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Introduction

The purpose of this survey is to review some recent progress of the Fried conjecture,
which affirms an equality between the analytic torsion and the value at zero of the
Ruelle dynamical zeta function.

In the first two sections of the paper, we describe the Ray—Singer analytic
torsion of a flat vector bundle and the Ruelle zeta function of a dynamical flow.
The next three sections are devoted to the study on the Fried conjecture for certain
flows, including the suspension flow, the Morse-Smale flow, the geodesic flow, and
the Anosov flow.

The paper is written in an informal way. We only sketch the proofs, and refer
to the original papers when necessary.

We now describe in more details the content of this paper, and give the proper
historical perspective to the results described in the paper.

0.1. The combinatorial and analytic torsions

Let Z be a smooth closed manifold. Let F' be a complex unitarily flat vector bundle
on Z, which amounts to specifying a unitary finite-dimensional representation p
of the fundamental group m (Z). Denote by H'(Z, F') the cohomology of the sheaf
of locally constant sections of F'. Assume that F' is acyclic, i.e., H' (Z, F) = 0.

The Reidemeister combinatorial torsion [Re35, Fr35, dR50] is a positive real
number defined with the help of a triangulation on Z. However, it does not depend
on the triangulation and becomes a topological invariant. It is the first invariant
that can distinguish closed manifolds such as lens spaces which are homotopy
equivalent but not homeomorphic.
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The analytic torsion was introduced by Ray and Singer [RS71] as an analytic
counterpart of the Reidemeister torsion. In order to define the analytic torsion one
has to choose a Riemannian metric on Z and a Hermitian metric on F'. The analytic
torsion is a certain weighted alternating product of regularized determinants of the
Hodge Laplacians acting on the space of differential forms with values in F'.

The celebrated Cheeger—Miiller Theorem [C79, M78] tells us that the Ray—
Singer analytic torsion coincides with the Reidemeister combinatorial torsion.
Bismut—Zhang [BZ92] and Miiller [M93] simultaneously considered generalizations
of this result. Miiller [M93] extended this result to the case where F is unimodular,
ie., |det p(y)| =1 for all vy € 71 (Z). Bismut and Zhang [BZ92, Theorem 0.2] gen-
eralised the original Cheeger—Miiller Theorem to arbitrary flat vector bundles with
arbitrary Hermitian metrics. There are also various extensions to the equivariant
case by Lott—Rothenberg [LoRo91], Liick [Li93], and Bismut—Zhang [BZ94], to
the family case by Bismut—Goette [BG01] under the assumption of the existence
of the fibrewise Morse function, and to manifolds with boundaries by Briining—Ma
[BrMal3].

0.2. Dynamical zeta function

The grandmother of all zeta functions is the Riemann zeta function defined for
Re(s) > 1 by

)= (0.1)
n=1

Riemann showed that ((s) extends meromorphically to C with a single pole at
s =1 and that there is a functional equation relating {(s) and (1 — s). The Euler
product formula asserts that for Re (s) > 1,

)= I a-p7" (0.2)
p:prime
It tells us that ((s) encodes the distribution of the prime numbers. Some statistical
properties, like the prime number theorem, can be deduced from the information
on the poles and zeros of {(s).

After Riemann’s work, several zeta functions with similar properties have
been introduced. In particular, Weil [W49] constructed a zeta function using the
Frobenius map T defined on an algebraic variety Z over a finite field. It counts the
closed orbits of the discrete dynamical system (Z,T'). To a smooth closed manifold
with a diffeomorphism, similar zeta function was also introduced by Artin and
Mazur [ArMaz65].

To a flat vector bundle on the underlying manifold, we can associate a weight
to the dynamical systems. In [Ru76a], Ruelle introduced his zeta function for a
weighted dynamical system of a diffeomorphism or a flow.

For the geodesic flow on the unit tangent bundle of a Riemann surface of
genus > 2, an application of the Selberg trace formula [Sel56] shows that the Ruelle
dynamical zeta function has a meromorphic extension to C. Similar methods can
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be generalized to hyperbolic manifolds by Fried [F86a], to the locally symmetric
space of rank 1 by Bunke and Olbrich [BuO95], to the locally symmetric space of
higher ranks by Moscovich-Stanton [MoSt91], Shen [Sh18], and Shen—Yu [ShY17].

Independent of the above Selberg theory, which is based on the spectral the-
ory of the Laplacian, a thermodynamical formalism, which is based on the spectral
theory of the transfer operator, is used to study the Anosov flow (or more generally
Axiom A flow!) by Ruelle [Ru76b]. He showed that if the flow itself and the stable
and unstable foliations are all analytic, then his zeta function has a meromorphic
extension to C. Fried [F86¢] generalized Ruelle’s result by requiring only the flow
and the stable foliation to be analytic. An important extension of the above results
was given by Rugh [Rug96], for three-dimensional manifolds, and then by Fried
[F95], in arbitrary dimensions, but still assuming the analyticity of the flow. The
extension of such results to the C* setting was only given very recently by Giuli-
etti, Liverani, and Pollicott [GiLiPo13] and by Dyatlov and Zworski [DyZ16] (See
also [FaT17, DyGul6, DyGulg8, BWSh20] for related works). This recent progress
on the dynamical zeta function is based on the introduction of the anisotropic
space. We refer the reader to the book of Baladi [Bal8] for an introduction of
these techniques.

0.3. The Fried conjecture

It was Milnor [Mi68a] who observed a remarkable similarity between the Reide-
meiter torsion and the Weil zeta function. A precise and quantitative descrip-
tion of their relation was obtained by Fried [F86a, F86b] for the geodesic flow
on the unit tangent bundle of a hyperbolic manifold. He showed that the ana-
lytic/combinatorial torsion of an acyclic unitarily flat vector bundle on a unit
tangent bundle of a closed oriented hyperbolic manifold is equal to the value at
zero of the Ruelle dynamical zeta function? associated to the geodesic flow. He
conjectured later [F87, F95] that similar results hold true for more general flows.

Four kinds of flows will be examined in this survey. As a warm up, we will
begin with two simple flows: the suspension flow and Morse-Smale flow. As we will
see, the Fried conjecture for the suspension flow is just the Lefschetz fixed point
formula, and the Fried conjecture for the Morse-Smale flow is a consequence of
the Cheeger—Miiller/Bismut—Zhang theorem (see [F87, Theorem 3.1] and [ShY18,
Theorem 0.2]). Next, we will consider the geodesic flow on the unit tangent bundle
of the locally symmetric spaces. In this case, the Fried conjecture can be deduced
formally via the V-invariant of Bismut—Goette [BG04]. Following previous contri-
butions by Moscovici-Stanton [MoSt91], a rigorous proof is given by the author
[Sh18] using Bismut’s orbital integral formula [B11]. In [ShY17], Shen and Yu
made a further generalization to closed locally symmetric orbifolds. Finally, we
will study the Anosov flow. If the underlying manifold has dimension 3, it was
known by Sdnchez-Morgado [SM93, SM96a] that the Fried conjecture holds true

Mn this case, the meromorphic extension problem is called the Smale conjecture [Sm67].
2Here the Ruelle dynamical zeta function should be twisted by the holonomy of the flat vector
bundle.
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if the flow is transitive and analytic, and if the flat vector bundle satisfies certain
holonomy conditions. Using a variation formula, Dang, Guillarmou, Riviere, and
Shen [DaGuRiSh20] removed the analyticity assumption in Sdnchez-Morgado’s
result. For general Anosov flow, e.g., the geodesic flow on the unit tangent bun-
dle of a negatively curved manifold, the Fried conjecture is still open. The only
known result is that under certain spectral condition on the transfer operator, in
[DaGuRiSh20], the authors have shown that the value at zero of the Ruelle dy-
namical zeta function does not depend on a small perturbation of the Anosov flow.

Due to the limitation of the length of this survey, there are several inter-
esting topics which have not been included. For example, the Fried conjecture
for hyperbolic manifolds with cusps [Pa09] or for non-unitarily flat vector bun-
dles [Wo08, M12, M20, Sh20a, Sh20b, Sp20], the relation between the dynamical
zeta function with the eta invariant [Mil78, MoSt89, B19] and with the holomor-
phic torsion [F88, MoSt18]. We refer the reader to the cited references for more
information.

0.4. Organization of the paper

This paper is organized as follows. In Section 1, we give the main properties of the
Ray—Singer analytic torsion.

In Section 2, we introduce the dynamical zeta function and state the Fried
conjecture.

In Sections 3-6, we discuss the Fried conjecture for the suspension flow, the
Morse—Smale flow, the geodesic flow, and the Anosov flow.

Throughout the paper, we use the supersymmetric convention. For a matrix
A acting on a Z-graded space E°, the supertrace of A is defined by

E [A] = TP [(-1)N 4], (0.3)

S

where N is the number operator on E° which sends e € E? to qe € E?. We use
the notation

R, =[0,00), R%=(0,00), N={0,1,2,..}, N*={1,2,3,...}. (04)

For a finite set A, we denote by |A| the cardinality of A. By a closed orbit we mean
a non-trivial closed orbit, i.e., its period is positive.

1. The Ray—Singer analytic torsion

The purpose of this section is to recall the definition of the Ray—Singer analytic
torsion [RS71] of a Hermitian flat vector bundle on a closed Riemannian manifold.

This section is organized as follows. In Section 1.1, we introduce the flat
vector bundle.

In Section 1.2, we recall the definition of the Ray—Singer analytic torsion.

In Section 1.3, we consider a fibration M — Z of closed Riemannian mani-
folds. We give a formula relating the analytic torsions of a Hermitian flat vector
bundle on M and of its direct image on Z, which is equipped with an L? Hermitian
metric.
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1.1. The flat vector bundle

Let Z be a smooth closed manifold. Let F' be a complex flat vector bundle on Z
with flat connection V. Equivalently, F' can be obtained via a finite-dimensional
complex representation® p : m1(Z) — GL,(C) of the fundamental group m1(Z) of
Z. The flat vector bundle F is called unitarily flat if p is unitary.

Let (Q (Z,F), dz) be the de Rham complex of smooth sections of A" (T*Z)®r
Fon Z.Let H(Z,F) be the cohomology of the above complex. We say that F is
acyclic if H(Z, F) = 0. The Euler characteristic number of F' is then given by

dim Z
X(Z,F)= Y (-1)'dim HY(Z,F). (1.1)
q=0

When F is the real trivial line bundle R, we use the notation (2'(Z),d?), H (Z)
and x(2).

Example 1.1. Take Z = S' = R/Z. Set o € C. Let F be the trivial complex line
bundle C equipped with the connection V¥ = d 4 adt. The holonomy p is then
given by p:n € Z — e"* € C*. It is easy to see that H (Z, F') = 0 if and only if
a ¢ 2inZ, and that F' is unitarily flat if and only if « € iR.

Example 1.2. Let 0 - Fy; — Fy — F; — 0 be an exact sequence of flat vector
bundles on Z. Using the associated long exact sequence

-« — HY(Z, Fy) — HP(Z,F1) —» HP(Z,Fy) — - -, (1.2)
we see that if two of F; are acyclic, then the third one is also acyclic.

1.2. Hodge Laplacian and analytic torsion

Let ¢g7% be a Riemannian metric on T'Z, and let g* be a Hermitian metric on F.
For s1,s9 € Q(Z, F), put

(51,52)0 (z,F) =/ (51(2),52(2)) A (1% 2) @ FdVZ, (1.3)

z€Z

where (-,-)A (7+z)grF 18 the metric on A (T*Z) ®@r F induced by gT%, g%, and

dvz is the Riemannian volume of (Z, g*#). Then, (-,")o- (7 r) defines an L?-metric
on Q(Z,F).
Let d%* be the formal adjoint of d? with respect to {(,)o(z,r) Put

0% = d?d%* + d%*d”. (1.4)

Then, (0% acts on ' (Z, F) and preserves its degree. It is a formally self-adjoint
non-negative second-order elliptic differential operator. Since Z is compact, (1%
has a unique self-adjoint extension, which we still denote by [%.

3We use the convention that F' = m1(Z)\(X x C"), where 71(Z) acts on the left on the universal
covering X of Z by the deck transformation, and acts on the left on C” by p.
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Take 0 € ¢ < dim Z. Let DqZ be the restriction of (0% on Q9(Z, F). By the
Hodge theory, we have a canonical isomorphism of vector spaces,

kerO7 ~ HY(Z, F). (1.5)

Denote by (qu)_l the inverse of Dg acting on the orthogonal space of ker Dg in
N(Z,F).

Definition 1.3. For s € C such that Re (s) > dim Z/2, set
0,(s) = Tt [(Df)’j . (1.6)

By [Se67] or [BeGeVe04, Proposition 9.35], 6,(s) has a meromorphic extension
to C which is holomorphic at s = 0. The regularized determinant of Df is a positive
number defined by exp(—6;(0)). We write

det (O7) = exp (—0,(0)) . (1.7)

Definition 1.4. The Ray—Singer analytic torsion [RS71] of F' is defined by

dim Z dim Z
_1)¢ 1
T(2) = [ det (02) V"% = exp (5 }:(_1)q—1q9;(o)> ER:. (18)
g=1

q=1

Let o(T'Z) be the orientation line bundle of Z. Let F" be the antidual bundle
of F'. The following proposition is a consequence of the Poincaré duality.

