hr−1/2, r ∈ R.
Let us set m′ = m + 1

2
≥ 1

2
. For any analytic germ H : hm → hm+a we will

denote by HD̃ the germ HD̃ = D̃−1 ◦ H ◦ D̃ : hm
′ → hm

′+a In particular,
F D̃ = D̃−1 ◦ F ◦ D̃. Due to Lemma 5.3 one has

(a) F D̃ : Oδ(hm
′
)→ hm

′
is n.a.;

(b) F D̃ − id = F D̃
2 : Oδ(hm)→ hm+1 is n.a. and F D̃

2 (v) = O(v2).

Notice that the operations F 7→ F D̃ and F 7→ F commute.
Consider (dF D̃

2 )t, (dF D̃
2 )t. We have

28



Lemma 5.5. (i) For v ∈ Oδ(hm
′
), dF D̃

2 (v)t ∈ L(hm
′
, hm

′+1) and the map

v 7→ dF D̃
2 (v)t, Oδ(hm

′
)→ L(hm

′
, hm

′+1), is analytic;

(ii) similarly, dF D̃
2 (v)t, v ∈ Oδ(hm

′
R ), belongs to L(hm

′
R , h

m′+1
R ) and the map

v 7→ dF D̃
2 (v)t, Oδ(hm

′
R )→ L(hm

′
R , h

m′+1
R ), is real analytic.

Proof. As in the proof of Lemma 5.4, it is sufficient to prove the statement,
corresponding to dF D̃

2 (v)t. We write

F D̃
2 = ZD̃

2 + F D̃
3 , F D̃

2 = ZD̃
2 + F D̃

3 .

Since dF D̃
3 (v)t = D̃dF3

t(D̃v)D̃−1, Lemma 5.3 implies that the map v 7→
dF D̃

3 (v)t, Oδ(hm
′

R ) → L(hm
′−1

R , hm
′+1

R ), is real analytic. Therefore it is also

real analytic as a map from Oδ(hm
′

R ) to L(hm
′

R , h
m′+1
R ).

Next consider ZD̃
2 = D̃−1Z2D̃. Note that Z2(w) = const D̃−2w ∗ D̃−2w.

Accordingly, dZ2(w)(f) = const D̃−2w ∗ D̃−2f , and

dZD̃
2 (v)t(f) = const D̃−1

(
D̃−1v ∗ D̃−1f

)
.

Since D̃−1 : hm
′ → hm

′+1/2, where m′ + 1/2 ≥ 1, and since the convolution
defines a continuous bilinear map hr × hr → hr if r > 1/2, then we have

‖dZD̃
2 (v)t(f)‖m′+1 ≤ Cm‖v‖m′‖f‖m′ .

So the map hm
′ 3 v 7→ dZD̃

2 (v)t ∈ L(hm
′

R , h
m′+1
R ) is bounded, which concludes

the proof of Lemma 5.5.

We are now in position to finish the proof of Theorem 2.1. Define Ψ :
Oδ(hm

′
(N)) → hm

′
(N) by restricting F D̃ on the subspace of real sequences

{v = (vj, j ∈ Z0) ∈ hm′(Z0), vj = v−j} (that is on the real potentials u) and
further projecting it on the positive indices:

Ψ = πF D̃ ◦ π−1.

Here π : hm
′
(Z0)→ hm

′
(N) is the projection:

π : v = (vj, j ∈ Z0) 7→ πv = (vj, j ≥ 1),
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and π−1 : hm
′
(N)→ hm

′
(Z0) is the right inverse map:

π−1 : v = (vj, j ≥ 1) 7→ v′ = (v′j, j ∈ Z0),

v′j = vj for j ≥ 1, v′j = v−j for j ≤ −1.

