A CONTACT CAMEL THEOREM
SIMON ALLAIS

ABSTRACT. We provide a contact analogue of the symplectic camel theorem that holds
in R?" x S', and indeed generalize the symplectic camel. Our proof is based on the
generating function techniques introduced by Viterbo, extended to the contact case by
Bhupal and Sandon, and builds on Viterbo’s proof of the symplectic camel.

1. INTRODUCTION

In 1985, Gromov made a tremendous progress in symplectic geometry with his theory
of J-holomorphic curves [13]. Among the spectacular achievements of this theory, there
was his famous non-squeezing theorem: if a round standard symplectic ball B*" of radius
r can be symplectically embedded into the standard symplectic cylinder B% x R*"™2 of
radius R, then r < R (here and elsewhere in the paper, all balls will be open). Other
proofs were given later on by the means of other symplectic invariants: see Ekeland and
Hofer [7,)8], Floer, Hofer and Viterbo [11], Hofer and Zehnder [14] and Viterbo [21]. In
1991, Eliashberg and Gromov discovered a more subtle symplectic rigidity result: the camel
theorem [9, Lemma 3.4.B]. In order to remind its statement, let us first fix some notation.
We denote by g1, p1, . . ., qn, pn the coordinates on R?", so that its standard symplectic form
is given by w = d\, where A = p; dg; + - -+ + p, dg, = pdq. We consider the hyperplane
P :={q, = 0} C R?, and the connected components P_ := {¢, < 0} and P, := {g, > 0}
of its complement R?" \ P. We will denote by B*" = B?"(z) the round Euclidean ball of
radius 7 in R?" centered at some point x € R*", and by Pg := P\ B?*(0) the hyperplane
P with a round hole of radius R > 0 centered at the origin. The symplectic camel theorem
claims that, in any dimension 2n > 2, if there exists a symplectic isotopy ¢; of R?*" and
a ball B>" C R?" such that ¢o(B?") C P_, ¢;(B*") C P,, and ¢;(B*") C R*"\ Py for
all t € [0,1], then » < R. The purpose of this paper is to prove a contact version of this
theorem.

We consider the space R*® x S!, where S := R/Z. We will denote the coordinates on
this space by q1,p1, - .-, qn, Pn, 2, and consider the 1-form A\ defined above also as a 1-form
on R* x S! with a slight abuse of notation. We denote by o := A — dz the standard
contact form on R?" x S'. The set of contactomorphisms of (R*" x S, &) will be denoted
by Cont(RR?*" x S!) and the subset of compactly supported contactomorphisms isotopic to
the identity will be denoted by Conty(R** x S'). As usual, by a compactly supported
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contact isotopy of (R* x S ) we will mean a smooth family of contactomorphisms
¢; € Cont(R* x S1), t € [0,1], all supported in a same compact subset of R** x S?.
In 2006, Eliashberg, Kim and Polterovich [10] proved an analogue and a counterpart of
Gromov’s non-squeezing theorem in this contact setting; given any positive integer k € IN
and two radii r, R > 0 such that mr? < k < 7R?, there exists a compactly supported
contactomorphism ¢ € Cont(R** x S') such that ¢ (B%' x S') € B?" x S' if and only
if » = R; however, if 2n > 2 and R < 1/4/m, then it is always possible to find such
a ¢. In 2011, Sandon [15] extended generating function techniques of Viterbo [21] and
deduced an alternative proof of the contact non-squeezing theorem. In 2015, Chiu [6] gave
a stronger statement for the contact non-squeezing: given any radius R > 1/4/m, there is
no compactly supported contactomorphism isotopic to identity ¢ € Contg(RR?" x S') such
that ¢(Closure(B#* x S')) C B#" x S'. The same year, an alternative proof of this strong
non-squeezing theorem was given by Fraser [12] (the technical assumption “¢ is isotopic
to identity” is no longer needed in her proof).
Our main result is the following contact analogue of the symplectic camel theorem:

Theorem 1.1. In dimension 2n+1 > 3, if mr? < { < 7R? for some positive integer { and
B# x S € P_ x S, there is no compactly supported contact isotopy ¢; of (R*" x S', «)
such that ¢y = id, ¢1(B% x S') C Py x S, and ¢(B# x S') C (R*™ \ P,) x S! for all
t e [0,1].

Notice that the squeezing theorem of Eliashberg-Kim-Polterovich implies that Theo-
rem does not hold if one instead assumes that 7R?* < 1.

Theorem implies the symplectic camel theorem. Indeed, suppose that there exists a
symplectic isotopy vy of R*" and a ball B" C R*" such that ¢(B%') C P_, ¢y (B%") C Py,
and ¢y (B%') C R**\ P, for all t € [0, 1], and assume by contradiction that r < R. Without
loss of generality, we can assume that ¢y = id (see [17, Prop. on page 14]) and that
the isotopy 1, is compactly supported. By conjugating v, with the dilatation x — vz, we
obtain a new compactly supported symplectic isotopy ¢, with ¢ = id and a ball B?} C P_
such that ¢} (B%*%) C Py, and ¢,(B?%) C R* \ P,, for all ¢t € [0,1]. If we choose v > 0
large enough, we have 7(vr)? > ¢ > 7(vR)? for some ¢ € Z, and the contact lift of 1, to
R?" x S' contradicts our Theorem [1.1]

Our proof of the contact camel theorem is based on Viterbo’s proof [21, Sect. 5] of
the symplectic version, which is given in terms of generating functions. Viterbo’s proof is
rather short and notoriously difficult to read. For this reason, in this paper we provide
a self-contained complete proof of Theorem [I.1} beside quoting a few lemmas from the
recent work of Bustillo [3]. The generalization of the generating function techniques to the
contact setting is largely due to Bhupal [2] and Sandon [15]. In particular, the techniques
from [15] are crucial for our work.

Organization of the paper. In Section [2 we provide the background on generating
functions and the symplectic and contact invariants constructed by means of them. In
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Section [3, we prove additional properties of symplectic and contact invariants that will be

key to the proof of Theorem [I.1} In Section [4 we prove Theorem [I.1]

Acknowledgments. I thank Jaime Bustillo who gave me helpful advice and a better
understanding of reduction inequalities. I am especially grateful to my advisor Marco
Mazzucchelli. He introduced me to generating function techniques and gave me a lot of
advice and suggestions throughout the writing process.

2. PRELIMINARIES

In this section, we remind to the reader some known results about generating functions
that we will need.