Proposition 1.5. The following identity holds,

(—1)dim Z—1

Te(2) = (T ogrz)(2)) . (1.9)

In particular, if Z has even dimension and is orientable, and if F is unitarily flat,
then

Tp(Z) = 1. (1.10)

The next theorem is a special case of the anomaly formula of Bismut—Zhang
[BZ92, Theorem 4.7], which generalizes a result of Ray—Singer [RS71, Theorem
2.1]. Tts proof is based on the local index techniques, and consists in calculating
the constant term in the asymptotic expansion of Tr[A4 exp(—t[1%)] as t — 0, where
A is a certain smooth section of End(A (T*Z) ®gr F).

Theorem 1.6. Assume H (Z,F) = 0. The following statements hold.

e If Z has odd dimension, then Tr(Z) is independent of g7, g*.

e If F is unimodular (i.e., |detp(y)| = 1 for any v € (X)), then Tp(Z)
is independent of gT% and the unimodular metric g*' (i.e., g¥' indues a flat
metric on the determinant line bundle det F' = A™?*F").
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In either of the above situations, the analytic torsion becomes a topologi-
cal invariant. The celebrated Cheeger—Miiller/Bismut—Zhang Theorem [C79, M78,
M93, BZ92] compares the Ray—Singer analytic torsion with the Reidemeister com-
binatorial torsion [Re35, Fr35, dR50]. We refer the reader to the above references
for more details.

Example 1.7. We use the notation in Example 1.1. We equip T'Z with the standard
metric (dt)? and equip F with the trivial metric. Then,

dZ:dtg—kadt. d%* = —i 2—1—_1%, 0% =~ <£—a) (%Jra).

ot at Ot ot
(1.11)
Using the Fourier transform, we get the spectrum
SpDZ = SpZ = {|oz+2ik7r|2:k€Z}, (1.12)
and
Tr(Z) = { |2Sinh1<%)}_1 : gi ;%’ (1.13)

We also have [BZ92, Theorem 0.3].

Theorem 1.8. We use the notation in Example 1.2. Assume that two of F; are
acyclic. If Z has odd dimension, or if g™, ¢!, and ¢** induce a flat metric on
det Fy ® (det F1) ™" @ det Fy, then

Tr (Z) =Tr,(Z)Tr,(2). (1.14)
Here, for a line bundle L, the notion L™ denotes the dual bundle of L.

1.3. A formula for fibrations

Let m: M — Z be a fibration of closed manifolds with closed fibre Y. Let TY C
T M be the relative tangent bundle on M of the fibre Y. Let F' be a flat vector
bundle on M.

Let g™™ g™ ¢TZ be the Riemannian metrics on TM,TY,TZ. Let g be
a Hermitian metric on F. Let Tr(M) be the Ray—Singer analytic torsion with
respect to g™ and ¢¥.

Moreover, the restriction F|y of F to the fibre Y is still a flat vector bundle.
So we can consider the fibrewise Ray-Singer analytic torsion Tg, (Y') with respect
to g7V and g¥'|y. It is a smooth function on Z.

Also, for 0 < ¢ < dimY’, the fibrewise cohomology H4(Y, F|y) of Y forms a
flat vector bundle on Z (see [BL095, Section IIL{]). Using the Hodge theory (1.5),
the L? metric on Q4(Y, F|y) induces a Hermitian metric " ¥>FI¥) on HY(Y, F|y).
Let Tha(y,r|y)(Z) be the Ray-Singer analytic torsion with respect to gT% and
gH YV Fly)

The following theorem is a special case of a very general result of Ma [Ma02,
Theorem 0.1 and (0.6)], which is a generalization of Dai-Melrose [DMel2] and
Liick—Schick—Thielmann [LiiScTh98, Theorem 0.2].
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Theorem 1.9. Assume H (M,F) =0 and H(Z,H (Y,F|y)) = 0. If M has odd
dimension or if F' is unimodular, then

dimY

Tp(M) = exp (/Ze(TZ,VTZ) logTF|Y(Y)> I Taoevirn)(2)7", (115)
q=0

where e (TZ,VT%) € Q4mZ(Z o(TZ)) is the Euler characteristic form on Z with
respect to the Levi-Civita connection V1% . In addition, if Z has odd dimension,
then

dimY

Te(M) = [ (Taeemn(2) " (1.16)
q=0

2. The Fried conjecture

It was known dating back to Poincaré, Hopf, Lefschetz, etc., that certain topolog-
ical invariants, like Euler characteristic number, can be expressed with the help
of some dynamical objects, like the fixed point set. Fried considered a similar
problem relating the Ray—Singer analytic torsion with the closed orbits of certain
dynamical systems, which he called the Lefschetz formula for flows.

More precisely, given a diffeomorphism of a manifold, the Lefschetz fixed
point formula asserts that the Lefschetz number can be written as a sum of the
Lefschetz indices of each fixed point of the diffeomorphism. Formally, the Lefschetz
index is a way to count cohomologically the cardinality of the fixed point set.

For a dynamical flow, Fried uses the Fuller index [Fu67] to count cohomolog-
ically the cardinality of the set of closed orbits of the flow. However, due to the
infinite numbers of closed orbits, the Fuller index of the set of all closed orbits is
not well defined and should be regularized. For this Fried relies on the meromor-
phic extension and the regularity at 0 of the Ruelle dynamical zeta function. The
purpose of this section is to formulate the above as a general conjecture, known
as the Fried conjecture.

This section is organized as follows. In Section 2.1, we consider a diffeomor-
phism on a manifold. We recall the Lefschetz fixed point formula.

In Section 2.2, we consider a flow on a manifold. We introduce the Fuller
index.

In Section 2.3, we construct the Ruelle dynamical zeta function, and state
the Fried conjecture.

2.1. Lefschetz index

Let Z be a closed manifold. Let T' € Diffeo(Z) be a diffeomorphism of Z. The pull
back T* defines a morphism of the complex (2'(Z),d). It induces a morphism on
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the cohomology H'(Z). The Lefschetz number of T is defined by

dim Z
Ly = T O = 37 (- 1)1 T [T 02 - (2.1)

q=0

Clearly, if T is the identity map, then the Lefschetz number Ly is equal to the
Euler characteristic number x(Z2).
Let

Z'={2€ 2 :Tz =12z} (2.2)

be the set of the fixed points of T. Recall that a fixed point z € Z7 is called non-
degenerate if det(1 — D,T)|r.z # 0. For such a fixed point z € ZT, the Lefschetz
index of T' at z is defined by

ind (T, z) = sgn(det(1 — D.T)|r1. 2). (2.3)

If T has only non-degenerate fixed points, then Z7 is finite, and the Lefschetz
fixed point theorem [BeGeVe04, Corollary 6.7] states that

Ly =Y indy(T,z). (2.4)

zezT
More generally, if Z” is not finite, we need the following assumption.

Assumption 2.1. We assume that

(1) the fized point set ZT is a disjoint union of finitely many closed connected
submanifolds Z; C Z, so that

7" =11 %; (2.5)

el

(2) for z € ZT, the eigenspace of DT : T,Z — T.Z associated to the eigenvalue
1 coincides with its characteristic space, and is equal to T,Z7T.

Let Ny, /7 = (T'Z|z,)/TZ; be the normal bundle of Z; in Z. Our assumption
(2) is equivalent to

det(1 — D.T)|n,. ,,. #0, forallie I,z € Z;. (2.6)

Note that for each i € I, the sign of the above determinant does not depend on
z € Z;.

Definition 2.2. The Lefschetz index of the diffeomorphism T at Z; is defined by
indy (T, Z;) = sgn (det(1 = D.T)|x,, ... ) - X(Z) € Z, (2.7)

where z € Z;.
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Under Assumption 2.1, we have the Lefschetz fixed point theorem?
Ly =Y indy(T,Z). (2.8)
iel
Formally, Lefschetz index indy (7, Z;) counts cohomologically the cardinality of

Z;. Equation (2.8) says that the Lefschetz number can be obtained by counting
cohomologically the cardinality of the fixed point set Z7.

2.2. Fuller index

Let M be a closed manifold. Let V' € C°(M,TM) be a smooth vector field on
M, and let (¢¢)ier be the flow generated by V.

Definition 2.3. We define the periodic set

p(0.) ={(z,1) € M xR : ¢y(z) =z}, (2.9)
and the length spectrum
0(¢.) ={t € RY : thereis x € M such that ¢;(z) = x}. (2.10)

A point (z,t) € p(¢.) corresponds to a closed orbit {¢s(x)}ogsgt starting
from z of period ¢. And ¢(¢.) represents all the possible periods. Clearly, if £ € £(¢.),
then k¢ € £(¢.) for all k € N*.

Since our ultimate object “closed orbit” disregards the starting points, we
will consider certain quotient space of p(¢.). Define an R-action on p(¢.) by

s (z,t) = (drsx, 1), for s € R, (x,t) € p(¢.). (2.11)
By (2.11), the group S! = R/Z acts on p(¢.). Set
ple.) = p(0.)/S". (2.12)

We identify p(¢.) with the space of closed orbits of the flow ¢..
To count cohomologically the points in the §(¢.), as in Section 2.1, we need
an analogue of Assumption 2.1 for flows.

Assumption 2.4. We assume that

(1) the length spectrum £(¢.) C (0,00) is discrete;
(2) for any € € £(.), the diffeomorphism ¢, € Diffeo(M) satisfies Assumption
2.1.

Recall that Mt C M is the fixed point set of ¢, in M. By (1) of Assumption
2.4, we can write

p(o) = [ M x{e. (2.13)

Lel(e.)

4When T is an isometry of Z, a proof can be found in [BeGeVe04, Section 6.4]. For general T, the
Lefschetz fixed point formula can be proved by adapting the argument given in [BZ92, Theorem
4.20].
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To avoid the problem of disconnectedness of M?¢, we write instead
o(6.) =[] Mi x {t:}, (2.14)
iel
where M; is a connected component of M®¢ . Note that not all the ¢; are necessarily

distinct. Moreover, (1) of Assumption 2.4 implies that the S'-action on p(¢.) is
locally free. Thus, M;/S* is a closed connected orbifold. By (2.12), we have

o(¢.) = [[ Mi/s" x {6:}. (2.15)

iel
Denote by Xorn(M;/S') € Q the orbifold Euler characteristic number [Sa57] of
Mz/Sl Set

m; = }ker (st — Diffeo(Mi))‘ e N* (2.16)

to be the generic multiplicity of the closed orbits in M; /S x {£;}.
By (2) of Assumption 2.4, as in Section 2.1, the sign

sgn (det(l — Déy,) NM,;/M) € {+1} (2.17)

is well defined for all 7 € I.

Definition 2.5. The Fuller index of the flow ¢. at M; x {{;} is defined by
) . Xorb(Mi/Sl)

(3

indp(¢., M;) = sgn (det(l — Déy,)

€qQ. (2.18)

Nty /m

Remark 2.6. The pair (M;,S') defines a non-effective orbifold. Its “non-effective”
1

Euler characteristic number is given by w In this way, the Fuller index

indp(¢., M;) is a strict analogue of the Lefschetz index (2.7).

More generally, let F' be a flat vector bundle on M with holonomy p. Since
M; is connected, for any = € M;, the closed orbit {¢:(z)}o<i<e, lies in the same
freely homotopy class of the loops on M. Up to conjugation, the holomony® p; of
F associated to the closed orbit {¢:(z)}ogi<e; does not depend on the choice of
x € M;. We can define the twisted Fuller index by

indp(¢p., M;, F) = indp(¢., M;) Tr [ps] . (2.19)

2.3. The Ruelle dynamical zeta function

We assume that the flow satisfies Assumption 2.4. As an analogue of (2.4), Fried
raised the question: for what kind of flows the infinite sum

> indp(¢., M;, F) (2.20)

il

5The morphism p; can be obtained by the parallel transport with respect to the flat connection
along the closed orbit {¢¢(z)}ocice, from t =£; tot = 0.
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can be regularized, and is equal to some topological invariant. More precisely, Fried
conjectured that if F' is unitarily flat and acyclic, then the regularized sum (2.20)
is equal to log Tr(M).

To regularize the sum (2.20), Fried used the Ruelle dynamical zeta function
[Ru76b, F&7].

Definition 2.7. For ¢ € C, we define formally

Ry ,(0) = exp (Z indp(¢.,Mi,F)ez"'”> . (2.21)
il
We call Ry, is well defined if the following properties hold.

1. There is g > 0 such that for ¢ € C with Re (o) > o9, the sum on the
right-hand side of (2.21) converges to a holomorphic function;

2. The holomorphic function Ry ,(c), defined for Re (¢) > og, has a meromor-
phic extension to o € C.

Remark 2.8. The above definition of the Ruelle dynamical zeta function is the
reciprocal of the one introduced by Fried [F87, Section 5].

