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Proposition 1.25. The family {0(Py)},ca defines a global section o(P) contained in
C>(X,Pol*(T*X)®g Hom(E,F)).

Proof. We can check directly that o(P,) satisfies a condition similar to (1.12). Here,
we give a more intrinsic proof.

Given f € C®(X,R), if ¢ € R, then e “*/ Pef is a differential operator of order at
most £ on R x X, which locally on R x U, is given by

. . 0 I
(1.42) e Pttt =y a,(—+itdf) .
I|<k X
Then the k-th commutator
1[d [d d : :
1.43 L L itfp it ”
(1.43) Ede |dt ’[dt’e @t
is still a differential operator, and is locally given by
(1.44) Y ar)Gdf) = @P)(df).
1I|=k

This is equivalent to say that the operator (1.43) is of order 0, and is given by a
global section. This is just the global section o(P)(df). 0

Definition 1.26. The smooth section o (P) is called the principal symbol of P.
Proposition 1.27. We have an exact sequence
(1.45)

0 — Diffs (B, F) L Diff%.(E,F) -~ C*°(X,Pol*(T* X) g Hom(E,F)) — 0,
where i is the obvious inclusion.

Proof. Clearly, i is injective. Moreover, we have g oi =0 and if o(P) =0, then P has
order <k —1. Hence, imi = kero. It remains to show ¢ is surjective.

Take a € C®°(X,Pol*(T*X)er Hom(E, F)). We use the notation in the Step 3 of the
proof of Theorem 1.20. Then, a is represented by a family {a,},c4 satisfying (1.12).
Choose P, such that o(P,) =a,. Put

(1.46) P=Y ¢aPova.
acA

Then, P is a differential operator of order at most £ such that
(1.47) U(P):Z(PaU(Pa)Wa:Z(paaa:a’
a a
which proves the surjectivity of o. [l

Remark 1.28. Proposition 1.27 means that the graduation of the filtrated algebra
Diffx (E,E) is given by

(1.48) C*® (X,Pol* (T*X) ®gr Hom(E,E)).

Definition 1.29. A differential operator P : C*°(X,E) — C°(X,F) is called elliptic
if o(P)(x,¢) € Hom (E ., F,) is invertible for every (x,{) € X * with & #0.

Remark 1.30. If P : C*°(X,E) — C*(X,F) is elliptic, then E and F has the same
rank.
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1.5. Differential forms. The space of differential forms on X will be denoted by

(1.49) Q'X,R)=C®(X,A\" (T"X)).
Theorem 1.31. 1) There exists one and only one R-linear operator
(1.50) d*: Q" (X,R)— Q""'(X,R)

such that

a) for every f € C®(X,R), dXf € Q1(X,R) is the usual differential;
b) we have (dX)2 loox Ry =0
¢) for a € Q*(X,R) and B e Q’(X,R), then

(1.51) dX(anp)=dXanp+=D*andXp.

2) The operator d¥ is a differential operator of order at most 1 with principal symbol
ié and satisfies (dX)2 =0on Q(X,R).

Proof. If f € C*°(X,R), by 1c), we have
(1.52) [dX,f] —dXf.

By Theorem 1.20, dX is a first order differential operator with principal symbol i¢.
Unicity. We use the notation in the proof of Theorem 1.20. Namely, X = Uz Uqa

is covered by a locally finite family of open relatively compact coordinate charts, and
{¢a} e 4 1s a partition of unity subordinate to the cover {Ua}yea, and yo € C3°(Uq, R)
is equal to 1 on some small open neighbourhood of Supp ¢,,.