2.1. Generating functions. Let B be a closed connected manifold. We will usually write
q € B points of B, (q,p) € T*B for the cotangent coordinates, (¢, p, z) € J'B for the 1-jet
coordinates and & € RY for vectors of some fiber space. A generating function on B is a
smooth function F : B x RV — R such that 0 is a regular value of the fiber derivative %—?.
Then,

Sp e {<q,a> € BxRY| %—Qq;g) :o},

is a smooth submanifold called the level set of F'.
Generating functions give a way of describing Lagrangians and Legendrians of 7% B and
J'B respectively. Indeed,

tp: ¥p — T7B, tr(4;€) = (¢, 04F(¢:€))
and
U Sp = J'B, Tp(4:€) = (4,0,F (4:€), F(4;6))
are respectively Lagrangian and Legendrian immersions. We say that F' generates the
immersed Lagrangian L := (p(Xr) and the immersed Legendrian L, := 7p(XF). In this

paper, we will only consider embedded Lagrangians and Legendrians.
We must restrict ourselves to a special category of generating functions:

Definition 2.1. A function F : B x RY — R is quadratic at infinity if there exists a
quadratic form @ : RY — R such that the differential dF — d@ is bounded. @ is unique
and called the quadratic form associated to F.

In the following, by generating function we will always implicitly mean generating func-
tion quadratic at infinity. In this setting, there is the following fundamental result:

Theorem 2.2 ( [16, Sect. 1.2], [21, Lemma 1.6]). If B is closed, then any Lagrangian
submanifold of T* B Hamiltonian isotopic to the 0-section has a generating function, which
is unique up to fiber-preserving diffeomorphism and stabilization.
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The existence in this theorem is due to Sikorav, whereas the uniqueness is due to Viterbo
(the reader might also see [19] for the details of Viterbo’s proof). The contact analogous
is the following (with an additional statement we will need later on):

Theorem 2.3 ( [4, Theorem 3], [5, Theorem 3.2], [18, Theorems 25, 26]). If B is closed,
then any Legendrian submanifold of J' B contact isotopic to the 0-section has a generating
function, which is unique up to fiber-preserving diffeomorphism and stabilization. More-
over, if L1 C J'B has a generating function and ¢, is a contact isotopy of J' B, then there
exists a continuous family of generating functions F*' : B x RY — R such that each F*
generates the corresponding ¢.(L1).

2.2. Min-max critical values. In the following, F': B x R¥ — R is a smooth function
quadratic at infinity of associated quadratic form @ (generating functions are a special
case). Let ¢ be Morse index of @ (that is the dimension of its maximal negative subspace).
We will denote by E the trivial vector bundle B x R™ and, given A € R, E* the sublevel
set {FF <A} CE.

In this paper, H* is the singular cohomology with coefficients in R and 1 € H*(B) will
always denote the standard generator of H°(B) (B is connected). Let C' > 0 be large
enough so that any critical point of I’ is contained in {|F| < C}. A classical Morse theory
argument implies that (E“, E~¢) is homotopy equivalent to B x ({Q < C},{Q < —C1})
and the induced isomorphism given by Kiinneth formula:

T:H?(B) = H"*1 (EY, E~°) (2.1)
does not depend on the choice of C. So we define H* (E*, E~>°) := H* (EC, E_C). We

also define H* (E*, E=>) := H* (E*, E~9).
Given any non-zero o € H*(B), we shall now define its min-max critical value by

e 3 * [ee) —00 * A —00
c(a,F).—/{g{{{Tozgker(H (E B )—>H (E,E ))}
One can show that this quantity is a critical value of F' by classical Morse theory.

Proposition 2.4 (Viterbo [21]). Let F; : B x R™ — R and Fy, : B x R™ — R be
generating functions quadratic at infinity normalized so that Fi(qo, &)) = Fa(qo, &) = 0 at
some pair of critical points (qo,&)) € crit(F1) and (qo, &) € crit(Fy) that project to the
same qg. Then:

(1) if Fy and F; generate the same Lagrangian, then c(a, Fy) = ¢(«, Fy) for all non-zero
a € HY(B),
(2) if we see the sum F} + F, as a generating function of the form
Fi+ F: BxRY"HY 5 R, (F1+ F2)(¢: 1, &) = Fi(q: &) + Fa(q; &),
then
C(Oé ~ 67F1 +F2) 2 C(OC,F1> +C(/87F2)7

for all o, 8 € H*(B) whose cup product « — f3 is non-zero.
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(3) if u € HY™B)(B) denotes the orientation class of B, then
c(p, F1) = —c(1, —F1).

Proof. Point follows from the uniqueness statement in theorem See [21}, Prop. 3.3]
for point and (21} cor. 2.8] for point (3). O

When the base space is a product B =V x W, one has the following

Proposition 2.5 ( [21, Prop. 5.1], [3, Prop. 2.1]). Let F' : V. x W x RY — R be
a generating function and let w € W. Consider the restriction F,, : V x RY — R,
Fy,(v;€) = F(v,w; &) (quadratic at infinity on the base space V'), then

(1) if po is the orientation class of W, then for all non-zero a € H*(V),
cla®1,F) < c(a, Fy) < cla® pg, F),

(2) if F does not depend on the w-coordinate, for all non-zero o € H*(V') and non-zero
pe H* (W),

cla® B, F)=cla, F,).

2.3. Generating Hamiltonian and contactomorphism. Let Ham,. (7*M) be the set
of time-1-flows of time dependent Hamiltonian vector field. Given ¢» € Ham, (T*M), its
graph gr,, =id x ¢ : T*"M — T*M x T*M is a Lagrangian embedding in T*M x T*M. In
order to see gr,, (T M) as the O-section of some cotangent bundle, let us restrict ourselves
to the case M = R™ x T*. First we consider the case k = 0 then we will quotient R"** by
7 in our construction. Consider the linear symplectic map
7 T*R" x T*R™ — T*R*", 7(q,p; Q, P) = (%, #, P—p,q— Q)

which could also be seen as (z,Z) — (242, J(z — Z)) where J is the canonical complex
structure of R?" ~ C". The choice of the linear map is not important to deduce results of
Subsections [2.1] and (in fact, |15], [20] and [21] give different choices). However, we do
not know how to show the linear invariance of Subsection [3.2] without this specific choice.

The Lagrangian embedding I'y := 7 o gr, defines a Lagrangian I'y(T*M) C T*R*"
isotopic to the zero section through the compactly supported Hamiltonian isotopy s
Togr, o7 ' where (1)) is the Hamiltonian flow associated to . As I'y(T*M) coincides
with the O-section outside a compact set, one can extend it to a Lagrangian embedding on
the cotangent bundle of the compactified space L, C T*$*".

In order to properly define Ly for 1 € Ham, (T*(R™ x T*)), let ¥ € Hamyp (T*(R™F))
be the unique lift of 1) which is also lifting the flow (1s) with 1y = id. The application I' 7
gives a well-defined T'y, : T*(R™ x T*) < T*(R*" x T* x R¥). We can then compactify the

base space: R*™ x T* x RF ¢ B where B equals either " x T* x $* or $?* x T?* and
define L, C T*B.
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In order to define Fy : B x RY — R, take any generating function of L, normalized
such that the set of critical points outside (R?" x T* x R¥) x R¥ has critical value 0 (the
set is connected since L, coincides with O-section outside T*(R*" x T* x RF)).