The Fried conjecture now can be formulated as follows.

Conjecture 2.9. For a wide class of flows on a closed manifold M, if F is a
unitarily flat vector bundle on M and H (M, F) = 0, then the Ruelle dynamical
zeta function Ry ,(0) is well defined, and is regular at o = 0 such that

[Rg,p(0)] = Tr(M). (2.22)
Example 2.10. Consider the rotation flow ¢. on S!, i.e.,
¢1(x) =x+t mod Z, fort e R,z € R/Z. (2.23)

For the flat vector bundle defined in Example 1.1, the Ruelle dynamical zeta
function is given by

Ry (o) =(1—e 7t~ L, (2.24)
If F' is acyclic and unitarily flat (i.e., @ € iR and a ¢ 2iwZ), by (1.13) and (2.24),

we have

|Ry,0(0)] = Tr (S") . (2.25)

Example 2.11. Consider now the geodesic flow of S!. That is a flow 5 defined
on S! x {£1}. On S! x {1}, ¢ is just the rotation flow considered in Example
2.10, and on the other copy S* x {—1}, 5 is the inverse of the rotation flow. Let
7 : St x {£1} — S! be the natural projection.

Recall that F is defined in Example 1.1. Let 7*F be the pull back of the flat
vector bundle on S! x {£1}. The Ruelle dynamical zeta function is then given by

Ry (o) =(1—e 7)1 —e 7 )" (2.26)
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If « € C and « ¢ 2iwZ, we have
[R; ,(0)] = Trerr (S* X {£1}) . (2.27)

Example 2.10 shows that the Fried conjecture fails for non-unitarily flat vector
bundles, while Example 2.11 shows that for some special flow the Fried conjecture
holds even for certain non-unitarily flat vector bundles.

However, even for unitarily flat vector bundles, we can not expect that the
Fried conjecture holds for general flows. In fact, a fixed point or a closed orbit is a
limit set of dimensions 0 or 1. Wilson [Wi66, Corollary 2] has constructed a smooth
flow on any closed manifold M with vanishing Euler characteristic number, whose
only limit sets are a finite collection of torus of dimension dim M — 2. In particular,
if dim M > 4 with x(M) = 0, there exists a flow without fixed points or closed
orbits. If dim M = 3, Schweitzer [Sch74, Theorem A] has constructed a C'-flow
without fixed points or closed orbits.

In the following sections, we will discuss several different classes of flows
where the Fried conjecture has or might have a positive solution. This includes the
suspension flow, the Morse—Smale flow, the geodesic flow, and the Anosov flow.

3. Suspension flow of a diffeomorphism

In this section, we consider the suspension flow of a diffeomorphism. We show
that in this case the Fried conjecture is a consequence of the Lefschetz fixed point
formula (2.8).

This section is organized as follows. In Section 3.1, we introduce the suspen-
sion flow.

In Section 3.2, we describe the flat vector bundle on a suspension, and eval-
uate its analytic torsion.

In Section 3.3, we give an explicit formula for the Ruelle dynamical zeta
function associated to the suspension flow. Then, we show the Fried conjecture.

3.1. The definition of the suspension flow

Let Y be a connected closed manifold. Let T' € Diffeo(Y") be a diffeomorphism of
Y. Let M be the suspension of T. Then M = R xz Y is the quotient space of
R x Y by the Z-action given by

n-(t,y)=({t—n,T"y), forneZ,(t,y) e R x Y. (3.1)

Clearly, M — R/Z is a fibration with fibre Y.
The suspension flow ¢. on M is defined by

s ([t y]) = [t + s,9], for s € R,[t,y] € R xz Y. (3.2)
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3.2. The flat vector bundle on the suspension

Let E be a flat vector bundle on Y. Assume that the diffeomorphism 7' lifts to E.
This means that there is a bundle morphism T of E such that the diagram

E-—2-F
l l (3.3)
y 1>y
commutes. Let
F=RxzFE (3.4)

be the suspension of E with respect to Tg. Then F is a flat vector bundle on M.
Proposition 3.1. All the flat vector bundles on M can be obtained in this way.

Proof. Using the long exact sequence of the homotopy groups associated to the
fibration M — R/Z, we get an exact sequence of groups

l->mY)—>mM)—7Z— 1. (3.5)
The diffeomorphism 7" defines an isomorphism T : 71(Y) — 71 (Y) of groups such
that 71 (M) is the semidirect product of 71 (Y") and Z with respect to T.

Any r-dimensional representation of 71 (M) can be constructed by an r-dim-
ensional representation p of m1(Y") and an element A € GL,(C) such that

Ap(y) = p(Twy)A, for all v € m (Y). (3.6)
It is easy to check that p and A induce our E and Tg. (]

As in Section 2.1, the pull back T}, defines a morphism on H' (Y, E). Let
H.(Y, E) be a flat vector bundle on R/Z defined by the holonomy

p:n€Z— (Ty)". (3.7)
This is just the direct image H (Y, F|y) of F described in Section 1.3.

Proposition 3.2. The flat vector bundle F on M 1is acyclic if and only if 1 is not
an eigenvalue of Tj on H' (Y, E).

Proof. Let (EP4, dr)@O be the Leray spectral sequence [BoTu82, p. 169] associated
to the fibration M — R/Z. By [BoTu82, Theorem 14.18], (E*9,d,),~,, converges
to H (M, F), and

E} — 0P (R/Z, HL(Y, E)). (3.8)
By (3.8), for r > 2, p # 0,1, we have E?? = 0. Since d, sends EP? to
EPTa=r+1 e see that do = d3 = --- = 0. So the spectral sequence degenerates

at r = 2. It implies

dim H?(M, F) = dim H*(R/Z, HE(Y, E)) + dim H' (R/Z, HE" N (Y, E)).  (3.9)
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By (3.9), H'(M,F) =0 if and only if H (R/Z, H(Y,E)) = 0. By Example 1.1,
we see that our proposition holds true if T is diagonalizable. Thanks to Example
1.2, we can deduce our proposition in full generality. O

If A is a matrix acting on a Z-graded space E' which preserves the degree,
then write

dets(A)| 5 = [ (det(A)|Eq>(_1)q. (3.10)
qEZ

Proposition 3.3. Assume H (M, F) = 0. If M has odd dimension or if F' is uni-
modular, then

1/2 -1
Tp(M) = ‘dets (T%) |H.(Y,E)) )dets (1—T%) |H.(Y,E)‘ . (3.11)
Proof. By Theorem 1.9, we have
dim Y (1
re(M) = ] Tz (R/Z)) (3.12)
q=0
Now (3.11) is a consequence of (1.13), (1.14), and (3.12). O

3.3. The Ruelle dynamical zeta function of the suspension flow

Note that if for all n € N*, the diffeomorphism 7" satisfies Assumption 2.1, then
the suspension flow ¢. associated to T satisfies Assumption 2.4.

Theorem 3.4. Assume that for all n € N*, the diffeomorphism T" € Diffeo(Y)
satisfies Assumption 2.1. The Ruelle dynamical zeta function is given by

-1
R¢7p(0') = (dets (1 - Tge_”) |H(Y,E)) . (313)
If H(M,F) =0, then Ry, is reqular at ¢ =0, so that
-1
Ry p(0) = (dets (0= T3) |y v)) - (3.14)

Proof. For the suspension flow, we have £(¢.) C N*. The periodic set is given by

p(6.) =[] Mo x {n}. (3.15)
n=1
Let 7 : R X Y — M be the natural projection. We have
M =7 ([0, 1] x YT") . (3.16)
We claim that Fuller index (twisted by F') of ¢. at M~ is given by
indp (., M9, F) = %Trf(yﬂ) (T5)"]. (3.17)

Let us show (3.17) in the case where Y7 is discrete. The proof for the general
case is similar, and we omit the details. For p € N* and p|n, let Yan cYT" be
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the subset of YT" formed by the points of Y7" whose prime period is p. Take
y € YpT". By (2.18), the contribution of the closed orbit {[¢, y]}ogt<n to the Fuller
index (twisted by F') is given by
sgn (det (1 — DTy") |Tyy)
n/p
where 7, ,, is the parallel transport of F' with respect to the flat connection along
the curve {[t,y]}ogign from ¢ = n to t = 0. We have

Tr [1y.n], (3.18)

Trlrya) = T [T5"]. (3.19)
Since y, Ty,..., TP~y are all in Y,/ and correspond to the same closed orbit, we
have
. Sgn det DT ) T Y) . -
indp(¢p., M®" F v By [pon
| P o 757]
pln er
1 ) A
== ezy; sgn (det (1 — DTT) |r,v) o™ [T;"] . (3.20)
y

By a twisted version of (2.4) (see [BeGeVe04, Theorem 6.6]) and (3.20), we get
(3.17).
By (3.17), using

log(1 — 2) Z = (3.21)
n

we get (3.13). The rest of our proposition is a consequence of Proposition 3.2 and
(3.13). (]

Corollary 3.5. Suppose that for all n € N* the diffeomorphism T™ € Diffeo(Y)
satisfies Assumption 2.1. Assume that H (M, F) = 0 and that F is unimodular.
Then, we have

|Ry,0(0)] = Tr(M). (3.22)
Proof. By (3.11) and (3.14), it is enough to show
dets(Te)la (v.p)| = 1. (3.23)

Recall that H..(Y, F) is a flat vector bundle on R/Z. Equation (3.23) is equivalent
to say that the line bundle @Y (det HY.(Y, E))(_l)q is unitarily flat.

Remark that (see [BL095 Section Lg]) if (W, V") is a flat vector bundle on
a manifold S, for any Hermitian metric g on W, the 1-form %Tr [gW’*IVWgW]
is closed. Moreover, its class in H'(S) does not depend on the choice of g", and
is called the first odd Chern class ¢944(W) of W. Clearly, det(W) is unitarily flat
if and only if ¢§44(W) = 0.
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By above, it is equivalent to show the first odd Chern class of the fibrewise
cohomology vanishes,

dim Y
S (—1IeU(HE(Y, B)) = 0. (3.24)
q=0

Since F' is unimodular, (3.24) is a consequence of [BL095, Theorem 0.1]. O

4. Morse—Smale flow

The Morse-Smale flow is the simplest structurally stable dynamical system which
has only two types of recurrent behaviors: closed orbits and fixed points. In this
section, we study the Fried conjecture for the Morse-Smale flow. We show that the
Fried conjecture in this case is a consequence of Cheeger—Miiller/Bismut—Zhang
theorem. The result in this section is originally due to Fried [F87, Section 3] and
is extended by Shen—Yu [ShY18].

This section is organized as follows. In Section 4.1, we introduce the Morse—
Smale flow.

In Section 4.2, we give an explicit formula for the Ruelle dynamical zeta
function, and show the Fried conjecture.

4.1. The definition of Morse—Smale flow

Let M be a closed manifold with a smooth vector field V' € C*(M,TM). Let
(¢t)ter be the flow on M generated by V.

Definition 4.1. The nonwandering set of ¢. is defined by
{x € M : ¥ open neighborhood U of z, VT > 0, we have U N U o (U) # @}.
2T (4.1)
Definition 4.2. A fixed point x € M of the flow ¢. is called hyperbolic if there is

a ¢¢-invariant splitting

T.M=E; ¢ E;, (4.2)
and there exist C' > 0,60 > 0 and a Riemannian metric on M such that for v € £,
v' € Ef and t > 0, we have

|p_swv] < Ce M o], |pe0'| < Ce™ 1t 0| (4.3)
The index ind(z) € N of z is defined by
ind(z) = dim E7. (4.4)

The unstable and stable manifolds of z are defined by
u __ . 3 —
Ww - {ye M t_lgr_noodM((bt(y)vx) _O}a

Wy={yeM: tgglmdM(¢t(y)a$) =0},

where djs is the Riemannian distance on M.

(4.5)
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Definition 4.3. A closed orbit v of the flow ¢. is called hyperbolic, if there is a
¢¢-invariant continuous splitting

TM|, =RV ¢ E* @ E3 (4.6)

of vector bundles over v such that (4.3) holds. The index ind(y) € N of ~ is
defined by

ind(y) = dim E7. (4.7)
The unstable and stable manifolds of v are defined by

W = U {y eM: tii{noodM(@(y)’@(x)) = 0}’

xrey (48)
Ws = LEJ {y eM: tiigrnoo dr (¢e(y), ¢e(2)) = 0}'

Denote by A the set of fixed points and by B the set of prime closed orbits.

Definition 4.4. A vector field V or a flow ¢. is called Morse-Smale (see [PalMe82,
Definition, p.118]) if
e the sets A and B are finite and contain only hyperbolic elements;
e the nonwandering set of ¢. is equal to AU UweB v;
e the stable manifold of any element in A[] B intersects transversally with the
unstable manifolds of any element in A B.

In the rest of this section, we assume that V is a Morse-Smale vector field.

