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2.7. Exercices.

Exercise 2.1. Let
°
E,hE¢

be a Hermitian vector bundle on X with metric connec-
tion rE. Fix x0 2 X .

a) Show that there exist a small open neighbourhood Ux0 of x0, and a smooth sec-
tions ei 2 C1

≥
Ux0,E|Ux0

¥
, i = 1, . . . , r, such that {ei}1∑i∑r forms an orthonormal

basis of Ex at every point x 2Ux0.
b) Show that there exist an open cover X = S

Æ2A UÆ and trivialisations E|UÆ =
UÆ£Cr such that

• the local hE
Æ is the identity matrix;

• the transition function gE
ØÆ lies in C1 °

UÆ\UØ,U(r)
¢
;

• the local connection 1-form °E
Æ lies in ≠1 (UÆ,u (r)).

Exercise 2.2. Let E be a vector bundle on X with connection rE. If x0 2 X , we
trivialise E near x0 as described in Remark 2.22. If °E is the associated connection
1-form, show that °E vanishes at the point x0 2 X .

Exercise 2.3. The aim of this exercise is to introduce the horizontal subbundle
TH

EΩ TE. This is the infinitisimal approach for the parallel transport, which
provides another description of a connection.

1) Let U be an open subset of Rm. Let U£Cr be the total space of a trivial vector
bundle on U . Let æ : x 2U ! (x, s (x)) 2U £Cr be a section with representative
s 2 C1 (U ,Cr). Let r be a connection with representative d +°, where ° 2
≠1 (U ,End(Cr)).

a) If (xt)t2[0,1] is a smooth curve on U , let (xt, st)t2[0,1] be the correspond-
ing parallel section le long (xt)t2[0,1]. With the help of °, write down an
explicit formula for the map

ẋ0 2 Tx0U ! (ẋ0, ṡ0) 2 T(x0,s0)
°
U £Cr¢ .(2.131)

b) Define TV
(x0,s0) (U £Cr)= {(0,v) : v 2Cr} and define TH

(x0,s0) (U £Cr) to be the
image of (2.131). Show that TH (U £Cr) and TV (U £Cr) are subbundles
of T (U £Cr) such that

T
°
U £Cr¢= TV °

U £Cr¢©TH °
U £Cr¢ .(2.132)

c) Let (Dæ)x0 : Tx0U ! T(x0,s0) (U £Cr) be the differential of the smooth map
æ at x0. If PV is the vertical projection with respect to (2.132), show that

(d+°) s = PV Dæ,(2.133)

where we identify the vertical tangent space TV
(x,s)(U £Cr) with Cr.

2) a) Show that the vertical tangent spaces define a globally well-defined vec-
tor subbundle of TE, denoted by TV

E. Show that

TV
E'º§E.(2.134)
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b) Show that we have the following short exact sequence of vector bundles
on E,

0°! TV
E

i°! TE
Dº°°°!º§TX °! 0,(2.135)

where i is the inclusion.
c) Assume that E is equipped with a connection rE.

i) Show that the horizontal tangent spaces define a globally well-defined
vector subbundle of TE, denoted by TH

E.
ii) Show that the short exact sequence (2.135) splitings, i.e.,

TE= TV
E©TH

E, TH
E'º§TX .(2.136)

iii) For s 2 C1 (X ,E), if x 2 X , A 2 TxX , show that

rE
As (x)= PV {Dxs (A)} in Ex.(2.137)

Exercise 2.4. Let
°
X , gTX ¢

be a Riemannian manifold. Let K 2 C1 (X ,TX ) be a
vector field.

a) Show that if A,B 2 TX , we have
D
rTX ,LC

A K ,B
E

gTX
+

D
rTX ,LC

B K , A
E

gTX
=

D≥
LK gTX

¥
A,B

E
.(2.138)

b) Recall that K is called a Killing vector field, if the flow generated by K pre-
serves the Riemannian metric gTX , or equivalently, LK gTX = 0. Show that K
is Killing if and only if the bilinear form

≠
rTX ,LC
· K , ·

Æ
gTX is antisymmetric.

Exercise 2.5. Let X be a submanifold of RN equipped with the induced Riemann-
ian metric. Show that if U ,V are vector fields on X , then

rTX ,LC
U V = PTXrUV ,(2.139)

where PTX 2 C1 °
X ,Hom

°
RN ,TX

¢¢
is the orthogonal projection, and r is the trivial

connection on RN .

Exercise 2.6. Let a > 0, and replace gTX with the rescaled Riemannian metric
agTX . Determine how the corresponding Riemannian curvature tensor, sectional
curvature, Ricci curvature, and scalar curvature change under this rescaling.

Exercise 2.7. Let G be a Lie group. Let g be the Lie algebra G which is identified
with the space of left invariant vector fields on G. Let a 2R.

a) If U ,V 2 g, show that there exists one and only one connection on TG such
that rTG,a

U V = a[U ,V ].
b) Evaluate the torsion and curvature of rTG,a.
c) Assume that G is compact.

a) Show that there exists a left and right invariant Riemannian metric on
G.

b) Show that rTG,1/2 is the corresponding Levi-Civita connection.
c) Evaluate the Ricci curvature and scalar curvature.
d) When a compact Lie group has strictly positive Ricci curvature ?



CONNECTIONS AND CURVATURE: TOWARD GLOBAL ANALYSIS 35

Exercise 2.8. Consider the upper half plan X =
©
(x, y) 2R2 : y> 0

™
equipped with

the Poincaré metric gTX = dx2+d y2

y2 . Put

e1 = y
@

@x
, e2 = y

@

@y
.(2.140)

a) Show that rTX ,LC
e1 e2 =°e1 and rTX ,LC

e2 e2 = 0.
b) Show that

≠
RTX ,LC (e1, e2) e2, e1

Æ
gTX = °1, and deduce that the sectional cur-

vature of
°
X , gTX ¢

is °1.

Exercise 2.9. Consider the sphere

X =
©°

cos
°
¡

¢
sin(µ) ,sin

°
¡

¢
sin(µ) ,cos(µ)

¢
2R3 :¡ 2 [0,2º],µ 2 [0,º]

™

equipped with the Riemannian metric gTX = sin(µ)2 d¡2 +dµ2. Put

e1 = sin(µ)°1 @

@¡
, e2 =

@

@µ
.(2.141)

a) Show that rTX ,LC
e1 e2 = cot(µ) e1 and rTX ,LC

e2 e2 = 0.
b) Show that

≠
RTX ,LC (e1, e2) e2, e1

Æ
gTX = 1, and deduce that the sectional curva-

ture of
°
X , gTX ¢

is 1.