We now extend the construction of Ly, to the case of contactomorphisms. Let Contg(J' M)
be the set of contactomorphisms isotopic to identity through compactly supported contac-
tomorphisms. Given any ¢ € Ham, (T*M), its lift

O JM = J'M, Oz, 2) = (), 2 + ay(x))
belongs to Conto(J' M), where ay : T*M — R is the compactly supported function satis-
fying
PN — A = day.
In [2], Bhupal gives a mean to define a generating function Fj, associated to such contac-

tomorphism ¢ for M = R" x T* in a way which is compatible with ) 12 in the sense
that Fi5(q,2;§) = Fy(q; §). Given any ¢ € Contg(J'R™) with ¢*(dz — \) = €?(dz — \),

gr, JJR" = J'R" x J'R" xR,  gr,(z) = (z,¢(z),0(z))

is a Legendrian embedding if we endow J'R™ x J'R" x R with the contact structure
ker(e?(dz—\)—(dZ—A)), where (q,p, 2; Q, P, Z; ) denotes coordinates on J'R"x JTR" xR
and A =), P, dQ;.

For our choice of 7, we must take the following contact identification

T:JR X J'R" X R — J'R*™,

g+Q e’p+ P

2 2 2
so that I'y := 7 o gr, is an embedding of a Legendrian compactly isotopic to the 0-section
of JIR* . The construction of I'y descends well from R"* to R™ x T* taking the lift of
¢ € Conty(J'(R™ x T*)) which is contact-isotopic to identity.

In fact we will rather be interested by T*M x S* ~ J'M/ZZ and ¢ € Conto(T*M x S*)
which can be identified to the set of Z%—equivariant contactomorphism of J'M isotopic to
identity. The construction descends well to the last quotient and we obtain a well-defined
Legendrian embedding I'y : T*(R"™ x T%) x §* — J' (R x TF x R* x S*).

We can then compactify the base space R*® x T" x R* x S € B x S', define L, C
JY(B x S') and take as F, any generating function of Ly normalized such that the set of
critical points outside (R?" x T* x R* x S') x RY has critical value 0.

7(¢,p, 2, Q, P, Z;0) = <

2.4. Symplectic and contact invariants. The symplectic invariants presented here are
due to Viterbo [21]. The generalization to the contact case is due to Sandon [15].

throughout this subsection, B denotes a compactification of T*(R" x T¥). Given any
¢ € Ham, (T*(R™ x T*)) and any non-zero o € H*(B), consider

c(a, ) ==c(o, Fy).

1
7Z;P_60p7q_Q7€0_1;_(69p+P)(q_Q)+Z_Z

)
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Proposition 2.6 (Viterbo, [21, Prop. 4.2, Cor. 4.3, Prop. 4.6]). Let (¢;) be a compactly
supported Hamiltonian isotopy of T*(R"™ x T*) with 1y = id and ¢ := ;. Let H; :
T*(R™ x T*) — R be the Hamiltonians generating (1;). Given any non-zero o € H*(B),
(1) There is a one-to-one correspondence between critical points of F' and fixed points
x of ¢ such that t — () is a contractible loop when t € [0, 1] given by (x,&) — .
Moreover, if (z4,&,) € crit(Fy) satisfies Fy(x4,&,) = c(a, Fy), then

(0, 0) = ay(za) = / (1), 4(0)) — Hy(t(2)) dt,

where (q(t),p(t)) := Y(z,). The value ay(x) will be called the action of the fixed
point x.

(2) If H <0, then c¢(a, ) > 0.

(3) If (¢*) is a symplectic isotopy of T*(R™ x T*), then s — c(a,p® oo (¢*)71) is
constant.

(4) If p is the orientation class of B,

C(1,1) <0 < e, ) with o1,9) = c(u,v) & v =id,
C(Mﬂﬁ) = —0(17¢_1)-

These results were not stated with this generality in [21] but the proofs given by Viterbo
immediately generalize to this setting.

Given any open bounded subset U C T*(R" x T*) and any non-zero o € H*(B), Viterbo
defines the symplectic invariant

c(la,U) = sup c(a,v).
ypeHam.(U)

This symplectic invariant extends to any unbounded open set U C T*(R™ x T*) by taking
the supremum of the ¢(«, V') among the open bounded subsets V' C U.

Proposition 2.7 (Bustillo, Viterbo). For all open bounded sets U,V C T*(R" x T*) and
any non-zero a € H*(B),
(1) if (¢®) is a symplectic isotopy of T*(R"™ x T*), then s + c(«, p*(U)) is constant,
(2) U Cc V implies c(a,U) < ¢(a, V),
(3) if uy and py are the orientation classes of the compactification of T*(R"™ x T*) and
R” respectively, then for any neighborhood W of 0 € R,

c(p, U) el @ pe @ 1,U x W x TF).
(4) if B>+ C T*(R™ x T*) is an embedded round ball of radius r and p is the

orientation class of B, then c(u, B>"*?*) = r2.

Proof. Point is a consequence of Proposition . Point is a consequence of
the definition as a supremum. Point is proved in the proof of [3, Prop. 2.3]. Indeed,
Bustillo makes use of (3] to deduce his Proposition 2.3 by taking the infimum of ¢(p; ® o ®
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1,U x V x T*) among neighborhoods U > X and W D {0} (using Bustillo’s notations).
We refer to [L, Sect. 3.8] for a complete proof of (4. d

Now, we give the contact extension of these invariants. Given any ¢ € Contg (T*(R” x T*) x S 1)
and any non-zero o € H*(B x S'), consider

c(a, @) ==c(o, Fy).

The following Proposition is due to Sandon. Since our setting is slightly different, we
provide precise references for the reader’s convenience.

Proposition 2.8 (Sandon, [15]). (1) Given any ¢ € Conto(T*(R" x T*) x S1), if pu is
the orientation class of B x S!, then
d) =0 & c(lgh) =0.

(2) Given any ¢ € Conto(T*(R™ x T*) x S') and any non-zero a € H*(B x S'), if F}
is a generating function of ¢, then

[e (e 07)] = [e (o, —Fy)].

(3) Given any ¢ € Conto(T*(R™ x T*) x S'), any non-zero a € H*(B x S1), if (1*) is
a contact isotopy of T*(R™ x T*) x S, then s — [c(a, ¥* 0 po (¢*)71)] is constant.

(4) For each v € Ham.(T*(R™ x T*)) for each non-zero cohomology class o € H*(B),
if dz denotes the orientation class of S', then

c(a@l,@g) :c<a® dz,$> =c(a, 7).