4.2. The Ruelle dynamical zeta function of the Morse—Smale flow

For v € B, denote by £, € R its period. A closed orbit v € B is called untwist if
EZ is orientable along v, and is called twist otherwise. Put

_ 1, if v is untwist,
Aly) = { —1, if v is twist. (4.9)

Recall that F' is a flat vector bundle on M with holonomy p. For v € B, denote
by p(7y) the holonomy along -, which is also the parallel transport with respect to
the flat connection along v~ (cf. footnote 3). Clearly, p(v) is well defined up to a
conjugation.

Proposition 4.5. The Ruelle dynamical zeta function is given by

Ry p(0) = H det (1 — A(’y)p('y)e*“w)

yEB

(71)1+ind(’y)

(4.10)

Proof. Without loss of generality, we assume that there is only one prime closed
orbit . For & € , k € N*, let us calculate the sign of det(1 — Dere,)|7, M/RV (2)-
By (4.6), we have

det(1 — Dée, )|, mr/mv(z) = det (1 = (Deg, )¥)

g det (1= (Dgy,)")

(4.11)
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Note that the non-real eigenvalues o and @ of (D(ﬁgv)k come in pair. Note also
that by property of E?, all the absolute value of the real eigenvalues of (D(bgw)k
on E7 , is bounded by 1. So the sign of (4.11) comes from the positive eigenvalues
of Doy, |gw . More precisely, we have

k
sgn (det (1 — (Dee,)*) 7, m/Rv(2)) = sgn det (— (Dov,) Ew) (4.12)
— (~)mOAG)
Equation (4.10) is a consequence of (2.21), (3.21), and (4.12). O

The following theorem is due to Fried [F87, Theorem 3.1] if F is unitarily
flat, and can be extended to unimodular vector bundle [ShY18, Proposition 2.12].

Theorem 4.6. Assume that F' is a unimodular flat vector bundle, and that ¢. does
not have fized points. If for all v € B, A(v) is not an eigenvalue of p(7y), then we
have H' (M,F) =0, and Ry , is reqular at 0 =0, so that

(_1)1+i1\d(7)
[Rg,0(0)] = [ [det(1 = A(v)p(v))] = Tp(M). (4.13)
~YEB
Proof. Following [Fra82, Definition 9.10], let
g=M'cM'c---cMN =M (4.14)

be a Smale filtration on M associated to the flow ¢.. Note that each MP C M
is a submanifold with boundary, and can be constructed by the sublevel set of a
smooth Lyapunov function. Also, we have

e on each OMP, V points toward the inside of MP;
e there is only one prime closed orbit v in MPT1\ MP and

v=) & (MPT\MP). (4.15)
teR

Note that MP*™1 can be obtained from MP by attaching a round ind(vy)-handle,
MPHY = MP Ugt g gina(r) xpm—mae—1 ST x DR 5 pm—ind(x) -1 (4.16)
where m = dim M. By [Fra82, Theorem 9.11] (see also [SM96b, Section 2]),
HY (MPT MP, F) = H7 O (v, 0(EY) @R Fl,), (4.17)

where o(EY) is the orientation line bundle of EY along the closed orbit 7.
By Examples 1.1 and 1.2, we see that A(7y) is not an eigenvalue of p(7) if
and only if

H (MPT' MP F) =0. (4.18)
Using the long exact sequence

oo — HY(MP,MP~Y F) — HY(MP,F) — HI(MP™' F) — ---, (4.19)
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we see that
H(M,F)=H MY, F)~H (MN""F)~-..~H (M°, F)=0. (4.20)

The first equality of (4.13) is a trivial consequence of (4.10). Let us show the
second equality of (4.13).
We claim that
(—1)indM
Tr(M) = I (Tomsonr, () . (4.21)
yEB
Indeed, if F' is unitary, using (4.16), (4.19), the Cheeger—Miiller theorem [C79,
MT78], we can deduce (4.21) from the excision property of the Reidemeister torsion.
If F' is only unimodular, using Bismut—Zhang’s theorem [BZ92, Theorem 0.2] and
a property of Milnor torsion, (4.21) still holds true (see [ShY18, Proposition 2.13]).
By (1.13), (1.14), and (4.21), we get the second equality of (4.13). O

It is natural to ask if a similar result holds when the Morse-Smale flow has
both fixed points and closed orbits. However, Sdnchez-Morgado [SM96b] has shown
that the heteroclinic orbits have a non-trivial contribution in the torsion invariant,
and in this way he constructed a counterexample to the Fried conjecture on Seifert
manifolds.

In [ShY18], Shen and Yu constructed a Milnor metric, which indeed contains
the heteroclinic contributions, and obtained a proof for a modified version of the
Fried conjecture for generally Morse-Smale flow with or without fixed points and
for arbitrary flat vector bundle with arbitrary Hermitian metric. The formulation
and the proof are based on [BZ92], using the determinant line of the cohomology.
We refer the reader to [ShY18] for more details.

Let us mention that there is another interpretation of the Ruelle dynamical
zeta function provided by Dang—Riviere [DaRi20c]. See also [DaRil9, DaRi20a,
DaRi20b, DaRi21] for related works.

5. Geodesic flow

In this section, we discuss the Fried conjecture in the most interesting case the
geodesic flow on the unit tangent bundle of a non-positively curved Riemannian
manifold of dimension > 3. (The case of surface will be treated in Section 6.4.)
In this case, the Fried conjecture can be proved formally via Bismut—Goette’s V-
invariant [BGO04]. However, this argument remains non-rigorous due to the involved
infinite-dimensional loop space. For locally symmetric spaces, we give the rigorous
argument [F86a, MoSt91, Sh18] which is based on the Selberg trace formula and
the Bismut orbital integral formula [B11].

This section is organized as follows. In Section 5.1, we study the flat vector
bundle defined on the unit tangent bundle.

In Section 5.2, we study the geodesic flow on the unit tangent bundle of a
non-positively curved Riemannian manifold.
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In Section 5.3, we sketch the formal proof of the Fried conjecture via Bismut—
Goette’s V-invariant.

In Section 5.4, we introduce the reductive group, symmetric space, and the
locally symmetric space. We state the main Theorem 5.9 of this section.

Sections 5.5-5.8 are devoted to sketching the proof of Theorem 5.9.

In Section 5.5, we recall the Selberg trace formula and the Bismut orbital
integral formula, which are our main analytic tools.

In Section 5.6, we give a new proof of Moscovici—Stanton’s vanishing theorem
[MoSt91], which is due to Bismut [B11].

In Section 5.7, we sketch the proof of the Fried conjecture for the real reduc-
tive group of R-rank one, which is originally due to Fried [F86a].

In Section 5.8, we sketch the proof of the Fried conjecture for general reductive
groups [Sh18|.

5.1. Flat vector bundle on the unit tangent bundle

Let (Z,97%) be a compact Riemannian manifold of dimension m. Let
M=8Z={(x,v) eTZ: |v| =1} (5.1)

be the unit tangent bundle. Then 7 : M — Z is a fibration of sphere S™~!.

Proposition 5.1. Assume dim Z > 3. Then all the flat vector bundles on M are the
pull back of a flat vector bundle F' on Z. Moreover, F is unitary (resp. unimodular)
if and only if ™ F is unitary (resp. unimodular).

Proof. Consider the long exact sequence of homotopy groups
v (S™TH = (M) = 1 (Z2) = m(S™T = - (5.2)

associated to the fibration M — Z. Since m > 3, m(S™™!) = mo(S™~!) = 1. By
(5.2), we have the isomorphism of the groups

7T1(M)27T1(Z), (53)
from which we deduce our proposition. O

Proposition 5.2. Assume that Z is orientable and that dim Z > 3. Then ©*F is
acyclic on M if and only if F is acyclic on Z. In additional, if dim Z is odd, then®
Trp(M) = Tp(Z)?. (5.4)
Proof. Let
oo = HP"™(Z,F) — HP(Z,F) — H?(M,n*F) — HP~™"Y(Z F)

— HPYYZ F) — - (5:5)

6Since both of M and Z have odd dimensions, by Theorem 1.6, we do not need to specify the
metric data to define the analytic torsion.
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be the Gysin exact sequence [BoTu82, Proposition 14.33] associated to the fibration
M — Z of orientable (m — 1)-spheres. Comparing the degrees in (5.5), for 0 < p <
m—2and m+1<qg<2m—1, we have

HP(M,7*F) = HP(Z,F), HYM,7*F) = HI"™TY(Z,F). (5.6)
By (5.6), using m > 3, we get the first statement of our proposition. By (1.16), we
get (5.4). O

Remark 5.3. Assume that dimZ > 3 is odd. If we do not assume that Z is
orientable, a detailed analysis on the Leray spectral sequence tells us that 7* F is
acyclic on M if and only if F and o(TZ) ®gr F are acyclic on Z. In this case, we
have

Terp(M) =Tp(Z) - Torz)0ar(Z). (5.7)

Let us consider the geodesic flow on a negatively curved orientable surface
(Z,g7%) of genus g > 2, which will be used in Section 6.4. The long exact sequence
of the homotopy groups (5.2) is simply

1-Z—-mM)—-m(Z)—1. (5.8)

Let ag € m1(M) be a generator of Z C m1(M). Let F be a flat vector bundle of
rank r on M with holonomy p. Then p(ag) € GL,(C).

Corollary 5.4. Let us assume that Z is a negatively curved orientable surface. Then
H (M, F) =0 if and only if 1 is not an eigenvalue of p(ag). In this case, we have
(1-9) 2(9—1)

Tr(M) = \ det (p(ao))) : ‘det (1 plao)) )

Proof. We use the Leray spectral sequence associated to the fibration M — Z
as in the proof of Propositions 3.2. By [BoTu82, Theorem 14.18], (EP9,d;),5,
converges to H (M, F), and

(5.9)

EY? = HP(Z,HU(Y,Fly)). (5.10)

Since the fibre Y is a circle, for 7 > 2 and ¢ # 0 or 1, we see that EF? = (.

Since d, sends EPY to EPT™4="+1 We get d3 = dy = --- = 0, and dy vanishes
except

dy: B9t — E°. (5.11)

Indeed, by [BoTu82, p. 178], up to a sign, d2|Eg.1 is the multiplication by the Euler
characteristic class of Z, which is an isomorphism since g > 2. So the spectral
sequence degenerates at 7 = 3 such that

HY(M,F) = H%(Z,H*(Y, Fly)), H'(M,F)=H'(Z,H°(Y,Fl|y)),
H*(M,F)=H%(Z,H'(Y,F|y)), H’(M,F)=H*(Z,H'(Y,F|y)).

Since Y is a circle and since Z is orientable, we have an isomorphism of vector
bundles on Z,

(5.12)

H'(Y,Fly) =~ H°(Y,Fly). (5.13)
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By (5.12) and (5.13), we see that F' is acyclic on M if and only if H(Y, F|y) is
acyclic on Z. By the Gauss—Bonnet theorem,

X(Z,H°(Y, F|y)) = 21k[H°(Y, Fly)](1 - g), (5.14)

where tk[H?(Y, F|y)] denotes the rank of the vector bundle H°(Y, F'|y ). By (5.14),
we see that HO(Y, Fly) is acyclic on Z if and only if H(Y, F|y) = 0. The latter
means exactly that 1 is not an eigenvalue of p(ag). By (1.13), (1.14), and (1.15),
we get (5.9). O

Remark 5.5. Equation (5.9) is obtained in [F86b] by a purely topological method
under the assumption that F' is unitarily flat.

5.2. Geodesic flow of the non-positively curved manifolds
Let (Z,97%) be a Riemannian manifold with non-positive sectional curvature.
Let (¢¢)ter be the geodesic flow on the unit tangent bundle M = SZ. Let V €
C>*(M,TM) be the generator of ¢..

Let LZ = C>(S',Z) be the free loop space of Z. It is equipped with a
canonical S'-action given by

ST =T.ys, for s € S*,x. € LZ. (5.15)

Denote by I' the fundamental group of Z. Let [I'] be the set of conjugacy classes
of I'. We identify [I'] with the set of freely homotopy classes of loops on Z. For
[v] € [T, let (LZ)[,) C LZ be the subset of LZ formed by all the loops on Z with
the freely homotopy class [y]. Write

LZ= ][] L2)y. (5.16)
hlelr]

Let E be the S'-invariant energy functional on LZ defined by
1t
E:x.€LZ — 5/ 25| ?ds. (5.17)
0

Then E is a convex function whose critical points are closed geodesics. Let B[y
be the critical points set of E in (LZ)[,). Since (Z, g #) has non-positive sectional
curvature,

By~ 7. (5.18)

Let us give a more explicit description of B[,. Take an element vy in [y].
Up to evident isomorphisms, our objects constructed below do not depend on the
choice of 7 in [y]. Let X be the universal cover of Z. Let g7X be the induced
Riemannian metric on X by g7%. Let dx(-,-) be the Riemannian distance on
X. Since Z and also X have non-positive sectional curvature, the displacement
function # € X — dx(z,vx) is convex. Let £[,) € Ry be the minimal value” of
the displacement function on X and let X () C X be its minimal set. Since Z
is compact and since the displacement function is convex, X () is a non-empty

7As the notation indicates, £[,) does not depend on the choice of v € [v]-
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convex set (see [BaGrSch85, Section 6], [Mal7, Proposition 3.9]). Let I'(y) be the
centralizer of 4 in T'. Then T'(y) acts on X (7). We have the identification

r. € By = [F0] € T()\X (), (5.19)

where 7. is the lifting of . in X. By the convexity of X(v), we see that B[
is connected. Recall that M = SZ. We can also identify B[, with a connected

component of M by
x. € Biy) — (xo,.i?o/fh]) € M. (5.20)

Since Mt is compact, we see that By, is compact. By (5.20), equations (2.14)
and (2.15) become

o@)= I Bmx{mh 26)= I Bw/S' x{tm} (G21)
Vel —-{1} [vem—{1}

Proposition 5.6. Assume that (Z,g7%) has non-positive sectional curvature. The
following statements hold.

