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2.7. Exercices.

Exercise 2.1. Let (E hE ) be a Hermitian vector bundle on X with metric connec-
tion VE. Fix xp € X.

a) Show that there exist a small open neighbourhood U, of x¢, and a smooth sec-
tions e; € C*° (UXO’E|Ux0)’ i=1,...,r, such that {e;}<;<, forms an orthonormal
basis of E, at every point x € Uy,.

b) Show that there exist an open cover X = Uyea Uy and trivialisations Ely, =
U, x C” such that

o the local 2% is the identity matrix;
e the transition function g% , lies in C®° (U, nUp, U(r));

¢ the local connection 1-form I“g lies in QY (Ug,u(r)).

Exercise 2.2. Let E be a vector bundle on X with connection VE. If xo € X, we
trivialise E near xo as described in Remark 2.22. If I'F is the associated connection
1-form, show that I'? vanishes at the point x¢ € X.

Exercise 2.3. The aim of this exercise is to introduce the horizontal subbundle
THE c T€. This is the infinitisimal approach for the parallel transport, which
provides another description of a connection.

1) Let U be an open subset of R™. Let U x C” be the total space of a trivial vector
bundle on U. Let 0:x € U — (x,s(x)) € U x C" be a section with representative
s € C®°(U,C"). Let V be a connection with representative d +I', where I' €
QY(U,End(C")).
a) If (x¢)ief0,17 1s @ smooth curve on U, let (x¢,8¢)e[0,1] be the correspond-
ing parallel section le long (x¢):c(0,17- With the help of I', write down an
explicit formula for the map

(2.131) X0 € TxoU — (%0,80) € T(xO,SO) (U X Cr) .

b) Define T(‘; 150U xC)={(0,v):v € C'} and define T(H 50U x C") to be the

X0

image of (2.131). Show that THU xC") and TV (U x C") are subbundles
of T(U x C") such that
(2.132) T(UxC)=T" (UxC")eTH (U xC").

c) Let (Do), : TxyU — T(xy,50)(U x C") be the differential of the smooth map
o at xg. If PV is the vertical projection with respect to (2.132), show that

(2.133) (d+T)s=P" Do,

where we identify the vertical tangent space T(Z s)(U x C") with C".
2) a) Show that the vertical tangent spaces define a globally well-defined vec-
tor subbundle of T'€, denoted by TV €. Show that

(2.134) TVE ~1*E.
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b) Show that we have the following short exact sequence of vector bundles
on é,

(2.135) 0—Te- 18 2% rx — 0,

where i is the inclusion.
¢) Assume that E is equipped with a connection VZ.
i) Show that the horizontal tangent spaces define a globally well-defined
vector subbundle of T, denoted by T €.
ii) Show that the short exact sequence (2.135) splitings, i.e.,

(2.136) Te=T"6aTHE, THE ~7*TX.
iii) For se C*(X,E), if x € X,A € T. X, show that
(2.137) VEs(x) =PV {D,s(A)} in E,.

Exercise 2.4. Let (X , gTX ) be a Riemannian manifold. Let K € C*°(X,TX) be a
vector field.

a) Show that if A,B € TX, we have

(2.138) <V£X’LCK,B>gTX + <V£X’LCK,A>gTX - <(LKgTX )A,B>.

b) Recall that K is called a Killing vector field, if the flow generated by K pre-
serves the Riemannian metric g7%, or equivalently, Lxg?* = 0. Show that K
is Killing if and only if the bilinear form (VI%-LCK .) grx is antisymmetric.

Exercise 2.5. Let X be a submanifold of RY equipped with the induced Riemann-
ian metric. Show that if U,V are vector fields on X, then

(2.139) v Xy = pTXy, v,

where PTX € ¢ (X,Hom (RN ,TX)) is the orthogonal projection, and V is the trivial
connection on RY.

Exercise 2.6. Let a > 0, and replace g7¥ with the rescaled Riemannian metric
agTX. Determine how the corresponding Riemannian curvature tensor, sectional
curvature, Ricci curvature, and scalar curvature change under this rescaling.

Exercise 2.7. Let G be a Lie group. Let g be the Lie algebra G which is identified
with the space of left invariant vector fields on G. Let a € R.

a) If U,V € g, show that there exists one and only one connection on 7'G such
that ViV = a[U, V1.
b) Evaluate the torsion and curvature of VG2
¢) Assume that G is compact.
a) Show that there exists a left and right invariant Riemannian metric on
G.
b) Show that VI'G:12 ig the corresponding Levi-Civita connection.
¢) Evaluate the Ricci curvature and scalar curvature.

d) When a compact Lie group has strictly positive Ricci curvature ?
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Exercise 2.8. Consider the upper half plan X = {(x,y) e R?: y > 0} equipped with

the Poincaré metric g = —2 5 y2 . Put
. e R e .
1=)Y P) 2=Y ay

a) Show that VZ;X’LCez =—e7 and VZ;X’LCeg =0.

b) Show that (RT%1C(eq,e0)ez,e1) grx = —1, and deduce that the sectional cur-
vature of (X,g7%) is -1.

Exercise 2.9. Consider the sphere
X = {(cos (¢) sin(0),sin (¢) sin(9),cos(0)) € R?: ¢ € [0,271,0 € [0, 7]}

equipped with the Riemannian metric g7% =sin(0)? d¢? + d62. Put
0 0

2.141 —sin@) 2 _0

( ) e1 =sin(0) 2= =

op’
a) Show that VZIX’LCeg =cot(f)e; and VeTZX’LCez =0.

b) Show that (RTXLC(eq,ez)eq,e1) grx = 1, and deduce that the sectional curva-
ture of (X,g7%) is 1.