Proof. Let F,; be the generating function of ¢ € Conto(T*(R™ x ’]Tk) x S1). According to
duality formula in Propositionn ., c(p, ¢) = —c(1, —F,). Points (1)) and (2] . ) then follow
from [15, lemmas 3.9 and 3.10] taking L = 0 section and ¥ =Togr, 107 '

c(1,Fy-1)=0 & ¢(1,-F,) =0

and

e (L, Fy)] = [e(1,—Fy)].
Point (3] is a consequence of [15, lemma 3.15] applied to ¢; = c(a, ' opo(p*)~!). Point
is given by the proof of [15, Prop. 3.18]. Indeed, let 4, : (E*, E™*) < (E*, E~*) and i, :
(E*, E=®) — (E>, E=>) be the inclusion maps of sublevel sets of Fy and Fj; respectively.
Then E* = E* x S and, after 1dent1fy1ng H*(E*, =) with H*(E*, =) @ H*(S"), the
induced maps in cohomology za is given by

in =i ®id.

Thus i, (a®B) = (i*a)®} is non-zero if and only if i* is non-zero, where 8 € {dz,1}. O
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Let u be the orientation class of B x S, given any open bounded subset U C T*(R"™ x
T*) x S* and any non-zero a € H*(B x S*'), consider

o(a,U) = Lo [c(er, §)]

and
Y(U) :=inf {[c(p, )] + [c (1,07")] | ¢ € Conty (T*(R™ x T*) x S') such that ¢(U)NU =@},
These contact invariants extend to any unbounded open set U C T*(R" x T*) x St by

taking the supremum among the open bounded subsets V' C U.

Proposition 2.9 (Sandon [15]). For all open bounded sets U,V C T*(R" x T*) x S* and
any non-zero o € H*(B x S1),
(1) if (¢*) is a contact isotopy of T*(R"™ x T*) x S*, then s — c(«, *(U)) is constant,
(2) U C V implies c(a,U) < ¢(a, V),
(3) given any open subset W C T*(R"™ x T*), for each non-zero class 3 € H*(B), if dz
denotes the orientation class of S*, then

c(B® dz, W x S*) = [c(B,W)].

Proof. Point is a direct consequence of Proposition . Point is a consequence
of the definition as a supremum. Point follows from the proof of |15, Prop. 3.20].
Indeed, inequality c¢(8® dz, W x S') > [c(B, W)] is due to Proposition whereas the
other one is due to the fact that, for all ¢ € Conto(W x S'), one can find 1) € Ham, (W)

such that ¢ < QZ in Sandon’s notations (see her proof for more details). O

3. SOME PROPERTIES OF SYMPLECTIC AND CONTACT INVARIANTS

3.1. Estimation of v (T*C’ X B%"_Q X Sl). Here, we will prove the following

Lemma 3.1. Let R > 0 be such that tR*> € 7, b > 0, n > 1 and C := R/dZ. Then
0 (T*C x BR? x Sl) < [WRT‘ .

Remark 3.2. This Lemma fails for n = 1. The use of Lemma [3.1] will be the step where
we will need the assumption that 2n + 1 > 3 in the proof of Theorem [1.1]

In order to prove Lemma |3.1] we will need the following elementary fact:

Lemma 3.3. Let 7y € 0B% % v € By % and r := |v — mo|. We set 6(r) € [0,7] to be

such that
o)y _
CoS 5 =5n

Then any rotation p : R*"=2 — R?"~2 of angle 6(r) centered at x sends z outside Ba'?,
ie. p(z) g Ba 2.
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TR +¢ |

NI

0 5 AR? —§ AR? 4AR2+6

FIGURE 2. Approximating h + § by a smooth compactly supported he.

Proof. Let g € B3 2, v € By % and r := |z —1z|. Take any rotation p : R*~2 — R?"~2
of angle 0(r), where 6(r) is defined as above. Let P C R**~2 be the affine plane spanned
by zo, « and p(z). The round disk B3> N P has a radius smaller than R and lies in an
open round disk D of radius R with zq € 0D centered at ¢ € P. Therefore, it is enough
to show that p(z) € D. Let a,a’ be the two points of D N IB*~%(zy), b be the second

point of 9D N (zyc) and « be the unoriented angle azod € [0, 7] (see Figure . As [zob] is
a diameter of dD, the triangle abx, is right at a, thus § = c&;b satisfies
a\  avg T
cos <§> = ey 2R

Hence, o = 6(r) and p(z) & D. O

Proof of Lemma[3.1. We exhibit a family of ¢ € Ham,.(RR*"~?) satisfying
e ° (B *)NBY =02,

e ¢(1,9°) =0,
o Ve >0, c(u, ) < TR? + ¢,
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where p is the orientation class of the compactified space $**72. Consider the radial
Hamiltonian H(z) = —h(r?) where h : [0, +00) — R is defined by:

1 4R? 1 min(u,4R?)
h(u) = —/ 0(v/v) dv — —/ 0(v/v) dv
2 Jo 2 Jo

If ¢ designates the time-1-flow associated to H, for all r € [0, R] and any x € B3~ such
that |z| = r, ¢ (z) is the image of z by some 0-centered rotation of angle —2h/(r?) = 6(r).
Thus ¢(z) € BF? and ¢(B3 )N By ? = @. Nevertheless, ¢ is not well defined as H
is not smooth in the neighborhood of # = 0 and |z| = 2R. For every small € > 0, we then
construct a family of smooth h. : [0, +00) — R approximating A in the following way (see
Figure [2): there exists § = 6(¢) € (0,2R?) such that

e /. is compactly supported on [0, 4R? + 4],

o W(u) < hl(u) <7 forall uel0,400),

o ho(u)=mR*+¢e—Zuforallue [0,

o h.(u) = h(u) + 5 for all u € [6,4R* — 4].
Hamiltonians H¢(z) := —h.(|z|?) are smooth functions so their time-1-flow ¢ are well
defined. As H® < 0, ¢(1,¢°) = 0. The only fixed point with non-zero action is 0 so
c(p, ) < —H®(0) = —H(0) + £ (0 has action —H¢(0)) and

1 [AR?
—H(0) = h(0) = 5/ O(v/v)dv +¢
0
Changing the variable z = ;/—}g and writing 6(s) = 2arccos (%),

1

4R? 1
5/ O(v/v)dv = 8R2/ x arccos(z) dx
0 0

Then, an integration by parts and writing x = sin « give

1 1 2
1 x 1 T
x arccos(x)dr = = —dx:—/ sin®? ada = —,
/0 () QA \/1—1’2 2 0 8

thus c(u, ¢°) < TR? + € as expected.
Now, from the family ¢ we deduce a second, ©° € Ham.(T*C x R?"2), satisfying:

(1) @ (O x (=2,2) x BR) N (Cx (=2.2) x B ™) = 2,

(2) c(1,¢%) =0,
(3) Ve >0, c(p, ) < TR? + ¢,

where p is the orientation class of the compactified space C' x $' x $2"72. Let U =
C x (—l l) X BIQ{L’2 and x : R — [0,1] be a smooth compactly supported function

ele
with X|[_ 1] = 1. We then introduce the compactly supported negative Hamiltonians

K¢ :C x R x R*™ 2 — R defined by:
KE(Qlaplvx) = X(pl)Ha(x)a V(Ql’pl,x) € O x R x RQn_Q?
so that ¢°(q1,p1,2) = (g1, p1, ¥ (x)) for p; € (—1 l), thus ¢°(U®) NU® = & as wanted.