Clearly, Ψ : Oδ(hm
′
)→ hm

′
, hm

′
= hm

′
(N), is a real analytic map of the form

Ψ = id+Ψ2, where Ψ2 = πF D̃
2 ◦π−1 = O(v2), and Ψ2 is real analytic as a map

from Oδ(hm
′
) to hm

′+1. Furthermore, since Ψ = πF D̃ ◦π−1, Ψ2 = πF D̃
2 ◦π−1,

then Ψ and Ψ2 are n.a. In addition, one has

Lemma 5.6. Ψ2 ∈ Am′,1.

Proof. We already know that Ψ2 : Oδ(hm
′
) → hm

′+1 is n.a. and Ψ2(v) =

O(v2). Moreover, since dΨ2(v)∗g = πdF D̃
2 (π−1v)∗π−1g, where dF D̃

2 (π−1v)∗ =

dF D̃
2 (π−1v)t, the map v 7→ dΨ2(v)∗, Oδ(hm

′
)→ L(hm

′
, hm

′+1) is real analytic
by Lemma 5.5. Finally, the representation dΨ2(|v|)∗|f | = Φ(|v|)|f |, where

Φ : Oδ(hm
′

R ) → L(hm
′

R , h
m′+1
R ) is real analytic and

(
Φ(v)

)
jk
≥ 0 for v = |v|,

required by the definition of Am′,1, follows from the identity

dΨ2(|v|)∗|f | = πdF D̃
2 (π−1|v|)tπ−1|f |

and item (ii) of Lemma 5.5.

To finish the proof of Theorem 2.1 it remains to note that assertion ii)
follows from Lemma 5.1 ii). Indeed, if v = D̃−1F(u), then∣∣Ψj(v)

∣∣2 = j−1|zj(u)|2 = π|j|−1(λ2j(u)− λ2j−1(u))2 = π|j|−1γ2
j (u).

This concludes the proof of Theorem 2.1.
It remains to prove Lemma 5.2. We will obtain it as a consequence of

Lemma 5.7. Zj
n(w) (see (5.6)) can be represented as

Zj
n(w) =

∑
i=(i1,i2,...,in)∈Zn0

K̃jn(i)wi1wi2 . . . win , (5.13)

where for n ≥ 2 K̃jn satisfies∣∣K̃jn(i)
∣∣ ≤ RnAjn(i), Ajn(i) = δj,Pn

l=1 il
ajn(i1, . . . , in−1),

ajn(i1, . . . , in−1) =
n−1∏
l=1

(〈 l∑
k=1

ik

〉〈
l∑

k=1

ik − j

〉)−1 (5.14)

Here < j >= (1 + j2)1/2.
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Remark. The difference between representation (5.7) and (5.13) is that K̃jn(i)
are not required to be symmetric functions.

Clearly, item (i) of Lemma 5.2 follows trivially from Lemma 5.7. It is also
not difficult to check that (5.14) leads to the following estimates

‖K̃jn‖l2(Zn0 ) ≤
Rn

|j|n−1
, n ≥ 2, sup

1≤l≤n
‖Bjn,l‖l2(Zn0 ) ≤

Rn

|j|2
, n ≥ 3,

Bjn,l(i1, . . . , in) = K̃iln(i1, . . . , il−1, j, il+1, . . . , in),

which in turn imply (ii), (iii) of Lemma 5.2. So it remains to establish
Lemma 5.7.

Proof of Lemma 5.7. First notice that for n = 2, 3 the representation
(5.13), (5.14) follows directly from the explicit formulas (5.9), (5.10). The
general case can be treated as follows. Consider zj(u) (see (5.5)) and write
it as the sum zj(u) = zj,1(u) + zj,2(u), where

zj,1(u) =−
√
π
(
(L0 − j2/4)fj(u), fj(u)

)
, (5.15)

zj,2(u) =
√
π
(
ufj(u), fj(u)

)
, (5.16)

The functions fj(u), j ∈ Z0, were defined in (5.4). Now it is convenient for
us to write them as

fj(u) =
(
I − P 2

|j|1
)−1/2

(I + P|j|1)fj0, P|j|1(u) = P|j|(u)− P|j|0. (5.17)