Since d¥ is a differential operator, as in (1.30), we have

(1.53) d¥s= Z PadXs= Z badXwes.
acA acA

In coordinates chart U,, we can write*

(1.54) Was :Z Z ail,mikdxil /\--~/\dxi"’,

k 1<ii<ig<--<ip<m

where a;, i, €CP(Ug, R).
We can replace the function x* by another function Xe C (U4, R) which coincides
with x? on the support of Vg, 1.€.,

(1.55) Vas =) aiy, i, d T 1A AdEFE,

By (1.53) and (1.55), we see that dXs is determined by ani1,...ik and by dXdXz.
Those quantities are determined by the conditions 1a) and 1b).
Existence. On each U,, dY« = Zidxi% is an operator of form (1.17). It is ele-
mentary to see that dU« satisfies the conditions 1a)-1c) when X is replaced by U,.
Appling the above unicity results to U, nUp, we know that the operators dUe
and dYs agree on Uy N Ug. Equivalently, the family (d U“) scA Satisfies the condition
(1.18), and hence defines a differential operator d¥ on X.

4Here, x' : R™ — R is the i-th coordinate function and d : Q° (R™,R) — Q1 (R™,R) is the usual
differential.
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The three properties 1a)-1c) as well as the last statement in 2) are local. There-
fore, dX satisfies all these properties. [

Remark 1.32. The operator d¥ is determined by its restrictions to Q%(X) et QN(X).

The fact (d% )2 = 0 implies that (Q(X,R),d%) is a complex. Moreover, d* restricts
to

(1.56) d¥:Q.(X,R)— Q."1(X,R),

so that (Q. (X,R),dX) forms another complex.

Definition 1.33. If 0 <k <m, put

kerd® nQ* (X,R) kerdX nQF (X,R)
dXQF-1(X,R) dXQF1 (X R)

The Z-graded vector spaces H(X,R) = ®}" ;H* (X,R) and H.(X,R) = ®}" H* (X,R)

are called respectively the de Rham cohomology and the compactly supported de

(1.57) H*(X,R) = H"(X,R)=

Rham cohomology of X.
Example 1.34. The following identities hold,

R, k=0,
0, k>0,

0, k=m-1,

(1.58) H*(R™R) :{ -
R =m.

i)
1.6. Orientation and integration. Let V be a real vector space of dimension r.
Two ordered basis (eq,...,e,) and (e'l,...,e’r) of V are said to define the same orien-
tation if the determinant of the change of basis matrix is positive. This defines an
equivalence relation on the set of ordered basis of V. The equivalence classes are
called orientations of V. Clearly, V has exactly two orientations.

Let E be a real vector bundle of rank r. For any x € X, we choose an orientation
of E,. The family of these orientations is called locally constant, if for any x € X,
there exists a small open neighborhood U < X of x such that E|;y =U xR" and all
the orientations of E, y € U, induce on R” the same orientation.

Definition 1.35. 1) A real vector bundle E is called orientable if there exists a
locally constant family of orientations on E,, x € X.

2) An orientable real vector bundle equipped with a locally constant family of ori-
entations is called an oriented vector bundle.

Proposition 1.36. A real vector bundle E is orientable if and only if the family of
transition functions can be chosen to have values in GL; (R).

Proof. The direction = . We fix a locally constant family of orientations on E,,

x € X. For any x € X, we can choose a small open neighborhood U, < X of x such
that

(1.59) vE Ey, =U,xR’.

Multiplying on the left by a matrix of determinant —1 if necessary, we can assume
that for all y e U, y/Z| g, sends the oriented basis of E, to the oriented basis® of R.

5Here, R’ is canonically oriented.
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Therefore, if y e U, nU,, wf, (wE )_1(y,-) sends the oriented basis of R” to the
oriented basis of R”. This means that the transition function gf,x takes values in
GL (R).

The inverse direction <. If the transition functions (g%'a) Sea take values in
a,fe

GL; (R), the canonical orientation of R” induces an orientation on E, for each x €

U,, which gives globally a locally constant family of orientations on E,, x€e X. [

Definition 1.37. If TX is orientable (resp. oriented), then X is called orientable
(resp. oriented).

