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Abstract We prove that the G-invariant orbital measures supported on adjoint orbits in
the Lie algebra of a classical, compact, connected, simple Lie group satisfy a smoothness
dichotomy: Either µk is singular to Lebesgue measure or µk ∈ L2. The minimum k for
which µk ∈ L2 is specified and is also the minimum k such that the k-fold sum of the orbit
has positive measure.
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1 Introduction

Let G be a classical, compact, connected, simple Lie group and g its Lie algebra. Given X in
the torus of g, we let µX denote the G-invariant orbital measure supported on OX , the orbit
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92 S. K. Gupta et al.

of X under the adjoint action of G on g. In this paper, we prove that all the orbital measures
(except the trivial case when X = 0) satisfy a surprising “L2 versus singular” dichotomy:

Either µk
X ∈ L2(g)

⋂
L1(g) or µk

X is singular to Lebesgue measure on g.

We specify the minimum k = k(X) for which µk
X ∈ L2; it depends only on the combinatorial

structure of the annihilating roots of X . In fact, µ
k(X)
X ∈ L p for some p > 2 which depends

on the group, but need not be in L p for all p > 2.
Adjoint orbits are submanifolds of proper dimension in the Lie algebra and hence have

Lebesgue measure zero. Geometric properties of the algebra ensure that if a suitable number
of (non-trivial) orbits are added together the resulting subset of g has positive measure. Our
results imply that this same value, k(X), is also the least integer k such that the k-fold sum
of OX has positive measure.

Orbital measures on the group G, supported on conjugacy classes on which the exponential
map is a diffeomorphism, are also shown to satisfy a similar L2-singular dichotomy. In
particular, this is true for all orbital measures on SU (n).

The results in this paper improve upon [6,7] where the dichotomy was first observed for
orbital measures supported on the minimal dimension conjugacy classes in the groups of Lie
type An , Cn , n > 3 and Dn, and [8] where the dichotomy was shown for certain other orbital
measures in SU (n). These examples inspired us to conjecture that the dichotomy might hold
for all orbital measures.

Our work generalizes, in spirit, the work of Ragozin [17] which built upon earlier work
of Dunkl [4] and established that µ ∗ µ ∈ L2 (Rn) when µ was the surface measure on a
sphere in R

n , n ≥ 3. (Indeed, the surface measure on a sphere in R
3 is the orbital measure

on an adjoint orbit in the Lie algebra of SU (2).) However, unlike spheres in R
n which are

submanifolds of co-dimension one, adjoint orbits are typically manifolds of dimension much
less than the dimension of the corresponding Lie algebra. Often their dimension is less than
half the dimension of the algebra and in this case k(X) will necessarily be greater than two.

Ricci and Stein [18,19] proved that if the surface measure µ on a compact submanifold
of a Lie group satisfied µk ∈ L1, then the density function of µk satisfied a Lipschitz
condition and thus µk ∈ L1+ε for some ε > 0. But there was no suggestion in their proof
that ε could be as large as 1. Other questions about the sum of orbits or convolutions of
orbital measures have also been studied. For instance, in [2] and [22] a formula is given for
the convolution of orbital measures. In [20] the L p-improving behaviour of regular orbital
measures is characterized; our results yield an extension of this. However, the L2-singular
dichotomy seems quite unexpected.

Our project was originally motivated by another classical result of Ragozin [16] that if
µ was any central, continuous measure on G, then µdim G ∈ L1(G). Ragozin’s result was
improved in a series of papers by the authors, with various coauthors. Together the results
in [6,7,10] imply that for the Lie groups of type An, Cn , n > 3 or Dn , it is the case that
µk ∈ L1(G) for all central, continuous measures µ if and only if k is at least rank G + 1
in type An and rank G otherwise. The orbital measures supported on the conjugacy classes
of minimal dimension were shown to be the sharp examples and, furthermore, these orbital
measures were seen to satisfy the L2-singular dichotomy. In [8] the dichotomy was also
shown to hold for a class of orbital measures in SU (n). All these examples follow as special
cases of the current work. In [7] we also found the minimum k such that (k)OX has positive
measure for all non-trivial orbits in all the classical Lie algebras and this too follows as a
special case of the results here.

There are two main steps in obtaining our results. First, in Sects. 3, 4 and 5, we study the
problem of showing that the measure of (k)O is zero, for suitable choices of k and particular
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Dichotomy of orbital measures 93

orbits, by proving that the dimension of the k-fold sum of tangent spaces to the orbit is
less than the dimension of the algebra. Unlike [7], where the arguments varied considerably
depending on the Lie type, in this paper, we develop a much more unified approach. For this
part of the problem our methods are algebraic and geometric.