£l e
Moreover, since K¢ is negative, ¢(1,¢°) = 0. The function x can be chosen so that it

Wl
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is even and decreasing inside suppy N (%, +00) with an arbitrarily small derivative. For
Ip1| > % and (g1, p1,x) € suppy®, the gi-coordinate of ©°(qy, p1,x) is thus slightly different
from ¢;. Thus, the only fixed points with a non-zero action are the (g;,p1,0)’s for |p;| < %
The action is still given by —K*¢(0) = h(0) + & = 7R? + ¢, thus c(p, ¢°) < 7R* +¢.

Take the contact lift of the previous family: ¢f € Conto(T*C' x R**~2 x S'). Property
of ¢©* implies

—~ 11 11
©° (C X (——, —) x BR'% x Sl) N (C’ X (——, —) x B3'% x Sl) =g. (3.1)
g€ '€
On the one hand, Proposition and property of ¢° gives

¢ (1,¢%) = c(1,¢) = 0.
Thus, if dz denotes the orientation class of S*, Proposition gives

c(nodz (7)) =o. (3.2)
On the other hand, Proposition and property of ©° gives,
¢(p® dz, @) = e(p, ¢°) < TR + & (33)

Equations and then imply
{c(u@ dz,g/p?ﬂ - [C <u® dz, (g/pE)ilﬂ < [7R* +¢].
Thus, since ¢° verifies ,
v (U8 X Sl) < (ﬂ'R2—|—€—‘ )
Since 7R? ¢ Z, x + [x] is continuous at mR? and any open bounded set V C T*C x
B¥~? x St is included in U¢ x S* for a small &, we conclude that
v (T*C x B2 x §Y) < [nR?].
U
3.2. Linear symplectic invariance. A symplectomorphism ¢ : T*(R" x T*) — T*(R" x
T*) will be called linear when it can be lifted to a linear map @ : R?k) — R2(Hk),

Throughout this subsection, we fix a linear symplectomorphism ¢ : T*(R"x T*) — T*(R™x
T*) of the form

o(q1,q2) = (p1(q1), p2(q2)), V(g1,q2) € R x Tky

for some linear maps ¢, : R*"*% — R2"**¥ and ¢, : T¥ — T*. Let B be either $2" x T* or
§2ntk such that B x T* is a compactification of T*(R"™ x T*). We denote by p € H*(B)
the orientation class of B.

Proposition 3.4. For any open subset U C T*(R™x T*) and for any non-zero o € H*(T*),
we have

c(p®@a,oU)) = c(p & pro,U).
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Proposition is a consequence of the following statement:

Lemma 3.5. For any v € Ham (T*(R"™ x T*)) and for any non-zero o € H*(T*),
c(p®a, ) =c(u®psa, o ooy).

In order to prove Lemma [3.5 we will need suitable generating functions for i and
-1
@ ooy

Lemma 3.6. Let F} : B x TF x RN — R be a generating function of 1) € Ham,(T™*(R" x
T*)). There exists a diffeomorphism ¢} : B — B such that, if ® : B x T* x RY —
B xT*xRY denotes the diffeomorphism ®(qy, q2;€) = (0} (q1), p2(q2); €), then Fy := Fio®
is a generating function of p~! 01 o p € Ham,(T*(R"™ x T*)).

Proof of Lemma[3.6. Let ¢ € Ham,(T*(R™ x T*)) and R > 0 such that suppy C B&" x
T*. Since ¢; : R*™** — R?"** is linear and invertible, one can find a diffeomorphism
@ R2HF 5 R2"+F guch that @) (z) = oy (@) for all 2 € BZ U o7 (BZF) and ¢} (z) =
(1, .., Tonpk—1, ET2n1k) oOutside some compact set, thus ¢} can naturally be extended
into a diffeomorphism ¢} : B — B. Let F; : B x TF x R¥ — R be a generating
function of ¢, we then define the diffecomorphism ® : B x T* x RY — B x T* x RV
by ®(q1,¢2;€) = (¢1(q1), p2(g2);&). The function F, := F; o ® is a generating function

since 88—122 = 68—121 od. Let (¢;€) € X, and qp := (¢} X v2)(q). First, let us assume that

q € o Y (B2 x T*) (so qo = ¢(q)), since (go;€) € Ly, there exists xq € T*(R™ x TF)
such that

(q0; 0gF1(q0; &) - v) = (M.

5 s (J((20) — xo),v>> , Yo € RAHF)

Let x = ¢~ (o). On the one hand, by linearity of ¢,

z+ ¢~ orpop(r)
q= )
2
on the other hand, 9,F5(qo; &) - v = (J(¥(m0) — 70), o(v)) for all v € R2™K) and ¢! is a
linear symplectomorphism, thus

0gFa(q0;€) - v = (Jo~ (¢h(wo) — x0),v) = (J(p o0 p(x) — x),v), Vo € R2HR)

Now, let us assume that ¢ & ¢~'(Ba"* x T*). If ¢ is at infinity, then 9,F5(g; &) = 0 since
dF; = 0 at any point at infinity. If ¢ € R*** x T*, let zo € T*(R"™ x T*) be associated
to qo as above. Since %@”0) ¢ BEF x TF necessarily, 1(z¢) = 29 € B2 x T* so
0, F1(q0;€) = 0 and (qo; €) is a critical value of Fy. Hence (¢; &) is a critical value of F and

@O 9) = 0 = (A () - )

where z = (p] X @9) 7 (z0) & supp(¢p~ o 1h o p).
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Conversely, if z € T*(R™ x T*), the associated (q; £) € X, is given by ((¢] X ¢2) " (q0); €)
where (qo; €) € Xp, is associated to zo = (¢ X @2)(x) € T*(R™ x T%). d

