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First Algebric Properties Mébius Functions

Fixed Points

Definition

Given A = ( ("j 3 ) € GLy(C), let

az+ b
cz+d

hp:z—

Definition

The Mobius group is

| A

Note
VA € C*, VA € GL,(C),

hxa = ha

A\
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First Algebric Properties Mébius Functions

Fixed Points

Fundamental Property
VA, B e GLz((C),

hAOhB = hAB

Corollary

| A\

M is a group and

VA € GLy(C), hy' = ha

Calculus or projective interpretation.

Simon Allais The Mébius Group



First Algebric Properties Mébius Functions
Fixed Points

Definition

Let add a point oo such as, Vz € C*,
V4
zoo=00 z4+oo=00 — =0
0

Let C=CU{oo}. ThusVhe M, h:C — C.
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Definition
Let add a point oo such as, Vz € C*,

z
zoo=00 z+oow=o00 — =0
00

Let C=CU{oo}. ThusVhe M, h:C — C.

Property

Every h € M has got 1 or 2 fixed point(s) in C.

h(z) = z is equivalent to an equation of degree less or equal to 2.
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First Algebric Properties Mébius Functions
Fixed Points

Definition
Let add a point oo such as, Vz € C*,

z
zoo=00 z+oow=o00 — =0
00

Let C=CU{oo}. ThusVhe M, h:C — C.

Property

Every h € M has got 1 or 2 fixed point(s) in C.

h(z) = z is equivalent to an equation of degree less or equal to 2. For
the translation case, take oco. O
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Case without Inversion

Geometrical Classification

© Geometrical Classification
@ Case without Inversion
@ Inversion
@ General Classification
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Geometrical Classification
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Property

Given h = hy,
c =0« ha(o0) =0

Consequences

@ z € Cis not inversed by h
@ There is 0 or 1 fixed finite point £ € C
e VzeC, h(z) — & = m(z — &) where m € C if £ € C exists,
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Geometrical Classification
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Property

Given h = hy,
c =0« ha(o0) =0

Consequences

@ z € Cis not inversed by h
@ There is 0 or 1 fixed finite point £ € C

e VzeC, h(z) — & = m(z — &) where m € C if £ € C exists,
Vz € C, h(z) = z+ 7 else.
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ithout Inversion

Geometrical Classification

ssification

Property
Given h = hy,

c =0« ha(o0) =0

Consequences

@ z € Cis not inversed by h
@ There is 0 or 1 fixed finite point £ € C

e VzeC, h(z) — & = m(z — &) where m € C if £ € C exists,
Vz € C, h(z) = z+ 7 else.

If h fixes oo, h is a similarity.
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Geometrical Classification

Inversion

Decomposition into Simple Transformation

Z ijj:g could be decompose as:
d
Z—>zZ+ —
c
Z —
V4
ad — bc
Z+— — > V4
c
Z—Z+ —
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Ca
Inversion

Geometrical Classification C ral

Property

Inversion is transforming lines-circles into lines-circles.
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Geometrical Classification

Property

Inversion is transforming lines-circles into lines-circles.

Proof.

Noticing equation of a line-circle could be written :

C:azz+bz+bz+c=0 wherea,bcecC

Let z be the inverse of a point of C, so % € C and

1 1 -1
a—+b-+b=+c=0
zzZ V4 V4

Thus _
czz+bz+bz+a=0
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Geometrical Classification

Inversion
¢ C

Property

Inversion preserves direct angles : it is said to be a conformal map.
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Geometrical Classification

Property

Inversion preserves direct angles : it is said to be a conformal map.

Complex analysis : z — % is holomorphic, thus its differential is a direct
similarity. Thus inversion is locally acting as a direct similarity, which is a
conformal map, so inversion is also a conformal map. O
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Geometrical Classification

Sending a Point at co

L : 0
Let M € M and &;,&_ € C its fixed point(s). Let F : { ?_r : o
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In

Geometrical Classification General Classification

Sending a Point at co

Let M € M and &, ,&_ € C its fixed point(s). Let F : {

For instance, take F : z — % and let M= Fo Mo F1.
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: I n
Geometrical Classification p—
General Classification

Sending a Point at co

. . &L = 0
Let M € M and ,,&_ € C its fixed point(s). Let F : { £ o oo
For instance, take F : z — zzjgf and let M = FoMo FL.
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hout Inversion

Geometrical Classification

I
General Classification

Elliptic Transformations

M:zvs ez (cR\2rZ) is a rotation
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hout Inversion
Geometrical Classification

I
General Classification

Hyperbolic Transformations

M:zws pz (p€R*) isan expansion

A\
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|
General Classification

Geometrical Classification

Loxodromic Transformations

M:zw pez (peR*0eR\277Z)

2O

%

a

7
LA/
il
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Geometrical Classification General Classification

Parabolic Transformations

When M has got only one fixed point § € C, let G : £ — oo given by
zZ é Thus M = G o Mo G~! has an only fixed point co and

M:z—z+7 (7€C*) isa translation
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|
General Classification

Geometrical Classification

[§ [Needham, 1997] Tristan Needham.
Mobius Transformation and Inversion,
Visual Complex Analysis, 1997.
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