The second major task of the paper is to prove the sufficiency of the exponent k(X) for the
L2 property and this we consider first for orbital measures supported on conjugacy classes
in the Lie groups. In the previous papers the approach taken was to investigate the size of
characters on Lie groups, a topic studied by many authors (c.f. [1,5]). Once the (uniform)
rate of decay of the pointwise value of characters is known L2 results can be easily derived
for the orbital measures on the group by means of the Peter-Weyl theorem. This approach
was already very complicated for the special orbital measures on SU (n) that were studied
in [8], where the structure of orbital measures/conjugacy classes is simpler than for general
classical Lie groups. In this paper, we take a different approach, studying the l2 norm of the
Fourier transform of µk

x directly. This is a better strategy for our purposes since uniform decay
estimates may not give the sharp L2 results. However, we also obtain (new) estimates on the
rate of decay of the characters as a consequence. One of the contributions of this research is
to show that to verify the L2 condition it is enough to check that the set of annihilating roots
of the element x satisfy a combinatorial criterion. We then determine the optimal choice of
k for which this criterion is satisfied. This analysis is carried out in Sect. 6.

To obtain results about orbital measures supported on adjoint orbits in the algebra from
these results for orbital measures on the group we prove a general transference theorem that
is based on ideas of Dooley and Wildberger [3]. This can be found in Sect. 7.

Our main result proved in Sect. 8. There the value of k(X) is specified and we demonstrate
how the work of the previous sections yield both the dichotomy and the sharp answer for
the sum of orbits problem. Moreover, we show that µ

k(X)
X ∈ L p for some p > 2. The

L2-singular dichotomy is also established for all orbital measures on the group that are
supported on conjugacy classes of the same dimension as their preimage orbits (under the
exponential map) and this includes all the orbital measures on SU (n).

2 Basic facts about Lie algebras/groups and orbits

2.1 Introductory facts and notation

We begin by collecting required general facts and notation. In the next subsection we will
specialize to the classical Lie groups/algebras that will be the focus of this paper. For further
background details we refer the reader to [12,13] or [21], for example.

Let G denote a compact Lie group with (real) Lie algebra g. We let T denote the torus of
the Lie group, t the torus of the Lie algebra and W the Weyl group. We will denote by � the
root system of (gC, tC) and �+ the positive roots.

The group G acts on the Lie algebra by the adjoint action Ad(g)(X) for g ∈ G and X ∈ g.

The orbits in g under this action always contain an element H ∈ t. We will denote by OH

the adjoint orbit of H and by (k)OH the k-fold sum of OH , i.e., OH + · · · + OH (k times).
Orbits are proper submanifolds of g. Similarly, a conjugacy class in G always contains some
h ∈ T and we denote by Ch the conjugacy class generated by h.1 Given Z ∈ OH , we will
write TZ (OH ) for the tangent space to OH at Z .

1 We generally use capital letters to denote elements of the Lie algebra and small letters for the group.
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94 S. K. Gupta et al.

By the orbital measure µH we mean the G-invariant measure supported on OH given by:
∫

g

f dµH =
∫

G

f (Ad(g)(H))dmG(g) for all f ∈ Cc(g)

(where mG denotes the Haar measure on G.) The orbital measure µh supported on Ch is
defined similarly. Orbital measures are continuous if H �= 0 or h is not in the centre of
G and they are central measures, meaning they commute with all other measures under
convolution.2

Given a root α ∈ �, we let Eα denote a corresponding root vector and gα the root space.
We can express Eα as REα − τ I Eα , with REα, I Ea ∈ g and τ 2 = −1. (We reserve the
usual symbol “i” for the quaternions, used later.) Then E−α = REα + τ I Eα .

Given H ∈ t we let

NH = {α ∈ � : α(H) �= 0}
be the set of non-annihilating roots for H . The set of annihilating roots of H is a subroot
system of � and it is of proper rank if H �= 0. By the type of H we mean the Lie type of
its annihilating roots. If α(H) �= 0 for all roots α, then H (or OH ) is called regular. These
generate the orbits of maximal dimension.

The set of non-annihilating roots play an important role in the geometric structure of
orbits. For example, it is known that the dimension of OH is the cardinality of NH [15, VI.4]
and the following relationship was shown in [7].

Lemma 2.1 If H ∈ t, then

TH (OH ) = span{REα, I Eα : α ∈ NH }
= span{[H, REα], [H, I Eα] : α ∈ NH }.

Moreover, for a dense set, DH , of Z ∈ OH

TZ (OH ) = span{[Z , REα], [Z , I Eα] : α ∈ NH }.
Since Tg−1 Hg(OH ) = g−1TH (OH )g, this result implies:

Corollary 2.2 If X, Y ∈ t and NX ⊆ NY , then for any g ∈ G,

Tg−1 Xg(OX ) ⊆ Tg−1Y g(OY ).

Of course, g−1 Xg and g−1Y g are typical elements in OX and OY , respectively.
This corollary will be helpful for us (later in the paper) in deducing necessary lower bounds

on the number of convolution powers needed for the L1 problem.

2.2 Description of classical groups and properties of special elements

For the remainder of the paper, we will focus specifically on the classical, compact, connected,
simple Lie groups G and their algebras g, those whose root systems are one of the four infinite
families of type An, Bn , Cn or Dn . For the convenience of the reader, in this section we will
summarize the set-up for each of these classical types.