The Taylor expansions for zj,k(u), k = 1, 2, have the form

zj,1(u) =
∑
n≥2

Zj,1
n (w), zj,2(u) =

∑
n≥1

Zj,2
n (w), w = F(u),

where Zj,k
n are bounded n-homogeneous functionals on h0(Z0), and Zj

n =
Zj,1
n + Zj,2

n .
We next compute explicitly Zj,k

n (w). From (5.17) we have

fj(u) =
∑
q≥0

cqP
q
|j|1(u)fj0, (5.18)

where cq = ϕ(q)(0)/q! for ϕ(x) = (1− x2)−1/2(1 + x). Note that cq ≥ 0.
Further expanding P|j|1(u) in the power series of u:

P|j|1(u) = − 1

2πi

∑
k≥1

∮
γ|j|

T k(u, λ)
(
L0 − λ

)−1
dλ, T (u, λ) = (L0 − λ)−1u,
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and substituting this expansion into (5.18) we get

fj(u) = fj0 +
∑
n≥1

∑
1≤q≤n

cq
∑

α=(α1,...αq)∈Nq,
|α|=n

fαj,q(u),

fαj,q(u) =(
i

2π

)q ∮
γ|j|

. . .

∮
γ|j|

Tα1(u, λ1)(L0−λ1)−1 . . . Tαq(u, λq)(L0−λq)−1fj0dλ1 . . . dλq.

Substituting this series into (5.15) and replacing u by 1
2
√
π

∑
j∈Z0

wje
ijx, we

arrive at the following representation for Zj,1
n :

Zj,1
n (w) =

∑
i=(i1,i2,...,in)∈Zn0

K̃j,1n (i)wi1wi2 . . . win ,

K̃j,1n (i) =
∑

p=(p1,p2)∈N2,
|p|≤n

cp1cp2

∑
β=(β1,...,β|p|)∈N|p|,

|β|=n

Sj,1p,β(i), n ≥ 2.

Here

Sj,1p,β(i) =

= −
(

1

2
√
π

)n−1(
i

2π

)|p| ∮
γ|j|

. . .

∮
γ|j|

sj,1p,β(i, λ)dλ1 . . . dλ|p|, λ = (λ1, . . . , λ|p|)

and

sj,1p,β(i, λ) =

= δ
j,
nP
l=1

il

(
n∏

m=1

1(∑m
l=1 il − j/2

)2 − µm

)|p|−1∏
m=1

1(∑β1+···+βm
l=1 il − j/2

)2 − λm+1


×
(∑β1+···+βp1

l=1 il − j/2
)2 − j2/4

j2/4− λ1

(5.19)

with some µm = µm(λ; p, β) ∈ γ|j|.
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Since for any r, we have |λr − j2/4|, |µr − j2/4| = δ0|j|, where δ0 > 0
small, one deduces from (5.19) that

|sj,1p,β(i, λ)| ≤ Cn

< j >|p|
Ajn(i).

As a consequence, one gets
∣∣Sj,1p,β(i)

∣∣ ≤ CnAjn(i), so that∣∣K̃j,1n (i)
∣∣ ≤ CnAjn(i)

∑
p=(p1,p2)∈N2,

|p|≤n

cp1cp2

∑
β=(β1,...,β|p|)∈N|p|,

|β|=n

1 ≤ CnAjn(i).

Similar computations can be performed for Zj,2
n , n ≥ 2. As a result, one gets

the representation

Zj,2
n (w) =

∑
i=(i1,i2,...,in)∈Zn0

K̃j,2n (i)wi1wi2 . . . win ,

with some K̃j,2n , satisfying the same estimate as K̃j,1n :
∣∣K̃j,2n (i)

∣∣ ≤ CnAjn(i).
This concludes the proof of Lemma 5.7. �
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