(1) Condition (1) of Assumption 2.4 holds.
(2) Condition (2) of Assumption 2.4 holds if Z is a negatively curved manifold
or if Z is a locally symmetric space.

Proof. For Condition (1), it is enough to show that for r > 0 the set
(el :by<r} (5.22)

is finite. Fix a point £ € X in the universal cover X. Fix a fundamental domain
Fz C X of Z in X. There is zg € Fz and ~; € I' such that

U1y = dx(7120,77120)- (5.23)
By (5.23) and by the triangular inequality, we have
dx (2, 1) < £y + 2 Iax d(z, z). (5.24)
Using (5.24), we get
Hile [l by <r} <y el dx(z,yr) <r+ 22%)2{ d(z,2)}. (5.25)

It is known by [Mi68b, Remark p.1, Lemma 2] that the set on the right-hand side
of (5.25) is finite®.
The statement (2) is clear if Z is a negatively curved manifold. When Z is

a locally symmetric space, the statement (2) is a consequence of [B11, (3.3.17),
(3.5.10)]. 0

5.3. The V-invariant and a formal proof of the Fried conjecture
Let us give a formal proof of (2.22) using the V-invariant of Bismut—Goette [BG04].

8Indeed, it is smaller than Ce®" for certain C' > 0.
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5.3.1. The V-invariant. Let S be a closed manifold equipped with an action of
a compact Lie group L, with Lie algebra [. If a € [, let a® be the corresponding
vector field on S. Bismut-Goette [BG04] introduced the V-invariant V,(S) € R.

Let f be an a’-invariant Morse-Bott function on S. Let B ¢y C S be the
critical submanifold. Since a®|p, € TBy, Va(By) is also well defined. By [BG04,
Theorem 4.10], V,(S) and V,(By) are related by a simple formula.

5.3.2. A formal proof of the Fried conjecture. Let us argue formally as in [Sh18,
Section 1E]. Let a be the generator of the Lie algebra of S! such that exp(a) = 1.

As explained in [B05, Equation (0.3)], if F' is a unitarily flat vector bundle
on Z such that H'(Z, F) = 0, at least formally, we have

log Tr(Z) == Y Tr[p(1)]Va((LZ)}y))- (5.26)
[v]elr]

Let (Z,g"%) be an odd-dimensional oriented Riemannian manifold with non-
positive sectional curvature. Assume that the energy functional is Morse-Bott®.
Applying [BG04, Theorem 4.10] to the infinite-dimensional manifold (LZ)[,; with
the S'-invariant Morse-Bott functional E, we have the formal identity

Va((L2)1) = Va(Bpy)- (5.27)
Since By ~ Z is formed by the trivial geodesics, by the definition of the V-
invariant,
Va(Bp) = 0. (5.28)
By [BGO04, Proposition 4.26], if [y] € [I'] — {1}, then

_X‘”b(B[W]/Sl).

(Bry) = 2
ValBy) o (5.29)
By Proposition 5.2 and by (5.26)—(5.29), we get a formal identity
Xorb (B /S!
log T (M) = 2logTr(2) = 3" Telp()XlB/S) 5 )

el —{1} Ml

which is formally just (2.22)1°.

5.4. Reductive group, globally and locally symmetric space

We give a rigorous argument in the case of locally symmetric space of reductive
type. Let us recall some preliminaries that are needed.

9Since this part is completely formal, we will not give the precise definition of the Morse-Bott
function on the loop space LZ. Here we can understand it by the fact that the energy functional
is convex and its critical points form a smooth manifold.

10We need also to show that the sign that appeared in the Fuller index is positive when
Xorb(B['y] /S1) # 0. Indeed, it follows from the fact that Z has an odd dimension and is orientable,
and the fact that xo,1 (Bl /St) = 0if dim By
manifolds, a proof can be found in [GiLiPol13, Appendix B].

is even. We omit the details. For negatively curved



Analytic Torsion and Dynamical Flow 273

5.4.1. Reductive group. Let G be a linear connected real reductive group [K86,
p. 3], and let 6 € Aut(G) be the Cartan involution. This means that G is a closed
connected group of real matrices that is stable under transpose, and 6 is the
composition of transpose and inverse of matrices. Let K be the maximal compact
subgroup of G which is the fixed point set of 6.

Let g be the Lie algebra of G, and let £ C g be the Lie algebra of K. The
Cartan involution 6 acts naturally as a Lie algebra automorphism of g. Then ¢ is
the eigenspace of 6 associated with the eigenvalue 1. Let p be the eigenspace with
the eigenvalue —1, so that

g=pot (5.31)
We have
[, €] C ¢t [p,p] C &, [£,p] C p. (5.32)
By [K86, Proposition 1.2], we have the diffeomorphism
(VE)epx K —»e¥ked. (5.33)

Let B be a real-valued non-degenerate bilinear symmetric form on g which is
invariant under the adjoint action Ad of G on g, and also under . Then (5.31) is
an orthogonal splitting of g with respect to B. We assume B to be positive on p,
and negative on t. The form (-,,-) = —B(-,6-) defines an Ad(K)-invariant scalar
product on g such that the splitting (5.31) is still orthogonal. We denote by | - |
the corresponding norm.

The real (resp. complex) rank of G, denoted by rkg G (resp. rkc G), is defined
by the dimension of the maximal abelian subspace of p (resp. the Cartan subalgebra
of g). The fundamental rank of G is defined by

5(G) = I‘kc G — I"kc K e N. (534)

Clearly, 6(g) € N is also well defined. The following proposition is a consequence
of the classification theory of real simple Lie algebras (see [B11, Remark 7.9.2]).

Theorem 5.7. The only simple Lie algebras'' g with 5(g) = 1 are given by
5l3(R) or so(p, q) with pg > 1 odd. (5.35)

In Table 1, we list some reductive groups G, the maximal compact subgroups
K, the dimensions p, and the fundamental ranks §(G).

5.4.2. Semisimple elements. If v € G, we denote by Z(vy) C G the centralizer of v
in G, and by 3(v) C g its Lie algebra. If a € g, let Z(a) C G be the stabilizer of a
in G, and let 3(a) C g be its Lie algebra.

An element v € G is said to be semisimple if v can be conjugate to e*k~!
such that

a€p, keK, Ad(k)a = a. (5.36)

HWe have also §(R) = 1. But the abelian Lie algebra R is not considered as simple Lie algebra.
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TABLE 1. Examples of reductive Lie group.

G R  GLI(R) SL,.(R) SO%(p, q)
K {0} SO(n) SO(n) SO(p) x SO(q)
dim p 1 w w -1 pq

0G v n-3] n-i-[F] [B-BI-[

Let v = %! be such that (5.36) holds. By [B11, (3.3.4), (3.3.6)], we have

Z(y) = Z(a) 0 Z(k), 507) = a(@) N1 5(K). (5.37)
Set
p(v) =3(v) Ny, t(y) =3(v)Ne, K(v)=Z(y)NK. (5.38)
From (5.37) and (5.38), we get
3(7) = p() & E(y). (5.39)

By [K02, Proposition 7.25], Z(y) is a reductive subgroup (not necessarily
connected) of G with maximal compact subgroup K (v), and with Cartan decom-
position (5.39).

5.4.3. The symmetric space. Set X = G/K to be the associated symmetric space.
Then

p:G—X=G/K (5.40)

is a K-principle bundle.

Let 7 be a finite-dimensional orthogonal representation of K on the real
Euclidean space E.. Then £, = G Xk E, is a real Euclidean vector bundle on X.
The space of smooth sections C* (X, ;) on X can be identified with the subspace
C>=(G, E,)X of K-invariant smooth E,-valued functions on G.

By adjoint action, K acts isometrically on p. Using the above construction,
the tangent bundle of X is given by

TX =G xgp. (5.41)

The bilinear form B|, induces a G-invariant Riemannian metric g™ on X. It
is well known that (X, ¢7%X) is a Riemannian manifold of non-positive sectional
curvature. For z,y € X, we denote by dx (z,y) the Riemannian distance on X.

5.4.4. The locally symmetric space. Let I' C G be a discrete torsion-free cocom-
pact subgroup of G. Take Z = I'\X = I'\G/K. Then Z is a connected closed
orientable Riemannian locally symmetric manifold with non-positive sectional cur-
vature. Since X is contractible, 71 (Z) =T and X is the universal cover of Z.

By [Sel60, Lemmas 1], I" contains the identity element and non-elliptic semi-
simple elements. Recall that T'(v) is the centralizer of v in T defined before (5.19).
By [Sel60, Lemma 2], I'(v) is cocompact in Z(7).
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The following proposition is [DuKV79, Proposition 5.15], relating the geo-
metric object considered in Section 5.2 and the group theoretic object considered
in this section.

Proposition 5.8. For [y] € [I'] — {1}, we have the following identifications,

lyy=lal,  X(M)=Z()/K(), By =TON\Z()/K(®). (5.42)

Let us state the main theorem of [Sh18, Theorem 1.1], which generalizes
[F86a, Theorem 3] in the case where rkg[G] = 1 and [MoSt91, Corollary 2.2] in
the case where 6(G) # 1.

Theorem 5.9. Assume that Z = T\G/K and dim Z > 3 is odd. Let F' be a unitarily
flat vector bundle on Z. The following statements hold.
(1) The dynamical zeta function Ry ,(o) is well defined in the sense of Definition
2.7.
(2) There exist explicit constants C, € R* and r, € Z (see (5.99)) such that,
when o — 0,

Ry p(0) = C,Tp(Z)*0" + O (o7 . (5.43)
(3) If H(Z,F) =0, then
Cp,=1, r, =0, (5.44)
so that
Ry 5(0) = Tr(Z)? = Tre(py(M). (5.45)

We sketch the proof of Theorem 5.9 in Sections 5.5-5.8.

Remark 5.10. If we do not require I" to be torsion free, then Z = T\G/K is an
orbifold. In [ShY17], we show that the above theorem still holds true.

Remark 5.11. Using Hirzebruch proportionality [H66, Theorem 22.3.1] and Bott’s
formula [Bo65, p. 175], we can show that if §(G) > 2, then for all [y] € [I'] — {1},

x(Bp,/S") = 0. (5.46)
So Ry ,(0) =1.
Remark 5.12. We do not need to study the case where Z = I'\G/K with dim Z > 4
is even. Recall that §(G) and dim Z have the same parity. If 6(G) > 2, by (1.10)
and Remark 5.11, we have Ry ,(0) = Tr(Z) = 1. If §(G) = 0, there are no acyclic

flat vector bundles on Z. Indeed, as in (5.46), by Hirzebruch proportionality [H66,
Theorem 22.3.1] and Bott’s formula [Bo65, p. 175], we can deduce that

(—1)z9mZy (7) > 0. (5.47)
Using the Gauss—Bonnet—Chern Theorem, by (5.47), we see that
xX(Z,F) = xk[F]x(Z) # 0, (5.48)

which implies H (Z, F') # 0.
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Remark 5.13. By Remark 5.11, if dim Z is odd and 6(G) > 3, to show the Fried
conjecture, it is enough to show Tr(Z) = 1, which is known as the Moscovici—
Stanton vanishing theorem (see Section 5.6).

5.5. The Selberg trace formula

In this section, we recall the Selberg trace formula. We introduce the Casimir op-
erator and its heat kernel, orbital integral, and an explicit orbital integral formula
[B11, Theorem 6.1.1] for the heat operator of the Casimir.

5.5.1. Casimir operator. Let % (g) be the enveloping algebra of g. We identify
% (g) with the algebra of left-invariant differential operators on G. Let C? € % (g)

be the Casimir element of (g, B). If {e1,...,€dimp} is an orthonormal basis of p,
and if {f1,..., faime} is an orthonormal basis of ¢, then
dim p dim €
CoO=-> e+ f (5.49)
i=1 i=1

It is well known that C? is in the center of % (g).

