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0.1. Conventions. In this note, manifolds are C*° and finite-dimensional, vector
bundles are of finite rank, and smooth maps are C*.

IfI=(,...,i,) € N is a multi-index, put
(0.1) Il=i1+---+1ip, I'=1iq!---i
If (x1,...,x,;) € R™, we use the notation

o o\ P
(02) xI :xlll...x;’ln, (—) =
ox Ox -+ Oyt
1. MANIFOLDS, VECTOR BUNDLES, AND DIFFERENTIAL OPERATORS
I will assume the reader is familiar with the basic notions of differential geome-

try, such as smooth manifolds, vector bundles, de Rham complex, etc. We will recall
briefly some of the basic definitions and properties.

1.1. Smooth manifolds.

Definition 1.1 (Manifolds). 1) A topological space X is called a smooth manifold if
a) X is Hausdorff;
b) X is second-countable’;
¢) X is locally Euclidean, i.e., we have an open cover

(1.1) X= U,
acA
such that, for each a € A, there exist m € N, an open set V, c R™, and a
homeomorphism
(1.2) Ya:Ug— Vg,

such that if U, nUpg # &, then the following map is a diffeomorphism,
(1.3) Vpowy WUy nUp) — wp(Uy nUp).

2) If m is independent of a € A, we say X has dimension m.

Remark 1.2. When one first encounters the definition of manifolds, the Hausdorff
condition may seem quite natural, whereas the second-countability condition may
appear somewhat less so. Indeed, these assumptions imply that the manifold is
paracompact and metrizable. We recall the following definition and some standard
facts from topology.

a) A topological space is called paracompact if every open cover admits a locally
finite open refinement.

b) Michael’s theorem: Hausdorff, second-countable, and locally compact —
paracompact.

¢) Smirnov’s theorem: Hausdorff, paracompact, and locally metrizable <= metriz-
able.

Remark 1.3. By definition, a discrete uncountable set is not a manifold.

IThere exists a countable family I of open subsets such that any open set is a union of elements

inJ.
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In what follows, X will always denote a smooth manifold. The following propo-
sition based on the paracompactness is very useful to construct global objects from
local data.

Proposition 1.4 (Smooth partitions of unity). Let {U,},ca be an open cover on X.
1) There exists a family {(pﬁ} peB of smooth functions with compact support in
CX(X,[0,1]) such that
a) for every B € B, there exists a € A such that Suppgg < Uy,
b) the following sum is locally finite,” and

(1-4) Z (pﬁ =1.
BeB

2) If each U, is relatively compact, we can choose the index set B of our partition
of unity to be equal to A, and in 1a) we can require a = f.

Proof. See Exercises 1.2 and 1.3. 0]

Remark 1.5. Introduce another index set B in Proposition 1.4 is necessary. Indeed,
if X = R which is covered by one open set U = R, a function with compact support
cannot be equal to 1 on R.

Remark 1.6. There is rarely any need to delve into the details of general topology.
It suffices to keep in mind that a manifold is locally Euclidean and metrizable, and
that it admits smooth partitions of unity.

1.2. Smooth vector bundles.

Definition 1.7 (Smooth vector bundle). 1) A complex smooth vector bundle E on X
consists
e a smooth manifold € (called the total space);
eamaprn:6—X,
with the property that there exists an open cover X =J,eca Uy such that
a) for each a € A, there exist r, € N and a diffeomorphism

(1.5) vE WUy — Uy, xCTe

commuting with the projections onto Uy, ;
b) if Uy nUp # <, then r, = rg, denoted by r, and there exists a transition
function

(1.6) 8fq € C®UaNUp,GLA(C)),
such thatif xe UynUpg and v € C,
1.7) yEylh ) = (x gﬁa(x)v) .

2) If r, =r is independent of @ € A, we say E has rank r.
3) If we replace C by R in (1.5) and (1.6), we obtain the notion of real smooth vector
bundles.

2For any x € X, there is an open neighbourhood U, of x such that {f€B: plu, # 0} is finite.
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Remark 1.8. a) If x € X, we call E, = 77 1(x) the fibre at x. This is a complex
vector space.
b) By abuse of notation, we use the same letter E to denote the typical fibre of
the vector bundle.
¢) We have an identity of sets,

(1.8) €= || E,.
xeX
Intuitively, a vector bundle is a smooth family of vector spaces parametrized
by the base manifold X.

Remark 1.9. The transition functions satisfy®
E,~ .
(19 gls=gp, Lon U, nUy, gh.gh g8 =idon UsnUpnU,.

Conversely, given smooth transition functions {gﬁa} a.feA satisfying (1.9), we can
define an equivalence relation on the disjoint union [,c4 U, x C” by

(1.10) (x2,0) €Ug xC" ~(x',v)eUpx C" = x=x",v" = gpalx)v.

The quotient space [[,U, x C"/ ~ defines a smooth vector bundle with transition

functions {gpa}, 5.4 o0 X.

a,pe

Applying algebraic operations pointwisely to vector bundles, we obtain a family
of vector spaces. Using the smoothness of the transition functions, we can deduce
that the obtained family are smooth vector bundles. This gives us the following
examples.