Proof of Lemma[3.3. Let Fy : B x TF x R — R be a generating function of ¢ €
Ham(T*(R™ x T*)). Let ¢} : B — B and ® : Bx T¥ x RY — B x T* x RY be
the diffeomorphisms defined by Lemma such that F, := F} o ® is a generating function
of p~torpop. Let us denote by E; and Fy the domains of the generating functions F; and
F, respectively. For all A € R, ® gives a diffeomorphism of sublevel sets ® : £y — E}. In
particular, it induces an homology isomorphism ®, : H,(Ey, Ey>°) — H,(E}, Ey™). We
thus have the following commutative diagram:

sk

H!(B x Th) —% Ha( By, Er) 2> H'9(E), Br)

l(%Xm)* lé* liﬁ‘

HU(B x TF) —% qi(Ee, By™) —2 {i9(E), By™)

where the T}’s denote the isomorphisms induced by the Kiinneth formula and the
i5,’s are the morphisms induced by the inclusions i, : (E}, E;>) < (E°, E;7>). The
commutativity of the right square is clear. As for the left square, it commutes because
Tod = (¢) X @) om, where m: Bx T* x RV — B x T* is the canonical projection. Let «
be a non-zero class of H'(T*) and u be the orientation class of H*(B). Since the vertical
arrows are isomorphisms, 77 \ 71 (4 ® ) is non-zero if and only if i3 \To(p) X ¢2)" (L ® ) is
non-zero. Since ¢} is a diffeomorphism, (¢])*pu = £p, thus (¢} X @2)* (p® @) = £pu ® Yia
and 77 ,T1 (1 ® «) is non-zero if and only if +i3 \To(1 ® p3a) is non-zero. Therefore,

c(p®a, i) =c(p® o, Fa).
O

3.3. Reduction lemma. In this subsection, we work on the space T*(R™ x T' x T*) x S*
and the points in this space will be denoted by (¢, p, z), where ¢ = (q1, ¢2) € (R™ x T!) x T*
and p = (p1, p2) € R™ xR*. Let B be a compactification of T*(R™ x T'). Given any open
set U C T*(R™x T x T*) x S and any point w € T*, the reduction U,, C T*(R™ x T!) x S*
at g = w is defined by

Uw = 7T<U N {q2 = U)}),

where 7 : T*(R™ x T!) x {w} x R* x ST — T*(R™ x T') x S* is the canonical projection.
Lemma 3.7. Let u be the orientation class of B x §* x S! and 1 be the generator of
H°(T*). For any open bounded set U C T*(R™ x T! x T*) x S* and any w € T*,
(p®1L,U) <7(Uw).
It is an extension to the contact case of Viterbo-Bustillo’s reduction lemma [3, Prop.

2.4] and |21}, Prop. 5.2]. We will follow Bustillo’s proof as close as contact structure allows
us to do.
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Let 1 be the orientation class of B x $¥ x S* and 1 be the generator of H°(T*) and
fix an open bounded set U C T*(R™ x T! x T*) x S! and a point w € T*. Remark that
one can write i = p1; ® pio, where pu; and puy are the orientation classes of B x S! and $*
respectively. By definition of the contact invariants, it is enough to show that, given any

1 € Contg(U) and any ¢ € Conto(T*(R™ x T') x S1) such that ¢(U,) N U, = &,

[e(n®1,9)] < [e(pu, @) ] + [e (u,07")] -

Thus, we fix a contact isotopy vy defined on T*(R™ x T! x T*) x S! and compactly
supported in U such that ¢y = id and ¢ =: ¢ € Conty(U) and we fix a contactomorphism
¢ € Conto(T*(R™ x T!) x S') such that p(U,)NU, = @. Let F': (B x §* x T* x S') x
RY — R be a continuous family of generating functions for the Legendrians L' := Ly, C
JY(B x $* x T* x S') given by Theorem 2.3, F := F' and K : (B x S') x RV — R
be a generating function of ¢. By the uniqueness statement of Theorem [2.3] one may
suppose that F%(z;€) = Q(&) where Q : RY — R is a non-degenerated quadratic form
without loss of generality. Recall that F! : (B x $* x S) x RY — R denotes the function
F'(q1,p, ;&) == F'(q1,w,p, z;€) and let K : (B x 8% x S1) x R — R be the generating
function defined by I?(x, y,z;n) := K(z,z;n). In order to prove Lemma we will use
the following

Lemma 3.8. Given t € [0,1], let ¢ := c(u, F', — K) which is a continuous R-valued
function. Then we have the following alternative:

e cither Vt € [0,1], ¢ ¢ Z
e or 3¢ € Z such that Vt € [0,1], ¢ = (.

In particular, L?<M’_j€>wzz L3<M’f@]_-i?>w.

Proof of Lemma[3.8. The reduced function F! generates L!, C J'(B x $* x S1). L' is the
image of the immersion (plus points in the 0-section at infinity):

te¥p+ Pt : N
F¢t(Q7puz): <q_’_2Q 76 p; 7Z;Pt_€9p7q_Qt7€0 _1;_<69p+Pt> (q_Qt)+Zt

2

writing (¢, p, 2) = (Q', P*, Z"). Therefore, L is the set of points (plus points in the
O-section at infinity):

<m+QiJ%+Pt

1
9 ) 9 az;Pf_eetplvq_Qt7€9t_1;§(60tp+Pt> (q_Qt)+Zt_z>
for points (g, p, z) that verify % = w. In the remaining paragraphs, we will use notations

_ e'p+P _ ¢+Q
p =5 and q= -

Suppose there exists ¢ € Z and t, € [0, 1] such that ¢’ = ¢. Then it is enough to prove
that ¢ — ¢! is locally constant. In order to do so, we will follow Bustillo’s proof |3} lemma
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2.8]. Let (g, p', z0; £, n') be the critical point of
(F;;O - ]N()(q17p727§’7]) - Fto(q17w7p7 275) - K(qbplu Zaﬁ)

associated to the min-max value ¢ = ¢. By continuity of the min-max critical point,
we may suppose that K is a Morse function in some neighborhood of (g7, py°, 2%; ') by
perturbing K without changing its value at this point. Writing 2’ := (q{°, p’, z'), such a
critical point verifies

OF 9K OF 9K

= — and = — =
ox ox o0& an

These equations define two points (210, 9, Flo, F10) = (20, 9, K, F') € L and (2, 0,K, K) €
L, x Op+«ge which only differ in the last coordinate by a E% factor:

(0, 8, Fo, Fl0) = (fo,axf(,f( + é) - (fo,axf(, f() + e%.
We will denote by (", p', 2'°) € T*(R™xT**)x S" the point whose image is I'y, (¢',p", 2°) =
(g, w, pto, zto; ) 9, Fto F) and we will denote (Q', P, Z%) = 1)),
(zt,0,K,K) € L, x Op-gr, 8,, K =050 ¢ = QY (= w).

Remark that ¢(U,,)NU,, = @ together with (z, 0, F!, F!0) € (L, 4 () x Op.g implies
that either (¢i°,pp,z") & U, or (QY°, P{°, Z") & U,. In order to see it, we go back to
the definition of generating function on T*(R™ x T') x St given in Subsection [2.3| Let 7 :
JIR™H — T*(R™ x T') x St be the quotient projection and consider the Z! x Z-equivariant
lift of ¢: @ € Cont(J'R™) and U, := 7~ *(U,) C J'R™. Since o(U,) N U, = @, we
have that &((f];)ﬂ(ffju = @ so Lgﬁ?((f]; xlf]; x R) = @. But (7;4—% = &TU and
Tz, X + 2.,0) = 7(z, X,0) + £ for all (z,X,a) € J'R™ x J'R™" x R, intersection
LzN 7(Uy x Uy x R) = @ is thus equivalent to

o (g, po, 2'0). Since

(L¢+€(%> m?(ﬁ;xﬁ;xR> -

(definition of 7 : J'R™ x J'R™ x R — J'R2™+! is given in Subsection [2.3). Hence,
given any point (u,v,a) € Lg + 6%, the corresponding (z, X,0) = 7 '(u,v,a) verifies
that either x ¢ U, or X ¢ U,. This property descends to quotient: (z0,d,Ff, Fl) €
(L, + €2) x Opvgr implies that either (¢i°, pi°, 2") & U, or (QY, Pi°, Z') & U,.