We define C* in the same way. Let 7 be a finite-dimensional representation
of K on E,. We denote by C%¥7 € End(FE;,) the corresponding Casimir operator
acting on E;, so that

dim ¢
ChPr =" 7 (fi)% (5.50)
i=1
Let C%%7 be the Casimir element of G acting on O (X, &;). Then C9%7 ig
a formally self-adjoint second-order elliptic differential operator which is bounded
from below. If E. = A'(p*), then C>®(X,&;) = Q(X). In this case, we write
C%X = 09X 7 By [B11, Proposition 7.8.1], C%* coincides with the Hodge Lapla-
cian acting on Q' (X).
We denote by p: T\G — Z and 7 : X — Z the natural projections, so that
the diagram

G——=T\G

lp lﬁ (5.51)

X——"-7Z
commutes. Recall that the group I' acts isometrically on the left on X. This action
lifts to all the homogeneous Euclidean vector bundles &, constructed in Subsection
5.4.3. It descends to a Euclidean vector bundle 7. = I'\E, on Z. Let F be the
unitarily flat vector bundle of rank r on Z. Let p : I' — U(r) be the holonomy of
F. Let C%%7* be the Casimir element of G acting on C*(Z, F, ®r F). As before,
when E, = A'(p*), we write C%%* = C9Z7¢_ Then,

0% = c9%r, (5.52)
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5.5.2. The heat kernel of C%%>™. We fix a finite-dimensional real orthogonal rep-
resentation (7, F;) of K.

Let p;" (x,2') be the smooth kernel of exp(—tC®*:7 /2) with respect to the
Riemannian volume dvx on X. The Gaussian estimate on the heat kernel tells us
that for ¢ > 0, there exist ¢ > 0 and C' > 0 such that for z,2’ € X,

o7 (z,2')| < Cexp (—c dX (z,2")). (5.53)
Set
7 (9) = pi T (pL,pY)- (5.54)
It is a smooth End(E; )-valued function on G. For g € G and k, k' € K, we have
Py (kgh') = (k)P (9)7 (). (5.55)
We can recover p; " (z,2') by
() = (), (5.56)

where g, ¢’ € G are such that pg = z,pg’ = z'.
In the sequel, we do not distinguish pf(’T(x, x') and pf(’T(g). We refer to both
of them as the smooth kernel of exp(—tC'%%:7/2).

5.5.3. The Selberg trace formula. We will write the trace of exp(—tC%%7/2)
with the help of the heat kernel pf(’T (g9) on X. Let dvg be the Haar measure on
K such that the volume of K is equal to 1. By (5.33), dvk and B, induce a Haar
measure dvg on G. Let dvz(,y be the Haar measure on Z(7) constructed in the
same way. Let dvz(,)\ ¢ be the right invariant measure on Z(v)\G such that

dUG = dvz(v)dvz(v)\g. (5.57)
It is known (see [B11, (3.4.36)]) that for s > 1,

/ e=sIx1909) gy, o < 0. (5.58)
9EZ(M\G

Definition 5.14. Let v € G be semisimple. We define the orbital integral of
exp(—tC%®%:7 /2) by

Tel! [exp (—tC%7 /2)] :/

9eZ(M\G

By (5.53) and (5.58), we see that the integration in (5.59) is well defined.

TrP~ [Pf’T(Qflvg)} dvz G- (5.59)

Theorem 5.15. There exist ¢ > 0, C' > 0 such that for t > 0, we have

Y. vol(Bpy)

]ell-{1}

Trl [exp (—tC®%7 /2)] ‘ < Cexp (—g + Ct) . (5.60)
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For t > 0, the following identity holds,

Tr [exp (—tC®% 77 /2)] = Z vol (Bj,) Tr[p(7)] gl [exp(—tC®%7 /2)].
[v]elr] (5.61)

Proof. The estimate in (5.60) and the convergence of (5.61) are consequences of
the following fact: there exist ¢ > 0, C' > 0 such that for ¢ > 0 and z € X, we have

Z ’pix’T(x,’yx)‘ < Cexp (—% + Ct) . (5.62)
yer—{1}
The proof of (5.62) can be found in [Sh18, Proposition 4.8] (see also [MaMaril5,
Theorem 4]), where we use an estimate similar to the one in (5.25).
Let us prove (5.61). We disregard the convergence problem. Let p; z,2")
be the smooth kernel of exp(—tC%% 7 /2) with respect to the Riemannian volume
on Z. For z € X and g € G such that pg = x, we have

pi T (m,ma) =Y p()p T (97 ) - (5.63)
yel

Recall that Fz C X is the fundamental domain of Z in X. Then, p~!(Fz) C G is
a fundamental domain of I'\G in G. Since vol(K) = 1, by (5.63), we have

Tr [exp (—th’Z’T”’/Z)] = /e ZTr )] Tr {pt (g_l'yg)} dvg. (5.64)

Z, T,p(

Take v € I'. Recall that [y] € [F] is the conjugacy class of v in I'. We claim
that

L, 2 T (70) v = wellr )\ 200 T (4007 2]
7' €] (5.65)

Indeed, since 4/ — (v') "1y’ induces an identification of I'(y)\I" ~ [v], we have
> T [pt (9’17’9)} >, T [p 9 ()" lw’g)} : (5.66)
v €] v ET(\T

By (5.66), and by changing variable, we have

/ > T [pf(” (9‘17'9)} dvg (5.67)

P (F2) yrepy)
= / Tr [th’T (g‘lvg)} dvg = / Tr [pf“ (9‘179)} dvr0\ 6
U ereynr Y2~ (Fz) INGINE
where in the last equality we use the fact that ., cpin\r v'p~Y(Fz) is a funda-
mental domain of I'(7)\G in G. Using the fibration I'(y)\G — Z(7)\G, and using
the fact that the integrand Tr [th’T (g’lvg)} is constant on the fibre, by (5.59)
and (5.67), we get (5.65).
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By Proposition 5.8, (5.64), and (5.65), using vol(K (y)) = 1, we get (5.61). O

5.5.4. Bismut orbital integral formula. Let us recall an explicit orbital integral
formula for Tr[! [exp(—tC9*%-7/2)] obtained by Bismut [B11, Theorem 6.1.1].
Let v = ek~! € G be semisimple as in (5.36). Set
po =ker(ad(a))Np,  to=ker(ad(a))Nt, 30 =ker(ad(a)) N3j. (5.68)
Let pg C p, €5 C €, 35 C 3 be the orthogonal spaces of po, £, 30 with respect to B.

Let pa(v) C po, €5 () C Eo, 35 (7) C 30 be the orthogonal spaces of p(v), (7), 3(7)
with respect to B. Then

50 =P Dy, 50 (1) =y () @5 (7). (5.69)
In particular, we have the orthogonal decompositions with respect to B,
p=p@ps(epy, t=t) ek (e, a=300) s ()& (5.70)
——— —— ——
bo to 30

Let us introduce the J-function [B11, Section 5.5] of Bismut. In [B11, Section
5.5], it has been shown that the analytic function defined for Y € £(~) by

1 det (1 — exp(—iad(Y)) Ad(k™1)) lex(4)
det (1 — Ad(k—l))|50¢(v) det (1 — exp(—iad(Y)) Ad(k—l))|pé(7)

has a natural square root, which is still analytic in Y € ¢(y). For a Hermitian
matrix H, define

(5.71)

A(H) = det'/? (%) . (5.72)

The square root in (5.72) is the positive square root of a positive real number.
Definition 5.16. Let J., be the analytic function on £(y) defined for Y € ¢(vy) by
1 A(i ad(Y)|p(7))

Y2 A(iad(Y)]ecy))

J’Y(Y) =
‘det (1 - Ad() s

[ 1 det (1 —exp(—iad(Y)) Ad(kfl)) |Pé—(7) 1 V2 (5.73)
det (1 — Ad(k~1)) |52y det (1 — exp(—iad(Y)) Ad(k~1)) [y () R

Remark 5.17. There is C,, > 0 such that for all Y € £(v), we have
|J,(Y)| < C e Y (5.74)

Recall that C** and C%* are defined as in (5.50) associated with the adjoint
actions of K on p and €. Write

1 1
o= 3 WOV~ LT[N] € R 579

For Y € £(v), let dY be the Lebesgue measure on £(7) induced by —B. The main
result of [B11, Theorem 6.1.1] is the following.
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Theorem 5.18. For t > 0, we have

Tel! [ex (—th’X’T/2)] = ; ex —ﬁ - C—gt
P roamem7z P\ T T
/ J,(Y) Tt [1 (k71) exp(—it(Y))] exp (—|Y|?/2t) dY. (5.76)
Yet(y)

5.6. Moscovici—Stanton’s vanishing theorem

In this section, we show Theorem 5.9 in the case of 6(G) # 1. By Remark 5.13, it
is enough to show Tr(Z) = 1.
Let t C ¢ be a Cartan subalgebra of £. Set

b={Y €p:[Y,{f] =0} (5.77)

Then h = b @ tis a fundamental Cartan subalgebra of g.
Let v = e?k~! € G be a semisimple element such that (5.36) holds. Let
t(y) C t(7) be a Cartan subalgebra of £(y). Set

b(v)={Y ep: [V, t(y)] =0,Ad(k)Y =Y}. (5.78)
By (5.77) and (5.78), we have
dim b(y) > dim b = §(G). (5.79)

The following theorem is [B11, Theorem 7.9.1] (see also [Sh18, Theorem
4.12)).

Theorem 5.19. Let v € G be semisimple such that dimb(y) > 2. ForY € £(v), we
have

Tvh ") [NA’@*)Ad(k—l)exp(—iad(Y))} —0. (5.80)
In particular, for t > 0, we have

el [NA-(T*X) exp (—th’X/2)} =0. (5.81)

Proof. Since the term on the left-hand side of (5.80) is Ad (K (v))-invariant, it is
enough to show (5.80) for Y € t(y). If Y € t(v), we have

T 9 [NAW) Ad(k—l)exp(—iad(Y))]

) (5.82)
_ Y b )
= G lugdlet (1 = ¢ Ad(k) exp(iad(¥) |,
Since dim b(y) > 2, by (5.82), we get (5.80) for Y € t(v). By (5.76) and (5.80), we
get (5.81). .

In this way, Bismut [B11, Theorem 7.9.3] recovered [MoSt91, Corollary 2.2].
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Corollary 5.20. Let F' be a unitarily flat vector bundle on Z. Assume that dim Z
is odd and §(G) # 1. Then for any t > 0, we have

Tr, [NY T2 exp (—tDZ/Z)} ~0. (5.83)
In particular,
Tr(Z) = 1. (5.84)

Proof. Since dim Z and §(G) have the same parity, and since dim Z is odd and
0(G) £ 1, we get §(G) = 3. By (5.79), dim b(y) > 3. Thus, (5.83) is a consequence
of (5.52), (5.61), and (5.81). O

5.7. The case G = SO°(p, 1) with p odd

In this section, we assume G = SO’ (p, 1) with p odd. Then G is a semisimple Lie
group of R-rank 1, and X = G/K is hyperbolic space of dimension p. The result
of this section is due to Fried [F86a].

It is easy to show that up to a sign there exists a € b* such that for a € b,
ad(a) acting on g has three eigenvalues 0, +-({«a, a). We have an orthogonal splitting
with respect to B,

g=bdPmodndn, (5.85)

where b @m (resp. n, resp. n) is the eigenspace of ad(a) for the eigenvalue 0 (resp.
(o, a), resp. —(a,a)). Let M C G be the connected subgroup of G associated to
m. Then M is compact and isomorphic to SO(p — 1). Moreover, the action of M
on n is just the SO(p — 1)-action on RP~1L.

One feature of the group SOO(p, 1) with p odd is that any non-elliptic semisim-
ple element of v can be conjugate to e®k~! such that a € b,a # 0 and k € M.
Moreover, the subspaces 39 and 33 introduced in (5.68) and (5.69) do not depend
on the choice of non-elliptic semisimple element of -, and is given by

30 =bdm, i =non (5.86)

Definition 5.21. For o € C, we define a formal Selberg zeta function associated to
a representation n of M and to a representation p of I by

L ko) L
V2 omp )

Zyp(0) = exp (— > Trip(y)]
pler—{1} [det (1 - Ad(m))

etk

The formal Selberg zeta function is said to be well defined if the same conditions
as in Definition 2.7 hold.
For v = e?k~! such that a € b,a # 0 and k € M, we have
1/2 dimn ) o, L ,
= 3 (—1) T ) [Ad (k)] ed dma-diallal - (5.85)
j=0

[det(1 - Ad(7)

|;,0L
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If we consider the Selberg zeta function associated to n; = A%(n*), using (5.88)
and /[, = |a|, we have

dimn

. dimn =17
Rsp(0) = T Zusw (0 + (.7 - )Ial) : (5.89)
7=0

To show the meromorphic extension of Ry ,, it is enough to consider the mero-
morphic extension of Z,, ,.

There are two remarkable properties of 7;. First, since n; is just the represen-
tation of SO(p — 1) on AJ(RP~1), the Casimir of m acts on 7 is a scalar. Second,
n; has a lift as a virtual representation of K. More precisely, let RO(K), RO(M)
be the real representation rings of K and M. The restriction induces a morphism
of rings

t: RO(K) — RO(M). (5.90)
Since K and M have the same complex rank, ¢ is an injection. The second property

is that n; has a lift 7; = ﬁj’ —17; € RO(K), where

N=AE)FNTEE) e 0 =TI E) AT+ (5.91)

For a virtual representation 7 = 7+ — 7~ € RO(K), where i, ;= are two
representations of K, we use the notation

. d t g,Z,ﬁ+,p
dets (O’ + CE’Z’"”’> _ det(0+C ) (5.92)

 det(o + CoZAp)
Recall that ¢y € Ry is defined in (5.75). We define ¢, € Ry in the same way.

