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If f:Y — X is a smooth map, we can define the pullback connection V/ £ which is
uniquely characterized by®

(2.18) VB wh o= {5, ,u}b (F(y), where u e C*(X,E),ve T,Y,
which is locally given by
(2.19) VIE gy =d+fTE.

Remark 2.8. If Y c X is a submanifold, one cannot in general define the restriction
of an arbitrary differential operator to Y. In contrast, a connection admits a well-
defined restriction through the pullback connection.

Let h® be a Hermitian metric on E which is locally defined by self-adjoint positive-
definite matrix-valued functions {AZ} aea (see (1.14)).

Example 2.9 (Adjoint connection). The adjoint connection VE’ of VZ with respect
to h® is uniquely characterized by

(2.20) d¥ (ut,ug)pe = <VE'u1,u2>hE + <u1,VEu2>hE where u1,us € C*°(X,E),
which is locally given by

-1 -1,_
(2.21) vl =d+(rE) (drE)-(rE) " ‘Toh.

We consider A% as a section in C™® (X ,Hom (E ,E*)) Put

-1 —*

Proposition 2.10. The following identity holds,
_1 —

(2.23) VE = (RE) " oVE onf.
Moreover, ¥ lies in Q' (X,End®"* (E)) such that
(2.24) VE = VE 4 o,
Proof. We can rewrite (2.20) as
(2.25) dX <hEu1,ﬁ2> = <hEVE/u1,ﬁl> + <hEu1,VEu2>,

where (-,-) is the natural pairing between E andE.
By (2.8) and (2.10), we have

(2.26)
dX <hEu1,ﬁz> = <VE* (hEul) ,ﬁ2> + <hEu1,VEﬁ2> = <VE* (hEul) ,ﬁ2> + <hEu1,VTu2>.
By (2.25) and (2.26), we get (2.23).

Using

2.27) VE (hPu) = (VH"m(EE*]hE) ur+ % (VEuy),
and (2.23), we get (2.24).

8Footnote 7 applies here.
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By (2.24), we can rewrite (2.20) as

(2.28) dX (u1,ug)pe = <wEu1,u2>hE + <VEu1,u2>hE + <u1,VEu2>hE.

Using (u1,ug),e = (ug,u1),e, and (2.28), we can deduce that
(2.29) <wEu1,u2>hE = <u1,wEu2>hE ,
which implies that o € Q! (X,End®(E)). O

Definition 2.11 (Metric connection). A connection VZ is called metric (or Hermit-
ian) with respect to AZ if

(2.30) vE = VE.
Equivalently, for all u1,ugs € C*(X,E),
(2.31) dX (ul,uz)hE :<VEu1,u2>hE+<u1,VELL2>hE.

Remark 2.12. If VE and V¥ are metric, then all the connections constructed in Ex-
ample 2.7 are metric.

Proposition 2.13. Every Hermitian vector bundle (E hE ) admits a metric connec-

tion. If VE and VE are two metric connections on (E ,hE ) then

(2.32) vE-vE e Q! (X, End™ (B)),

where End®Y (E) is the anti-self-adjoint endomorphisms bundle of E with respect to
RE.

Proof. By (2.28),

(2.33) vEu = yE 4 %wE

is a metric connection. The second part of our proposition is an immediate conse-
quence of (2.31). [l

2.2. Parallel transport. We call a smooth map”’
(2.34) x.:8€[0,1] —x,€e X

a smooth curve on X.

A section u € C*® ([0, 1],x,*E) will be called a section of E along the smooth curve
x.. Intuitively, this is a family (us ek xs) s€[0.1] of vectors which various smoothly on
se[0,1].

Example 2.14. If sg € [0,1], the small curve (xs)sc)-s-s, 5+s, Passing through xs,
defines a tangent vector denoted by %, € Ty, X.In this way, we obtain a vector field
along x., which will be denoted by x.. Equivalently, we have
d
(2.35) X.% (%) =Xx..
9A smooth map defined on [0, 1] by definition means restriction of smooth map on some large open
subset ] —¢€,1+¢€l.
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Definition 2.15. If u. € C*° ([0, 1],x,*E) is a section of E along x., put

(2.36) n.=v5Ey.

ds

Then, . is still a section of E along x.. Sometimes by abuse of notation, we denote
(2.37) u.=Vey.
Note that in the above expression VZu. does not make sense.