Since ¢ = QY = w, it follows that either (g%, p'o, z%) & U or (Q*, P*, Z%) ¢ U. Since
1y, has its support in U, they both imply that

(Qt()?Pto’Zto) = 2ﬂto (qt()?pto’zto) = (qto’pto7zt0) g U.

Hence, (g0, p'o, 2'0) is outside the support of 1, , thus, the associated point (g, w, pto, zto; &) €
Mgt is critical of value F' (gl w,p', z0:¢t) = 0. Thus, we have seen that m® :=
(qi°, p'o, 2%0; €', o) verifies

OF 90K OFY 0K

=== — 2 _and Fto =
or or 0 o ooy - CandBS=0,
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so it is a critical point of K , as wished, with the same critical value K = Flo — K.
Let ¢t — m! be the continuous path of critical value of ¢ — F! — K obtained by min-max.
It remains to show that ¢ = (F, — K)(m") is equal to ¢ in some neighborhood of ty. Since

K does not depend on &,
t

85 (qlvw p 7Z gt) =0

so the point (qf,w, p’, 2%; &) remains inside the level set Ype. If H : [0,1] x (T*(R™ x T* x
T*) x S1) — R denotes the compactly supported Hamiltonian map associated to (v),
tpeo (47w, p™°, 25 €°) € U° C (suppH ),

and (suppH )¢ is an open set so, for all ¢ in a small neighborhood of tg, tp: (g8, w, pt, 2% &) €
(suppH)® thus F* (g%, w,p', 25 &) = 0 and (qi,p’, 2% €") remains a critical point of F!.
Thus, in a small neighborhood of tg, since m' is a critical point of F, — K and F! (with
a slight abuse of notation), ¢t — (g%, p%, 2%;n") is a continuous path of critical value for K.
But K is a Morse function in some neighborhood of (qio, plo, 21, nto), thus this continuous
path is constant and K (qt, p?, 25 n') = —L.

Finally, we have seen that, in some neighborhood of to, F*(q},w,p’, 2" &) = 0 and

(qlvplwz n ) = —E thus

¢ :Ft (qiuwaptvzt;gt)_ (qlvplaz 7])5‘6
In particular, since ¢ — [¢'] is constant, one has

(o2 R)] = o )]

But F)(z;€) = Q(&) where Q is a non-degenerated quadratic form, so F) — K is a stabi-
lization of the generating function —K thus Proposition ﬂ 1)) implies c(u, FY — K) =
c(p, —K). O

Proof of Lemma[3.7. By Proposition ()}
c(p®@1,9)=c(p®1, F) < c(p, Fo).
The triangular inequality of Proposition applied to = p— 1 gives us

c(,u, Fw> <e¢ (u,Fw . f{) " (1, —f() .

By Proposition and Proposition , we have —c(1, —K) = ¢(u, K) = c(u1, K).
Hence _
C(/*L@lvw)§C</L7Fw_K)+C(,ulaK>7

e 16)] = oo )] ¢ o)

According Lemma [e(p, Fy — K) le(p, —K)] so

| =
e 16)] = e )+ o)

and thus,
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Since K generates ¢, [c(u1, —K)| = [c(u1, 9™ 1)], according to Proposition [@). Thus

Proposition gives [c(p, —K)| = [c(p1, 9 1)]. Finally, by definition, c(u;, K) =
(i1, ). O

4. CONTACT CAMEL THEOREM

In this section, we will prove Theorem We work on the space R?" x S! in dimension
2n + 1 > 3, we denote by q1,p1, ..., Gn, Pn, # coordinates on R?” x S! so that the Liouville
form is given by A = pdq := p; dg; +- - - +p,, dg, and the standard contact form of R?" x S1
is« = pdg— dz. Let 1(x) = m+t% be the contact Hamiltonian flow of R?" x S! associated

to the contact Hamiltonian (¢,z) — p,,.

Lemma 4.1. Let R and r be two positive numbers and B%* x S* C P_ x S*. If there exists
a contact isotopy (¢;) of (R*" x S, o) supported in [—c/8, ¢/8]*" x S! for some ¢ > 0 such
that ¢y = id, ¢1(BE x S') C P, x S and ¢y(B%' x S*) C (R*\ P,) x S! for all t € [0, 1],
then there exists a smooth family of contact isotopy s — (¢7) with 1§ € Cont(R** x S*)
and 1§ = id associated to a smooth family of contact Hamiltonians s — (H;) supported
in [—¢/8,¢/8]>" 2 x R? x S | such that, for all s € [0,1], all t € R and all z € R*>" x S,

9,
Vilx) = T (4.1)
9, 9,
Py <£L’ + 68_qn> =i (z) + Ca_qn’ Vit e R (4.2)
Ve = the 0 ¥y (4.3)
Moreover, for all t € R, ¢? = 7, whereas 1), := 1)} satisfies

Y (BE' x SY) C <IR2"\ U <PT + kc%)) xS, VteR. (4.4)

kEZ "

Proof. Assume there exists such a (¢;). Let K; : R x (R*" x S') — R be the compactly
supported contact Hamiltonian associated to (¢;). By hypothesis, K; is supported in
[—c/8,¢/8]?", thus one can define its c%—periodic extension K, : R x (R*" x ') - R
and the associated contact isotopy (¢,). The contactomorphism ¢} : R*" x S — R?" x S1

satisfies ¢} (x + c%) = ¢} (x) + cq-

For all s € [0,1], consider the contact isotopy (f) with ¥ € Cont(R** x S') and
Y5 = id defined as follow (look also at Figure [3). Given x € R*", trajectory v(t) = 3 ()
first follows ¢t — ¢,(x) from ¢t = 0 to ¢t = s. Then ~ follows t — 7,(¢.(x)) from ¢ = 0 to
t =1/4. Then t — 5;(71/4 o ¢(z)) from t = 0 to t = s, where (¢y) = (Tepa0 ¢y o TC_/le) is
the contact Hamiltonian flow associated to the translated contact Hamiltonian application
Kl =-K'_,o T_c/a. Finally, v follows ¢ — 7(¢, 0 714 0 ¢(x)) from t = 0 to t = 3/4. We
normalize time such that s — )] gives an isotopy of smooth contact Hamiltonian flows of
c%—periodic contact Hamitonians H;.



A CONTACT CAMEL THEOREM 19

Te/4

T3c/4

1 0
PR X S + W
FIGURE 3. Construction of 1.