Proposition 5.22. Assume that 1 has a lift § € RO(K) and that the Casimir of m
on E, is a scalar C™" € R_. Then Z, ,(0) is well defined such that

Zy p(0) = eP1() det, (02 —Cgt+Cm—C™" + C’g’Z’ﬁ’p) . (5.93)
where P, (o) is an odd polynomial of o.

Proof. By a general theorem of elliptic operators [Vo87], we know that the right-
hand side of (5.93) has a meromorphic extension to C. So it is enough to show
(5.93) for 0 € R and ¢ > 1. In this case, using the Mellin transform, we have

det, (02 —cq+em— C‘“’"+Cg’z’ﬁ’p) (5.94)
=exp (—% Oﬁ/mTrS {exp (—t (02 —cg+Cm—C™" +CB’Z’6”’)>} ts_ldt> )
5= 0

We use the Selberg trace formula to evaluate the second line of (5.94). For
the group of R-rank 1, Bismut’s orbital integral formula has a very simple form
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[B11, Theorem 8.2.1]. For v = ¢%k~! with a € b, a # 0, and k € M, we have
el [exp (—th’X”A’/Z)} (5.95)

B 1 1 lal?  —cg+ cm — O™ 1
= T ot exp ( 3¢ + 5 t) Tr [n(kh)],
‘det (1— Ad("))

|;,0L
and if v = 1, we have
—~ - - m7n
T fesp (108 %7/2)] = %Qn <%> exp ( atm O t) . (5.96)

where @, is some explicit polynomial. Using Theorem 5.15, (5.94)—(5.96), we de-
duce (5.93) for c € R and 0 > 1. O

Let us give an explicit formula for the constant appearing in Theorem 5.9.
For 0 < j < dimn, set

r; = dimker %% ? — dimker C9%7; . (5.97)
By (5.52) and (5.91), we have
rj =bj(Z,F) = bj1(Z, F) + bj2(Z, F) — -+, (5.98)

where b;(Z, F) = dim H?(Z, F) is the Betti number. Clearly, 7; = 7'dimn—j-
Definition 5.23. Set

e 2 DT
imn -
Co= 11 (-4 ( 5 J) |a|2> Ty =2 (=177 (5.99)
§=0 §=0
Let us complete the proof of Theorem 5.9 in the case G = SOO(p, 1) with p
odd.
Proof of (5.43) and (5.44). Simple calculation shows that
di 2
Cg — Cm + O™ = )j - H;“) a2, (5.100)

By (5.89), (5.93), and (5.100), using the fact that P, is odd, we see that as o — 0,

dimn (=1)7-1

Ry p(0) = (1+ O(0)) H dets <02 + 20(]' - di;nn) la] + Cs,Zﬁwp)
7=0

(5.161)

On the other hand, by (1.8), (5.52), and (5.91), we have
dimn R (—1)i—1 dim Z (—1)a

[T det, (o +co2m) = IJ det (o +07)"" (5.102)
7=0 q=1

= (14 0(0)) Xt (D" (Z )Ty (7)2

Comparing (5.101) and (5.102), by (5.98), we get (5.43).
By (5.98), if H(Z,F) =0, then (5.44) follows. O
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5.8. The reductive group G with §(G) =1

In this section, we assume that G is a real reductive group with §(G) = 1. From
Table 1, we see three examples R, SLz(R), and SO%(p, q) with pg > 1 odd. The
result in this section is from [Sh18].

5.8.1. Meromorphic extension. We generalize the construction in Section 5.7 to
the case in this section. By [Sh18, Proposition 6.2], we can define m,n, 0 is the
same way. So the splitting (5.85) still holds true, and dimn is still even. However,
the group M is not necessarily compact. It is a reductive group with maximal
compact subgroup K N M and with Cartan decomposition

m =Py O . (5.103)

One of difference with the R-rank 1 case is that a general non-elliptic semisim-
ple element can not always be conjugate to e®*k~! with @ € b, a # 0, and
k € MNK.In [Sh18, Proposition 4.1], we observe that this happens if and only if

dim b(y) = 1. (5.104)

For such an element v, we still have (5.86). Moreover, if dim b(y) > 2, as in Remark
5.13, we have

Xorb(B[fy]/Sl) =0. (5105)
This gives the motivation to introduce the following Selberg zeta function.

Definition 5.24. For o € C, we define a formal Selberg zeta function associated to
a representation n of M and to a representation p of I' by

TeBn [k (Bu/S!
zn,p((;):exp( S 1 0] (B kw),
[velr]-{1} }det (1—Ad(y ) n ]

’YNeak 1

(5.106)

Thanks to (5.105), the semisimple element v satisfying dim b(y) > 2 does
not have a contribution to the Selberg zeta function. Take n; = A7(n*) as before.
Equation (5.89) still holds true. So we can reduce our problem to showing the
meromorphic extension of 7, .

Note that in this case, the Casimir operator of m still acts as a constant on 7;.
For technical reasons, we note also that the compact dual of M acts on n; ®r C.
Also, the lifting property still holds but in a more complicated form. Consider the
diagram

RO(M)
lw (5.107)
RO(K) —~>RO(K N M),

where the maps are induced by restriction. In [Sh18, Theorem 6.11], we show that
tm(ng), A (pk) € RO(K N M) have unique lifts in RO(K).
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Proposition 5.25. Suppose that (n, Ey) is a finite-dimensional real representation
of M such that

o the Casimir of m acting on E, is a scalar C™" € R_;
e the compact dual of M acts on E, ®gr C;
o the restriction taq(n) to K N M has a lift in RO(K).

Then Z, ,(o) is well defined such that
Zp o(0) = eP1(?) det (02 —Cg+Cm—C™" + Cg’Z”A””> ) (5.108)

where P, (o) is an odd polynomial of o, and € RO(K) is a virtual representation
of K such that

vie (1) = N (p) @ em (1) € RO(K N M). (5.109)

Proof. The proof of our proposition is similar to the one of Proposition 5.22, except
that the evaluation of the orbital integral is more complicated. Note that when
dim b(7y) > 2, we have

el [exp (—tCﬂ»Xvﬁ/z)} = 0. (5.110)
This is a refinement of Theorem 5.19. O

Now a method similar to the one given in Section 5.7 shows (5.43) with the
constants C, and r, defined by the same formula as in (5.99).

5.8.2. Regularity at o = 0. The proof of (5.44) is much more difficult since we
do not have a relation between r; and b;(Z, F') as in (5.98). We rely on some deep
results from the representation theory. Here we only sketch the main steps.

Let @u be the unitary dual of G. For a unitary representation V. € @u,
denote by V; i the associated Harish-Chandra (g, K)-module, which is formed by
K-finite elements. The center of the complexified enveloping algebra % (gc) acts
on V; i as scalars, which is called the infinitesimal character and is denoted by
Xr- Clearly, for a € C, we have

xr(a) = a. (5.111)

We call y, is trivial if y, coincides with the infinitesimal character of the trivial
representation of G.

Recall that p: I'\G — Z is the natural projection. The group G acts unitarily
on the right on L?(I'\G,p*F). By [GeGraPS69, p.23, Theorem|, L?(I'\G,p*F)
decomposes into a discrete Hilbert direct sum with finite multiplicity of unitary
representations of G. We can write

Hil
L*(T\G,p"F) = @) np(m)Va, (5.112)

TEG,

with n,(7) < co.
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Recall that 7 is a real finite-dimensional orthogonal representation of K on
the real Euclidean space E,, and that C%% 77 is the Casimir element of G acting
on C*(Z, F; ®c F). By (5.112), we have

ker C%%7P = @ n,(7) (Ve ik Or ET)K, (5.113)
7E€G o, xx (C8)=0
By properties of elliptic operators, the sum on right-hand side of (5.113) is finite.
We will apply (5.113) in the case 7 = A7(p*) and also 7 = 7);.
The case 7 = AJ(p*). By (5.52), (5.113), and by the Hodge theory (1.5), we
have

H(ZF) = @ @ Vexor A"

weéu,XW(CF):O
The Hodge theory for Lie algebras [BorW00, Proposition I1.3.1] tells us that the
right-hand side of (5.114) has a cohomological interpretation,
H(Z,F) = &y n,(n)H (g, K; Vi k), (5.115)
weéu,x,,(ce):o

where H'(g,K;V; k) is the (g, K)-cohomology of the Harish-Chandra (g, K)-
module V k. By the following property of (g, K)-cohomology [VZu84, V84, SR99]

(see also [Sh18, Theorem 8.9]), for m € G,
Xr is trivial <= H' (g, K;V; k) # 0, (5.116)

(5.114)

we see that the sum in (5.115) can be reduced to m € G, with trivial infinitesimal
character,

H(ZF)= P  n(mH (8,K;Vr i), (5.117)
Weéu,,x.ﬁ trivial

and each summand does not vanish except for n,(7) = 0.
The case 7 = 7j;. By (5.113), we have

rj = Z n,(m) (dim (Vrx ®r ﬁj’)K —dim (Vr,x ®r ﬁJ_)K> . (5.118)
7E€G,xx (C8)=0

As (5.115), in [Sh18, Theorem 8.14, Corollary 8.15], we give a cohomology inter-
pretation of the right-hand side of (5.118),

1
Ty = W Z Np (ﬂ-)

7€Gy,xx(C8)=0
dimp, dimn
x Y Y (=) dim H (m, K 0 M; Hj(n, Ve ) @r Ey),  (5.119)
i=0 j=0
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where H;(n, Vi i) is the n-homology of V; x and is a (m, K N M)-module. More-
over, as (5.117), [Sh18, Proposition 8.17, Corollary 8.18] implies that the first sum
in (5.119) can be reduced to m € G, with trivial infinitesimal character, i.e.,

1
w2 e

TEG X~ trivial

a , (5.120)
impm dimn o ‘
X Z Z(—1)”3dimHl(m,KﬂM;Hj(n,Vﬁ,K)®REn).

i=0 =0

Equations (5.117) and (5.120) can be considered as an analogue of (5.98).
Now we prove (5.44).

The proof of (5.44). If H (Z,F) =0, by (5.117), we see that if x, is trivial, then
n,(m) = 0. By (5.120), we see that r; = 0 for all j. By (5.99), we complete the
proof of (5.44). O

6. Anosov flow

The purpose of this section is to study the Fried conjecture for the Anosov flow.
This section is organized as follows. In Section 6.1, we introduce the Anosov flow.

In Section 6.2, we explain the meromorphic extension of the Ruelle dynamical
zeta function [GiLiPol3, DyZ16].

In Section 6.3, we explain a proof that under certain resonance conditions
the value at zero of the Ruelle dynamical zeta function does not depend on a small
perturbation of the Anosov flow.

In Section 6.4, we study the Anosov flow on 3-manifolds.

6.1. Closed orbits of the Anosov flow

Let M be a closed manifold with a smooth vector field V' € C*°(M,TM). Let
(¢t)ter be the flow on M generated by V.

Definition 6.1. A flow ¢. is called Anosov if there is a ¢;-invariant continuous
splitting'?

TM =RV & E" & E° (6.1)

of C%-vector bundles on M and there exist C' > 0,6 > 0 and a Riemannian metric
on M such that for v € E¥, v' € E2, and t > 0, we have

|f-t0] < Ce™M o, |fr,40"| < Ce™ "1 J'). (6.2)

12This requires that RV is a line bundle on M. It implies V(xz) # 0 for all x € M, and so the
Euler characteristic number x (M) vanishes.
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In this section, we assume ¢. is Anosov. It is well known that the set of closed
orbits §(¢.) defined in (2.12) is discrete (see [Mar04] or [DyZ16, Appendix A]), so
that Assumption 2.4 holds. More precisely, for v € §(¢.), let £, € R%,m, € N*
be the period and the multiplicity of v. Then (2.14) becomes

o(o.)= [T s"x{6} (6.3)
vER(9.)
Moreover, by [Mar04, Theorem 1.1, p.78] or [DyZ16, Lemma 2.2] there is C' > 0
such that for r > 0, we have

{7 €B(¢.) : £y <7} < Ce. (6.4)

Thanks to (6.4), the Ruelle dynamical zeta function is well defined for o € C
with Re (o) > 1. Recall that for a prime closed orbit v, A(y) € {£1} is defined in
(4.9). Proceeding as in the proof of Proposition 4.5, for ¢ € C with Re (o) > 1,
we have

(_1)x-k[E“']+1

Ryp(0) = TI det(1—A@)p(r)e ") , (6.5)

~y:prime

where rk [E*] denotes the rank of the C%-vector bundle E*. We note the similarity
between (0.2) and (6.5).