Remark 2.16. If the curve x. is contained in a local coordinate chart U,, then

(2.38) g =

d
P +r§(xs)) Us.

Definition 2.17 (Parallel section). A section u. € C*°([0,1],x*E) of E along the
smooth curve x. is called parallel with respect to VZ if

(2.39) u.=0.

Proposition 2.18. Given ug € E,, there exists a unique parallel section u. with
respect to VE along x. such that

(2.40) Usls=o0 = uo.

Proof. We can assume that the curve x. is contained in a local coordinate chart U,.
Otherwise, we can decompose the curve x. into a finite number of pieces, each of
which is contained in a local coordinate chart.
Then, (2.39) and (2.40) become a linear ordinary differential equation,
d

(2.41) St + T () =0, Usls=0 = Uo.

The existence and uniqueness of the solution to (2.41) follow from the standard
results of linear ordinary differential equations. 0

Definition 2.19 (Parallel transport). The parallel transport with respect to VZ
along the smooth curve x. is the linear map

(2.42) 10:Ey — Ey,
defined by
(2.43) Tuo =u1,

where u. is a parallel section with respect to VZ along «..
If 0 <s,s' <1, we denote by 75, the parallel transport along the smooth curve x.
from E,_ to E,,.

Remark 2.20. If vg € C*°([0,1],E,), then u. = (Tgvs)se[o 1 s a section along x. such
that

. ofd
(2.44) Us=Tg|=0Vs].
Equivalently, we have

(2.45) Ve 10 =10,
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Intuitively, the parallel transport trivializes the covariant derivative along the curve
X..

Remark 2.21. If x. is only C! or even piecewisely C, the parallel transport is still
well-defined. However, if x. is only continuous, the parallel transport is not well-
defined. A fundamental result of It6 shows that parallel transport can be defined
along almost every continuous path with respect to the Wiener measure. This is
how stochastic analysis comes into play in differential geometry.

Remark 2.22. The parallel transport can be used to define a "canonical" trivializa-
tion of E on some local coordinate chart. More precisely, if x¢ € X, choose a local
coordinate near x(, which identifies xy to the origin 0 € R™. Take a small open ball
B (ep) of radius €p in R™ and identify it with a small open neighbourhood of x.

If Y € B(ep), then (sY)p<s<1 defines a smooth curve joining 0 and Y. Denote by
Tg, : By, — Ey the parallel transport along this curve. Then,

(2.46) (Y,v)€B(e)x Exy — (Y,790) € Epee)

induces a trivialization of E|p(). This trivialization plays an important and some-
times implicit role almost everywhere in differential geometry.

Proposition 2.23. If VE is a metric connection with respect to h®, then the parallel
transport T(l) :Ey, — E, along the smooth curve x. is an isometry with respect to RE.

Proof. Let u. and v. be two parallel sections of E along x.. By (2.31), we have

d
(247) % <uS’Us>hE = <u8’vs>hE + <u8703>hE = O
Therefore,
(248) <ulyvl>hE = <u0,v0>hE ’

or equivalently,
(2.49) {T(l)uo,r(l)v())hE = (U0, V0) 4E -
This means ‘L'(l) is an isometry. 0]

2.3. Curvature. The connection (2.1) extends to an operator

(2.50) vE.Q'(X,E)— Q"*YX,E)
such that'?
(2.51) VE(ans)=dXans+(-1)38%q AVESs,

The local expression of (2.50) is given by

(2.52) VEly, =d+T4:Q" (U,,C) — Q"1 (U,,C").
Consider the composition

(2.53) (VE)2 :Q" (X,E) — Q"2(X,E).

10Footnote 7 applies here. The local expression (2.52) and as well as the well-definedness of d
implies d + I'F satisfies (1.18) in this extended case.
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Remark 2.24. A priori, (V£ )2 is a differential operator of order at most 2. It is
principal symbol is given by i¢ Aié = 0. Therefore, (VZ )2 is a differential operator of
order at most 1. The following proposition shows that (VE )2 is in fact a differential
operator of order 0.