Example 1.10. If £ is a vector bundle with transition functions {g? a} pea’ we can
a,
define

a) the dual E* =[],cx E}, with transition function ‘{tgg&_l} peA ;
a,fe

b) the conjugate E = Hiex E, with transition function {Ega} Sea ;
a,pe

¢) the tensor powers E®*, or symmetric and antisymmetric tensor powers S*(E)
et AME).

If F is another vector bundle with transition functions {gf; a} , we can define
a,feA

a) the direct sum EoF =[], x E,®F, with transition functions {gg o ® gga} 5 "
a,PBe

b) the tensor product E®F = [],cx E,®F, with transition functions { gt o gl } ;
Ba Baf o pea
¢) the homomorphism Hom(E,F) = [[,c.x Hom (E,,F,) with transition functions

t -1, F
{ gﬁa’ ®gﬁ“}a,ﬁeA'
If f:Y — X is a smooth map, we can define the pullback bundle f*E = [],cy Er(y)
with the transition functions { f *gf,-g a}
of Y.

. . -1
" associated to the covering {f 'Uq} .4

3Taking a=P=vin (1.9), we get g4 =1d on Uy,.
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Example 1.11. If X is a smooth manifold, then the tangent bundle 7X is a real
vector bundle defined by transition functions

(1.11) d(wpoy,') e C®°(U, NUp,GLy(R)).

We can define the cotangent bundle 7* X, exterior algebra A(T*X) = @o<p<m A* (T*X)
according to the previous example.

Definition 1.12. A smooth section of E is a smooth map s : X — € such that mos =
id. Denote by C*°(X, E) the space of smooth sections of E.

Equivalently, s corresponds to a family {s, € C*°(U,,C")}4eca such that
1.12) gga(x)sa(x) =sp(x).

Intuitively, a smooth section s is a family {s, € E},x of vectors that varies smoothly
with x.

Example 1.13. A smooth section of T'X is called a vector field. A smooth section of
A(T*X) is called a differential form.

Definition 1.14. 1) A Hermitian metric A¥ on E is an element
(1.13) KE € (XE®1_73)

such that for each x € X, A% is a Hermitian metric on E,.
2) Similarly, we can define a Euclidean metric on a real vector bundle.

Let (-,-) be the standard Hermitian metric on C". A Hermitian metric A% corre-
sponds to a family of smooth function x € U, — hgx with valued in positive defined
self-adjoint matrix such that we have the following identity on Uy, nUpg,

(1.14) <hg> - <h§g§a',g§a->-

Intuitively, a Hermitian metric is a family of Hermitian metrics {hf } cex on By that
varies smoothly with x.

Proposition 1.15. A Hermitian (resp. Euclidean) metric on a complex (resp. real)
vector bundle always exists.

Proof. Choose a relatively compact open cover X = J, U, that trivializes E. The
standard Hermitian metric on C” induces a metric A, on Ely,. If {(pa} aed 18 @
partition of unity subordinate to the cover {U,}4c4, then
(1.15) RE =Y poha

acA
is a Hermitian metric on E. ]

Definition 1.16. A complex (resp. real) vector bundle equipped with a Hermitian
(resp. Euclidean) metric is called a Hermitian (resp. Euclidean) vector bundle.

Definition 1.17. A Euclidean metric g7% on TX is called a Riemannian metric on
X. A manifold X equipped with a Riemannian metric g% is called a Riemannian
manifold.
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1.3. Differential operators. Let E,F be two complex vector bundles on X. Let
(1.16) P:C*X,E)— C™(X,F)
be a C-linear map.

Definition 1.18 (Differential Operator). The operator P is called a differential op-
erator of order at most k£ € N if there exist

a) an open cover X =Jgea Uy with the property that

i) U, =V, is a coordinate chart in R™;

ii) we have the trivializations E|y, = U, x C™ and F|y, = U, x C"?;
b) an operator on U, of the form

oI
(1.17) P, = Z aI(x)(a—) , where a; € C*°(U,,Hom(C",C"?)),
<k X

with the property that if U, nUp # &, then
(1.18) Ppgli, = 8paPa on Ua nUp,

such that if s € C*°(X,E) is defined by {sq},ca satisfying (1.12), then Ps is defined
by the family {P,s4}4ca satisfying (1.12).

Example 1.19. Let @, be an operator on U, of the form (1.17) (without assume
(1.18)).

a) If oo, wq € C°(Uy,R), then ¢ Qv is a differential operator of order at most
kon X.

b) If {Ug}eea is locally finite, then the locally finite sum Y., aQa¥q is still a
differential operator of order at most 2 on X.

Theorem 1.20 (Characterization of differential operators by commutators). A C-
linear operator P : C*°(X,E) — C®(X,F) is a differential operator of order at most
k, if and only if for any fo,...,fr € C°(X,R), the k + 1-commutator vanishes,

(1.19) [fo,[f1,...,[fx,P]...11=0.