Example 6.2. If (Z,g7%) is a negatively curved manifold, then the geodesic flow
on the unit tangent bundle M = SZ is Anosov [A67]. By (6.5), for 0 € C with
Re (o) > 1,

(_1)dim z

Ryplo)={ ] det(1—A@)p(v)e ") : (6.6)

:prime

In addition, if Z is orientable, for all prime closed orbits v, we have A(y) = 1 (see
[GiLiPo13, Lemma B.1]).

6.2. The meromorphic extension

The proofs of the meromorphic extension of the Ruelle dynamical zeta function
for the Anosov flow given in [GiLiPol3] and [DyZ16]'? are based on a spectral
interpretation of Ry ,.

Let us begin with establishing a relation between Ry , and the Lie derivation
Ly along V acting on Q' (M, F'). For ¢ > 0, write

eV iue Q(M,F) = ¢juc Q(M,F). (6.7)

13Unfortunately, there is a sign conflict between the convention used in these two papers and
Fried’s paper [F87]. In [GiLiPol3, (2.2)] and [DyZ16, (1.1),(B.1)], the sign in the Fuller index
(2.18) is defined using D(;ﬁ,gw. As we adopt Fried’s convention, the statements in this section are
slightly different with [GiLiPol3, DyZ16].



Analytic Torsion and Dynamical Flow 289

The Schwartz kernel e/2V (z,y) of €' is a current on R x M x M with coeffi-
cients in

CX (A (T*M) @g F)K ( (A (T*M) ®r F)* @ | det(T*M)|), (6.8)

where |det(T*M)| = AYM(T*M) @ o(TM) is the density bundle on M. By
(6.1), its wave front set is disjoint from the conormal bundle of the submanifold
{(t,z,x) € R x M x M} C R% x M x M. So, the restriction on the diagonal
e'lv(z, z) is a well-defined current on R x M with coefficients in

CK (End (For A (T*M)) ®r |det(T*M)|>. (6.9)

Definition 6.3. The flat trace of e**V is a distribution on R’ defined by

Tr? [etv] = /M Tr [e"™V (2, 2)] . (6.10)

Note that the flat trace is not a classical trace in the sense of the trace
of a trace class operator. However, we can still show that the flat trace of the
commutator of eV with a differential operator vanishes.

Let us give an explicit formula for T [etL V}, which is known as the Atiyah—
Bott—Guillemin trace formula [Gui77]. Let v € ©(¢.) be a closed orbit. For x € +,
we have a morphism

Déy, (z) : ToM — T, M. (6.11)

Up to conjugation it does not depend on the choice of = € , and is denoted by
Déy. |1, 0. It acts naturally on any tensor of T, M. Acting on T, M/RV, it is just
the linearized Poincaré return map.

For 0 < ¢ < dim M, denote by Ly, the restriction of Ly on Q(M, F'). Let
NA(T"M) 1e the number operator on A (T*M), which sends s € Q4(M, F) to
gs € QU(M, F).

Proposition 6.4. For 0 < ¢ < dim M, the following identity holds,

T T (D ) ra (e
Ty [etLV,q}: Z |:( ¢€v) A (TWM):| Tr [p(7)] 6_’)’5&/@). (6.12)

o) |det(1 — Doy )|z, a/rv | My
In particular, we have
- L
Tr? [NA (T M)etLV} =— Z sgn(det(1 — Doy, )|r vymv) Tr [p(7)] m_76€7 (t).
vER(#.) K
(6.13)
Proof. The Schwartz kernel of e!fv:a is given by
aay) = {0 D00 |y )} el (614)
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where 7} € Hom(Fy, (4, F%) is the parallel transport with respect to VI along the

curve (¢5()) o< from ¢ to 0. So the restriction of the distribution to the diagonal

e'lv (z,z) is supported on the periodic set p(¢) C R% x M and is given by
a(T* tr

TrA (Tw M) [(D(bg_y) |Aq(T:: M):|
|det(1 — Dée, )|z a/rv

Tr[eFva(z,2)] = Y Trlp(y)]

v€P(9-)

O, (t) ® 04 (),

(6.15)

where 0. (x) is the current of integration on the prime closed orbit ~# associated
to v defined by

Ly /my
seCP(M)— / s(¢(2))dt, (6.16)
0
where x is any point on 7. By (6.15), we get (6.12). O
By (2.21), (6.4), and (6.13), for Re (¢) > 1, we have
o0 - dt
log Ry ,(0) = —/ Tr? [NA (M) exp (—t(c—Ly) )] X (6.17)
0
So formally, Ry ,(0) is a certain flat regularized determinant
dim M ,
[T det’ (0 — Ly " (6.18)
q=1

Note the similarity between (1.8) and (6.18).
For Re (o) > 1, we write

Sol0g R () = [T [NY T e (<10~ L))
o 0

o0 . .
:/ Tr? [NA (T M)exp(—t(a—Lv))} dt,
1

where 0 > 0 is some positive number smaller than the minimum of the length
spectrum. In the second identity of (6.19), we use the fact that the support of the
distribution Tr’ [NATTM) exp (—t (0 — Ly))] is away from 0.

To show the meromorphic extension of Ry ,, it is enough to show that
%log R4, has a meromorphic extension to C with simple poles and integer
residues. By (6.19), we write formally

(6.19)

) . .
= log R (o) = T2 [NA (T*M) g=3(0=Lv) (¢ — [y) 71, (6.20)
g

An important step is to give a proper sense of the operators on the right-hand
side of (6.20) and to show its flat trace exists and has a meromorphic extension.
We refer the reader to [DyZ16] for more details. Here we just state a weak version

This can be obtained by proceeding as in the proof of Lefschetz fixed point formula. We refer
the reader to [DyZ16, Appendix B] for more details.
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of [DyZ16, Propositions 3.1-3.3], and explain the reason for which we need to
introduce the small § > 0.
Let

T"M = (RV)" @ E, ®E} (6.21)
be the dual of the splitting (6.1). Let A C T (M x M) be the diagonal of T (M x
M). Set
-1
0O = {<¢t($)a ((D¢t);r) -fa%f) eT*(M x M) :(V(x),&) =0,t < 0}7
(6.22)

where - denotes the transpose of a matrix. Denote by WF’ the wave front set of
an operator (see [DyZ16, Appendix C.2]).

Theorem 6.5. The operator
(6 —Ly) " Q(M,F) = D' (M,\N(T*M) @r F) (6.23)
defines a meromorphic family on C. If it is holomorphic at oq, then
WEF' (0o — Ly) ' ¢ AUQ™ U (EF x EY). (6.24)
From (6.24), we see that (09— L) ™! does not necessarily have a well-defined

flat trace. But e 9(~Lv) (5 — Ly,) ™" does.

6.3. The R, ,(0) as a topological invariant

The poles of the meromorphic family in (6.23) are called Ruelle-Pollicott res-
onances. The set of Ruelle-Pollicott resonances is denoted by Res, (V). If 0 ¢
Res,(V), then Ry ,(0) is regular at o = 0.15

Set

V(M) ={V € C*®°(M,TM) :V is Anosov such that 0 ¢ Res,V}. (6.25)

Thanks to the stability of the Anosov flow [A67] and of its resonance [ButLi07,
ButLil3], ¥,(M) forms an open subset in C*°(M,TM). The following theorem
[DaGuRiSh20] tells us the value at zero of the Ruelle dynamical zeta function
does not depend on a small perturbation of the flow.

For V € ¥,(M), denote by ¢V the corresponding flow.

Theorem 6.6. For any flat vector bundle F', the map
Ve ¥,(M)— Ryv,(0) € C* (6.26)

is locally constant.

5 Due to the cancellation from the supertrace, the converse is not correct.



292 S. Shen

Proof. Let (Vi)per be a smooth family of vector fields in #,(M). Let Ry, be the
corresponding family of the Ruelle dynamical zeta functions. Take a smooth family
ap € QY(M) such that ap(V;,) = 1. Write V, = %V}J.
We claim that for o € C with Re (o) > 1, we have
0 o )
% log Ry (o) = —0/5 Y lawiy, exp (—t (o — Ly,) )] dt. (6.27)

In [DaGuRiSh20], the proof of (6.27) is obtained by variation of the periods of
closed orbits. Here, we give a proof via supersymmetry (cf. [RS71, Theorem 2.1]).
We argue formally. The argument can be made rigorous easily. By (6.17), for
Re (o) > 1, we have

%logRbm(U) = —/ Y [N“T*M)va exp (—t(o— LVb))} dt.  (6.28)
6

Using the Cartan identity'6 Ly, = [d,iVb], the fact that d commutes with Ly,,
and fact that the supertrace vanishes on the supercommutator, we have identities
of distributions on R,

T [N T M L exp (tLVb)} =Ty {N“T*M) [d,ig,] exp (tLVb)}
=Ty HNA‘(T*M),d} iy, exp (tLy;, )} (6.29)
=Tr [diVb exp (tLy;)] .

Since ap (V) = 1, we have iy, = [ivb,abivb]. By (6.29), and proceeding as before
we have

TI“Z [NA‘(T*M)LVL exp (tLVh):|

Trz [d [ivm abz’Vb] exp (tLVb)]
= Trz [[d, iv,] Qpiy, exp (tLVb)}
b

. (6.30)
=Ty [LVhO‘bZVb exp (tLy, )}

0 )
= &Trz [aszb exp (tLVb)} .

By (6.28) and (6.30), we get (6.27).
By (6.27), using the method as in [DyZ16], we can show that for o € C,
Re (o) > 1,
0 N Y .
% log Ry p(0) = — 0Tt [abz‘-,he 3(e=Iv) (¢ — Ly;) 1} . (6.31)
Note that thanks to (6.24), the above flat trace is well defined. Moreover, the
function ¢ — Trz abiVbe*‘s(”*LVb) (o0 — LVb)fl} has a meromorphic extension to

C, and is regular at ¢ = 0 since V;, € ¥,(M).

6Here [a,b] = ab — (—1)de82de8bpq denotes the supercommutator of a and b (see [BeGeVe04,
Section 1.3]).
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To complete our proof, it remains to show that for a fixed o near 0, the
function b — Ry, ,(0) is C' and (6.31) holds near 0. This is somehow technical and
we refer the reader to [DaGuRiSh20] for a detailed proof. O

6.4. Anosov flow on 3-manifold

Let us restrict ourself to an orientable 3-manifold, where we have a partial solution
for the Fried conjecture.

The following proposition [DaGuRiSh20, Proposition 7.3, Lemma 7.4] gives
a characterization of the acyclicity of a unitarily flat vector bundle via resonance.
Its proof uses [DyZ17, Lemma 2.3] in an essential way.

Proposition 6.7. Let F' be a unitarily flat vector bundle on a closed orientable 3-
manifold. For any volume preserving Anosov flow, F is acyclic if and only if O is
not a resonance.

Recall the following theorem due to Sdnchez-Morgado [SM96a], whose proof
is based on the Markov partition [Rat69] and Rugh’s technique [Rug96].

Theorem 6.8. Let F' be an acyclic unitarily flat vector bundle with holonomy p on a
closed orientable analytic 3-manifold M. If ¢. is a transitive analytic Anosov flow,
and if there is a prime closed orbit v such that 1 and A(v) are not eigenvalues of
p(7), then Ry ,(0) is reqular at 0 and

|Ry,0(0)] = Tr(M). (6.32)

Note that any smooth manifold has a unique compatible analytic structure,
and that any volume preserving Anosov flow is transitive. Since we can always ap-
proximate a smooth Anosov flow by an analytic one, and since we can approximate
a flat vector bundle by the one with specified holonomy condition in the above
theorem provided H'(M) # 0, using Theorem 6.6, in [DaGuRiSh20, Section 7.2],
we deduce the following Theorem [DaGuRiSh20, Theorem 1J.

Theorem 6.9. Let F' be an acyclic unitarily flat vector bundle with holonomy p on
a closed orientable 3-manifold with HY(M) # 0. For any flow ¢. which is a volume
preserving Anosov flow or a flow nearby'”, we have

|Ry,0(0)] = Tr(M). (6.33)

Let us return to the case of the geodesic flow on the unit tangent bundle
M = SZ of anegatively curved orientable surface (Z, g74). Recall that ag € 1 (M)
is defined after (5.8). By Corollary 5.4 and Theorem 6.9, we get:

Corollary 6.10. Let F' be an acyclic unitarily flat vector bundle on the unit tangent
bundle of a negatively curved orientable surface (Z,g*%). Then,

| R, (0)] = Tw(M) = | det (1 — p(ag)) | %, (6.34)

The above corollary can be considered as a complementary of Dyatlov—
Zworski’s result [DyZ17], where p is assumed to be trivial.

171t is still an Anosov flow by the stability of Anosov flows [A67].
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Theorem 6.11. Assume that (Z,g7%) is a negatively curved orientable surface.
There is C' € R* such that as 0 — 0, we have

Ry trivial(0) = Co X (1 + O(0)). (6.35)

The above two results are generalizations of Fried’s results [F86b, Corollaries
1 and 2] for hyperbolic surfaces.
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