Let X be an oriented manifold of dimension m. A coordinate chart
(1.60) Yo:Ug—Vy

is called oriented, if ¥, is orientation preserving, i.e., for all x € U, the differential
dy 4 (x) sends the oriented basis of T, X to the oriented basis of R™.
If s € Q"™(X,R), we can write s in an oriented coordinate chart U, as

(1.61) Sa =fadxt A - Adx™.
We can identify s, to a signed measure on U,
(1.62) Uo = fadxt---dx™.

Since the Jacobi matrix associated to the change of coordinates has positive deter-
minant, the family of signed measure {u,} sea defines a signed measure ps on X.

Definition 1.38. If X is oriented, for s € Q.(X,R), define

f S :f l’ts[m’]’
X X

where s denotes the degree-m component of s.

Theorem 1.39 (Stokes). If X is oriented, for s € Q.(X,R), we have

(1.63) f dXs=0.
X
Proof Using the partition of unite, we have®
(1.64) des: Y| dX¥(pas)= Y | d(gas).
be s T e

In this way, we can reduce the proof of (1.63) to the case of X = R™.
If f e CP(R™), we have

(1.65)
0 0
f d(fdx*---da™) :f I gitda®...de :f ( —fdxl)dxz---dxm =0.
m m Oxl R™-1\JR Ox!
By (1.64) and (1.65), we get (1.63). 0

6The sum is finite since s has compact support.
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Proposition 1.40. (Poincaré pairing) If X is oriented and of dimension m, the bi-

linear map

(1.66) (s,s’)EQ(X,R)XQC(X,R)ﬁsz/\s’ER.

induces a well-defined bilinear map

(1.67) H'X,R)xH] " (X,R)—R,

Proof Since s,s’ are closed, for any ¢t € Q(X,R) and ¢' € Q. (X,R), we have

(1.68) (s + dXt) A (s’ +dXt’) =sns' +d¥ (t As + (=18 At +EA dXt’).

By Stokes’ formula (1.63) and by (1.68), we get

(1.69) fX(s+dXt)/\(s'+dXt') :sz/\s',

which implies (1.67) is well-defined. ([l

Remark 1.41. The oriented condition on X will be removed latter (see (4.16)).
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2. CONNECTION AND CURVATURE

In this section, we introduce the notation of connection on a vector bundle. We
study the associated geometric object such as the parallel transport and the curva-
ture form.

2.1. Connections. Let X be a smooth manifold and let £ be a complex smooth
complex vector bundle on X.

Definition 2.1 (Connection). A connection on E is a C-linear operator

(2.1) vE . C®(X,E) — QYX,E)
such that for every f € C*°(X,R) and u € C*(X,E),
(2.2) VE(fu) =dXf Anu+FVPu.

Similarly, we can define the connection on a real smooth vector bundle.

Remark 2.2. We can rewrite (2.2) as
(2.3) [vE,f] - dXf.

By Theorem 1.20, the operator (2.1) is a connection if and only if it is a differential
operator of order 1, with principal symbol i¢.

Remark 2.3. A connection VZ is locally represented by the following family with
property (1.18),

(2.4) VE|, =d+T§, where T € Q'(Us,End(C")).
Here, the matrix T'Z is called the local connection one-form on Uy,.
Remark 2.4. The de Rham operator defines a connection on the trivial bundle X xR.

Proposition 2.5. Every smooth vector bundle admits a connection. If VE and VE

are two connections on E, then

(2.5) vE _VE € QX ,End(E)).

Proof. The exact sequence (2.6) specialise to

(2.6)

0— Diff (E,T*X eg E) - Diffk (E,T* X ®g E) -2 C*® (X, Poly* (T*X) @g Hom (E, T* X ®g E)) — 0.
Since o is surjective, we know that there exists always a connection on E. Since

kero =im i, we see that the difference of two connections is given by an element in

2.7 Diff%(E,T*X ¢ E) = Q' (X,End(E)).

The proof of our proposition is complete. [l

Remark 2.6. Proposition 2.5 means that the space of connections on E is affine and
modelled on the vector space Q'(X,End(E)).