Proposition 2.25. The differential operator (VE )2 is of order 0.
Proof If f € C*°(X,R) and s € QX ,E), we have
VEVE(fs) = VE (de As+ fvEs)

(2.54) =—dXfFAVEs+dXFAVEs+ FVEVES
= fvEVEs.
Therefore,
2
(2.55) (VE) , f] - 0.
In particular, (VE )2 is of order O. 0

Remark 2.26. Using (2.52), the local expression of (VX )2 is given by
2 2
(2.56) (VE) 10, = (¢ +TE) =drg +TE ATE.

By Proposition 2.25, (VE )|20°°(X £ can be identified with a section in Q?(X,End(E)).
By (2.56), if k = 1, (VE)IZQk(X &) 1S given by the same section.

Definition 2.27 (Curvature). The above section denoted by R¥ € Q?(X,End(E)) is
called the curvature of the connection VZ.

Proposition 2.28. If v,w € C®°(X,TX), we have
(2.57) RE@w,w)=VEVE _vEVE _yE

[v,wl

Proof. Since both sides of (2.57) are different operators, it is enough to verify (2.57)
in a local chart U,.

By (1.79), we have
dlﬂé'j (v,w)=v (FE (w)) -w (Fg (v)) - rﬁf (lv,w)),

(2.58)
TEATE (0,w) =TE ) TE (w) - T (w)TE (v).

By (2.56) and (2.58), we get

(2.59) R (v,w) =0 (T% ) ~w (15 @) - T% (1o, wD) + [T (0),TF )]

On the other hand,
260)  VEVE-VEVE-VE  =[o+TP@),w+T" @)|-[v,0]-T" (v,0D),
which coincides with the right-hand side of (2.59). [

Proposition 2.29 (Bianchi identity). The curvature satisfies

(2.61) [VE RE ] - 0.
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11 2.0

Proof Our proposition is a trivial'! consequence of the definition R® = (VE )

Example 2.30. If E is a smooth vector bundle with connection VZ and curvature
RE then

a) the curvature of the induced connection V’i " is given by R_E "= _tRE,

b) the curvature of the induced connection VZ is given by R¥ = RE ;

¢) the curvature of the induced connection V¥ *is given by RF “_-REgl®..+
1oRF®...+...

If F is another smooth vector bundle with connection V¥ and curvature RF, then
a) the curvature of the induced connection VE®F is given by R¥®F = RE ¢ RF
b) the curvature of the induced connection VZ®F is given by RE®F =Rf91+1®
RF .
¢) the curvature of the induced connection VHO™EF) ig given by RHomEF)
—'RE®1+19RF.
If f:Y — X is a smooth map, then the curvature of the pullback connection V/ % ig
given by R/'E = f*RE.
Proposition 2.31. If VZ is a metric connection on (E,h%), then

(2.62) RE € Q*(X,End®™(E)).

Proof. By (2.31), we have

(2.63) 0=d¥d¥ (51,590 =d* ((VEs1,52) , +(s1,V%s2) ).
We claim that
(2.64) d* (Vs1,85) , = (RPs1,2) = (VEs1,V7s5) .

Indeed, (V¥s1,s2), 5 can be written as a linear combination of a (VZsy,ss), » where
aeQNX,R) and v e C®°(X,TX). Moreover, we have

(2.65)
aX (a <stl,sz>hE) :an<stl,sz>hE - a<VEstl,32>hE - a<stl,VE32>hE
= <VEansl,82>hE -a <V581,VE82>hE ,

which implies our claim (2.64).
Similarly, we have

(2.66) dX <81,VE82>hE = <VE81,VE82>hE + <5‘1,RE32>hE .
By (2.63), (2.64), and (2.66), we get
(2.67) (Rs1,82) ,+(s1,Rs3) , =0,

which means R¥ is a two form with values in the skew-Hermitian endomorphisms
of E. [l

Hhis might be the most advantage of our definition of curvatures.