Proof. The direct implication is trivial. Let us show the inverse implication.

Step 1. Study the model case : X =R™, E =C"1, F = C"2. Let us show that in this
case P has the form (1.17).

If se C*°R™,C™), if xg € R™, we can write

1(0\
(1.20) s(x) = Z(x—xo)I—Y(—) s(wo)+ Y. (x—x0) s7(x),
1I|<k I'\0x I|=k+1

where s; are smooth functions on R™.
We claim that if [I| =k + 1, then

(1.21) P (- 20)' 1) (x0) = 0.
It is enough to show that, if fy,..., % are (k + 1)-functions vanishing at x(, then

(1.22) P(fo...frsp)(xo) =0.



8 SHU SHEN

Indeed, we have

(1.23) P(fo...fespD) =[P, folf1...fest + foP(f1...frSID).
Since fo(xg) =0, by (1.23), we get
(1.24) P(fo...fesD(x0) =[P, fol(f1...frs)(x0).

Iterating (1.24) and using (1.19), we get (1.21).
By (1.20) and by (1.21), we get

(1.25) P = T (PG ~x0)) o) (%)Is(xo).
Put
(1.26) ar(z0) = 7 (Pl —x0)! o).
By (1.25) and (1.26), we have
0 I
(1.27) P= |IlZSkaI(x) (&) )

Step 2. P is localisable. Let us go back to general manifolds. Let us show that if
¢, € C*°(X,R) has disjoint support, then

(1.28) $Py =0.

Indeed, we can choose 55 € C*(X,R) such that 65 =1 on the support of ¢ and that
the supports of ¢ and v are disjoint. Using ¢¢ = ¢ and ¢ = 0, we have
(1.29) OPy = ppPy = p[p,P]y.

Iterating (1.29) and using (1.19), we get (1.28).
Step 3. Globalisation on manifold. Choose a locally finite open cover X = gea Uqy

such that for each a € A, U, is relatively compact and is contained in a coordinate
chart, and that Ely, =U, xC™, Fly, =U, x C".

Let {(pa} seA De a partition of unity subordinate to the cover {Ug}qca, and choose
Wq € C(Ug,R) such that ¢, =1 on Suppy,. By (1.28), we have

(1.30) P=Y ¢oP=Y dpaPy,.
acA acA

Choose (Ea,lffa € C(Ug,R) which equal to 1 on the support of ¢4,y respectively.
By (1.30), we can write

(1.31) P= Z Pa (‘PaPU’a) Vq.
acA

We can view ¢,Pv, as an operator on R™. We claim that ¢,Pv, satisfies the
commutator condition (1.19) on R™. Indeed, let / be a smooth function on R™. If
f € C(Uq,R) such that f = f on a small open neighbourhood of Suppv,, then

(1.32) fPaPVa—PaPVaf = FPaPWa—PaPVaf.

We can rewrite (1.32) as

(1.33) [f:(PaPU/a] =@a []?:P]V/a-
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Iterating (1.33) and using (1.19), we seee that ¢,Pw, satisfies (1.19) on R™.
By Step 1, ¢,Py, has the form (1.27). By Example 1.19 and by (1.31), we see
that P is a differential operator. [

The following corollaries are direct consequences of Theorem 1.20.

Corollary 1.21. If P is a differential operator of order at most 0, or equivalently, for
all f e C®°(X,R),

(1.34) [f,P]1=0,
then there exists A € C*°(X,Hom (E,F)) such that if se C*°(X,E),
(1.35) Ps(x)=A(x)-s(x).

Corollary 1.22. If P : C*(X,E) — C*(X,F) is an operator such that for all f €
C*°(X,R), the operator

(1.36) [f,P]

is a differential operator of order at most k — 1, then P is a differential operator of
order at most k.

Corollary 1.23. A differential operator P : C®°(X,E) — C*(X,F) preservers the
support, i.e., if s€ C*°(X,E),

(1.37) Supp(Ps) < Supp(s).

In particular, P restricts to

(1.38) P:CPX,E)— CI(X,F).

Proof. This is a direct consequence of (1.28). [

Definition 1.24. Let Diffx (E,F') be the space of differential operators. If £ € N,
denote by Difff;( (E,F) c Diffx (E,F) the space of differential operators of order at
most k.

Clearly, the composition of differential operators is still a differential operator. If
E =F, then Diffx (E,E) forms an algebra such that

(1.39) Diff% (E,E)- Diff§ (E,E) c Diffs"! (E,E).
This means that Diffx (E,FE) is a filtered algebra.
1.4. Principal symbols and elliptic operators. Let P € Diffé‘} (E,F) be a differ-

ential operator with local expression P, given by (1.17).
We can define the total symbol of P, for x € U, and ¢ € T; X by

(1.40) Oot(Pa)(x, )= Y ar(@)id)’.
|I|<k
Unfortunately, o.t(Py) is not globally well-defined on X.
Put
(1.41) o(Pe)(x,) =Y ar()id’.
\I|=k

We can view o(P,) as a function defined on U,, with values in Pol® R™egrHom(C™,C"2).