Example 2.7. If E is a smooth vector bundle equipped with a connection VZ, locally
given by d +T° 5 , we can define
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a) the induced connection VZ~ on the dual bundle E*, which is uniquely charac-
terized by

2.8) d¥ (u*,u)= <VE*u*,u> + <u*,VEu> , where u* € C°(X,E*),u € C*°(X,E).
and which is locally given by
(2.9) vE |y, =d -'TE;

b) the induced connection VE on E, which is uniquely characterized by

(2.10) VvET = VEy, where u € C°(X,E),
which is locally given by
(2.11) VE|y. =d+T%;

¢) the induced connection V¥ * onE ® which is uniquely characterized by’

k
(2.12) vE k(u1®...®uk): Zu1®...®VEui®...®uk, where u; € C*(X ,E),
=1

which is locally given by
k
(2.13) VE Iy =d+Y 1e...eTfe.. 8 1;
i=1
d) the induced connections VS'E ,VAkE on S*E, A*E obtained by restricting vE*

to S*E,A*E.
If F is another vector bundle equipped with a connection V¥, locally given by d +TZ,
we can define

a) the direct sum connection VZ®¥ on E @ F, which is uniquely characterized by
2.14)  VEF (ug+ug)=VEu; +VFuy, where uj € C®(X,E),us € C*(X,F),

and which is locally given by

rE o
2.15 VESE |y =d+| @ ;
( ) lu, 0 TF
b) the tensor product connection VE®F on E ® F, which is uniquely characterized
by
(2.16)

vESE (u1@ug) = (VEul) ®ug+uy®Vug, where uy € C°(X,E),us € C°(X,F),
and which is locally given by
(2.17) vEeF |, =d+TEe1+1eIE.

¢) the induced connection VHO™E-F) 51 the bundle Hom(E,F) = E* ® F obtained
from the tensor product connection of VZ™ and V¥.

"This formula can not be considered as a definition, since nothing guarantees that V¥ ** acts to a
general section is well-defined. One way to show the existence of VZ ** is to use the local expression
(2.13) satisfying the condition (1.18).
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If f:Y — X is a smooth map, we can define the pullback connection V/ £ which is
uniquely characterized by®

(2.18) {vﬁ*E(f*u)}(y) - {v{jfy(v)u}(f(y)), where u € C°(X,E),veT,Y,
which is locally given by
(2.19) VB gy =d+fTE.

Remark 2.8. If Y < X is a submanifold, one cannot in general define the restriction
of an arbitrary differential operator to Y. In contrast, a connection admits a well-
defined restriction through the pullback connection.

Let A be a Hermitian metric on E which is locally defined by self-adjoint positive-
definite matrix-valued functions {hZ}__, (see (1.14)).

Example 2.9 (Adjoint connection). The adjoint connection VZ’ of VZ with respect
to A® is uniquely characterized by

(2.20) d¥ (Ui, ug)pe = <VE'u1,u2>hE + <u1,VEu2>hE where u1,us € C*°(X,E),
which is locally given by

-1 -1,_
(2.21) vl =d+(hE) " (dnE)-(rE) Tk,

Remark 2.10. If we consider h® as a section in C® (X ,Hom (E ,E*)), then

2.22) vE = (hE)_l oVE ohE.

Remark 2.11. Put

(2.23) wF = (hE)_l (vHOm(E’E*)hE),

Then,

(2.24) dX (81,82)E = <wEsl,32>hE + <VE81,82>hE + <81,VE32>hE.
By (2.24), we get

(2.25) o € Q' (X,End*™(E)),

and

(2.26) VE = VE 1+ oF.

Definition 2.12 (Metric connection). A connection VZ is called metric (or Hermit-
ian) with respect to A% if

(2.27) vE = vE,
Equivalently, for all uq,ug € C*(X,E),
(2.28) dX (ui,ug)pe = <VEu1,u2>hE+<u1,VEu2>hE.

8Footnote 7 applies here.



