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Möbius Functions
Fixed Points

Definition

Given A =
(

a b
c d

)
∈ GL2(C), let

hA : z 7→ az + b
cz + d

Definition
The Möbius group is

M = {hA | A ∈ GL2(C)}

Note
∀λ ∈ C∗, ∀A ∈ GL2(C),

hλA = hA
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Möbius Functions
Fixed Points

Fundamental Property
∀A,B ∈ GL2(C),

hA ◦ hB = hAB

Corollary
M is a group and

∀A ∈ GL2(C), h−1
A = hA−1

Proof.
Calculus or projective interpretation.
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Möbius Functions
Fixed Points

Definition
Let add a point ∞ such as, ∀z ∈ C∗,

z∞ =∞ z +∞ =∞ z
∞

= 0

Let C = C ∪ {∞}. Thus ∀h ∈M, h : C→ C.

Property
Every h ∈M has got 1 or 2 fixed point(s) in C.

Proof.
h(z) = z is equivalent to an equation of degree less or equal to 2. For
the translation case, take ∞.
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Property
Given h = hA,

c = 0⇔ hA(∞) =∞

Consequences
z ∈ C is not inversed by h
There is 0 or 1 fixed finite point ξ ∈ C
∀z ∈ C, h(z)− ξ = m(z − ξ) where m ∈ C if ξ ∈ C exists,
∀z ∈ C, h(z) = z + τ else.

Conclusion
If h fixes ∞, h is a similarity.
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Case without Inversion
Inversion
General Classification

Decomposition into Simple Transformation
z 7→ az+b

cz+d could be decompose as:

z 7→ z + d
c

z 7→ 1
z

z 7→ −ad − bc
c2 z

z 7→ z + a
c
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Case without Inversion
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General Classification

Property
Inversion is transforming lines-circles into lines-circles.

Proof.
Noticing equation of a line-circle could be written :

C : azz̄ + bz + b̄z̄ + c = 0 where a, b, c ∈ C

Let z be the inverse of a point of C, so 1
z ∈ C and

a 1
zz̄ + b 1z + b̄ 1z̄ + c = 0

Thus
czz̄ + b̄z + bz̄ + a = 0
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Case without Inversion
Inversion
General Classification

Property
Inversion preserves direct angles : it is said to be a conformal map.

Proof.
Complex analysis : z 7→ 1

z is holomorphic, thus its differential is a direct
similarity. Thus inversion is locally acting as a direct similarity, which is a
conformal map, so inversion is also a conformal map.
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Case without Inversion
Inversion
General Classification

Sending a Point at ∞

Let M ∈M and ξ+, ξ− ∈ C its fixed point(s). Let F :
{
ξ+ 7→ 0
ξ− 7→ ∞ .

For instance, take F : z 7→ z−ξ+
z−ξ−

and let M̃ = F ◦M ◦ F −1.
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Case without Inversion
Inversion
General Classification

Elliptic Transformations

M̃ : z 7→ e iθz (θ ∈ R \ 2πZ) is a rotation

Simon Allais The Möbius Group



13

First Algebric Properties
Geometrical Classification

Case without Inversion
Inversion
General Classification

Hyperbolic Transformations

M̃ : z 7→ ρz (ρ ∈ R∗) is an expansion
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Case without Inversion
Inversion
General Classification

Loxodromic Transformations

M̃ : z 7→ ρe iθz (ρ ∈ R∗, θ ∈ R \ 2πZ)
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Case without Inversion
Inversion
General Classification

Parabolic Transformations
When M has got only one fixed point ξ ∈ C, let G : ξ 7→ ∞ given by
z 7→ 1

z−ξ . Thus M̃ = G ◦M ◦ G−1 has an only fixed point ∞ and

M̃ : z 7→ z + τ (τ ∈ C∗) is a translation
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[Needham, 1997] Tristan Needham.
Möbius Transformation and Inversion,
Visual Complex Analysis, 1997.
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