Identity |) comes from the fact that 1] = 73,4 o 55 o T./4 © s and, by definition of
(D), ¢s = Tepa0 Pyt o TC7£11. Identity 1} comes from the fact that contactomorphism 7

is a composition of c%—
n

periodicity of Hamiltonian H;. Inclusion (4.4) comes from the hypothesis on the contact
isotopy (o). O

Let 7, R > 0 be such that there exists a positive integer ¢ satisfying 7mr? < ¢ < 7wR?
and let B x S' C P_ x S'. Suppose by contradiction that there exists a contact isotopy
(¢¢) of (R*™ x S, ) supported in [—c/8,¢/8]*" x S! for some ¢ > 0 such that ¢y = id,
¢1(BE x S1) € P, x St and ¢ (BE x S') € (R*™\ P,) x S! for all t € [0,1]. In order
to prove Theorem [L.1], it is enough to consider r € (¢ — 1,¢). Consider the family of
contact isotopy s — (¢f) given by Lemma and denote by (H?) the associated family
of Hamiltonian supported in [—¢/8,¢/8]*" x R* x S'. We define \{ : R*" x S! — R by
() o = Aja. Let us consider:

s :R xR xR 5 R xR x R,
e (t, by ) = (8N (0)h + Hy o5 (), 45 (2)).
According to (4.1)), (4.2)) and (4.3)), for all (¢, h,z) € R x R x R}

VkleZ, T (t+ le,h, 5+ kcﬁ) = Tt hoa) oo+ (k+ 1)(;8%.

Thus ¥¢ descends to a map U* : T*C x T*(R" ! x O) x S — T*C x T*(R" ! x C) x S*
where C' := R/cZ.

equivariant contactomorphisms. Identity 1) is implied by c%—

Lemma 4.2. The family s — W*® is a contact isotopy of the contact manifold (T*C' x
T*(R" ! x C) x S ker(dz — pdg + hdt)).

Proof. We write
¢f(qap7 Z) = (Qt(Q7p7 Z)? Ijt(qapa Z)a Zt(Q7p7 Z))?
since dZ; — P, dQ; = (¢)*(dz — pdq) = Xj(dz — pdq), we have

(U (dz — pdg + hdt) = dZ, — P, dQ, + Z,dt — P.Q,dt + (\h + Hf o 4p) dt
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:g@u—mm+mm+<Z—BQﬁJﬁo@>w
But, since Hy is the contact Hamiltonian of the isotopy ¢; supported in [—c/8, c/8]*" x
R? x S, PQy — Z; = H} o). Finally,
(U*)* (dz — pdg + hdt) = Aj(dz — pdg + hdt).
Ul

For technical reasons, we replace T*R"™ x S! by its quotient T*(R"™! x C) x S! and
consider our B%" x S! inside this quotient (since ¢ can be taken large while R is fixed, this
identification is well defined). Let us consider the linear symplectic map:

L:TCxT*R"'xC)—TCxT*R"' xC),

L(t> h,.ﬁl?, Qnapn) = (qn - ta —h,l', qnyPn — h)
and denote by L = L x id the associated contactomorphism of T*C' x T*(R"! x C) x S*.
Let us consider R

U:=L (V' (T°C x B x S")).

We compactify the space T*C x T*(R"! x C) as

CxS'x8§"2x(Cx8 ~8§"2xT?xC2
Let u and dz be the orientation class of $2"72 x T? and S* respectively and dg, and dt
be the canonical base of H!(C?).
Lemma 4.3. One has the following capacity inequality:

c(p® dt® dz,U) > [7R*].

Proof. Let o := p® dt. Since s Lo W is a contact isotopy, Proposition implies
cla® dz,U) =c <a® dz, L (U° (T*C x B x Sl))) .
But L (U° (T*C x B2 x §1)) = L(9° (T*C x BZ")) x S* where ®° : T*C x T*(R"! x
C) — T*C x T*(R™! x C) is the linear symplectic map:
Ot h,z, G, pn) = (t,h+ Doy T, @n £, ).
Thus, using Proposition ,
cla® dz,U) = [c(a, L (@°(T*C x BF")))] -
In order to conclude, let us show that
c(p® dt,L(®° (T°C x BY'))) > 7R*.

By the linear symplectic invariance stated in Proposition |3.4)

c(p® dt,Lo®° (IT*C x By')) =c(p® A*dt, T*C x B}),
where A : C? — C? is the linear map A(t, ¢,) = (qn, ¢n+t). We have A*dt = dg,,, therefore

c(p® dt,Lo® (T*C x Bf")) = ¢ (n® dg,, T*C x By").
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The cohomology class p ® dg, can be seen as the tensor product of the orientation class
w1 of the compactification $2"72 x §! x C of T*(R"! x C) by the orientation class dh
of the compactification 8! of the h-coordinate and the generator 1 of H°(C) (for the t-
coordinate). Indeed, dg, € H'(C?) can be identify to dg, ® 1 € H(C) ® H°(C) (writing
also dg, for the orientation class of C' by a slight abuse of notation). Hence, if pg2n—2 and
dp,, are the orientation classes of $2"~2 and of the compactification $! of the p,-coordinate
respectively, then

p® dg, = (pgen—2 ® dh® dp,) ® (dg, ®1) = (ugen—2® dg, ® dp,) @ dh®1 =y ® dh® 1.
Now, according to Proposition ,
c(1® dh ® 1, C x R X B%”) > c(,ul,B%”) )
Finally, Proposition implies
¢(u® dt,L(3° (T°C x BEY))) > ¢ (i, BY) = R
0
Proof of Theorem[1.1]. Let us apply Lemma with m = n—1,1 = k = 1 and the

orientation /(Elass 1 ® dt ® dz to the exhaustive sequence of open bounded subsets defined
by UK := L (U (C x (—k, k) x B&)); taking the supremum among k > 0, we find:

where Uy C T*C'xT*R™ ! x S! is the reduction of U at ¢, = 0. Now W' (T*C x B%' x S') C

UCL|{TCx |J w(BFx8")|. (4.6)
te[0,c]
Let V:= U, q ¥ (B x S')N{g, =0} and m: T"R" ! x {0} x R x ' = T*R"' x S
be the canonical projection. Since L does not change the ¢,-coordinate and coordinates of
T*R™!, inclusion (4.6)) implies
Uy C TC x 7T(V)
But (4.4)) implies V' C (B*(0) N {g, = 0}) x S and 7(B?"(0) N {g, = 0}) = B*~%(0),
thus
Uy C T*C x B>2(0) x S*. (4.7)
Since 7r? € 7, by Lemma [3.1]
v (T*C x B2"72(0) x §) < [7r?],
thus, Lemma [4.3] inclusion ([.7) and inequality (4.5)) gives
[TR*| <~ (Up) < v (T*C x B *(0) x S') < [#r?],

a contradiction with 7R2 > ¢ > 7r2. O
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