Let F = R, C or H where H = {α + iβ + jγ + kφ : α, β, γ, φ ∈ R} is the set of
quaternions. Note that C embeds in H by taking the quaternions with j, k coordinates 0 and

2 Of course, the adjective “central” is only of interest in the group case when there exist non-central measures.
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Dichotomy of orbital measures 95

that for q ∈ H, q = α − iβ − jγ − kφ. We should point out that the quaternions are not
a field and the multiplication is not commutative. We denote by Mn(F) the n × n matrices
with entries in F.

Our models of the classical compact connected Lie groups will be the special orthogonal,
special unitary and sympletic groups:

SO(n) = {g ∈ Mn(R) : ggt = gt g = I, det g = 1}
SU (n) = {g ∈ Mn(C) : gg∗ = g∗g = I, det g = 1}
Sp(n) = {g ∈ Mn(H) : gg∗ = g∗g = I }.

Note that SO(n) ⊆ SU (n) ⊆ Sp(n).

Their Lie algebras are, respectively,

so(n) = {A ∈ Mn(R) : A = −At }
su(n) = {A ∈ Mn(C) : A = −A∗, T r(A) = 0}
sp(n) = {A ∈ Mn(H) : A = −A∗}.

The adjoint action here is given by Ad(g)X = g−1 Xg for g ∈ G and X ∈ g.
We will denote by Elm the n×n matrix with 1 in entry (l, m) and 0 else, with the exception

that in the case of su(n), by Ell we will mean the matrix with 1 in position (l, l), −1 in position
(n, n) and 0 otherwise. As we will use them very frequently, we will put

Rlm = Elm − Eml ; Ilm = i(Elm + Eml)

Jlm = j (Elm + Eml); Klm = k(Elm + Eml).

Some further notation: For 1 ≤ r ≤ n, put

�r (g) = {n − r + 1, . . . , n} if g = su(n) or sp(n)

{2n − 2r + 1, . . . , 2n} if g = so(2n) or so(2n + 1)

and

	r (g) = {(l, m) : 1 ≤ l < m, m ∈ �r (g)}
with the added condition that if g = so(2n) or so(2n + 1) and l = m − 1, then m is odd.
When g is clear we suppress the writing of it.

In the first half of this paper, we will be studying the orbits of torus elements H = Hr ∈
g = su(n), so(2n + 1), sp(n) or so(2n), whose annihilating roots are a subroot system of
the same type as g, but with rank equal to rank g − r . We will also be interested in certain
subspaces of g of rank n − r that we call g(r)(Hr ) = g(r). These are defined as the vector
spaces generated by the annihilating roots of Hr , except if g = su(n) when g(r)(Hr ) has
one more basis vector—see definition below. In all cases except su(n), g(r)(Hr ) is a Lie
subalgebra.

In the chart that follows we summarize the specific details for the classical groups and
algebras.

Type An−1, n ≥ 2: (We will also say type SU (n).) In this case τ = i .

– G = SU (n); g = su(n); dim G = n2 − 1; t = diagonal matrices in su(n).

– � = {±(el − em) : 1 ≤ l < m ≤ n}. The action of em on t is given by em(H) = αm

when H = diag(iα1, . . . , iαn) ∈ t.
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96 S. K. Gupta et al.

– The root vectors satisfy the following conditions for 1 ≤ l < m ≤ n:

REel−em = Elm − Eml = Rlm

I Eel−em = i(Elm + Eml) = Ilm .

Special element H = Hr ∈ t of type An−1−r for some r ≥ 1: Up to a Weyl conjugate
these are the matrices

H = diag(iα, . . . , iα, iαn−r+1, . . . , iαn) (2.1)

with α, αn−r+1, . . . , αn ∈ R, all distinct and
∑n

l=n−r+1 αl = −(n − r)α. For these
elements we have

– NH = {±(el − em) : (l, m) ∈ 	r }; dim OH = (2n − r − 1)r
– TH (OH ) = span{Rlm, Ilm : (l, m) ∈ 	r }
– g(r)(H) = span{Rlm, Ilm, i Ekk : 1 ≤ l < m ≤ n − r, 1 ≤ k ≤ n − r}.

Type Bn , n ≥ 2: (τ = i)

– G = SO(2n + 1); g = so(2n + 1); dim G = n(2n + 1); t = {∑n
l=1 αl(E2l−1,2l −

E2l,2l−1) : αl ∈ R}.
– � = {±eλ,±(el ± em) : 1 ≤ λ ≤ n, 1 ≤ l < m ≤ n} where em(H) = αm for

H = ∑n
l=1 αl(E2l−1,2l − E2l,2l−1).

– The root vectors are given by the formulas below for 1 ≤ l, m ≤ n:

REel = R2l−1,2n+1; I Eel = R2l,2n+1,

REel−em = R2l−1,2m−1 + R2l,2m ; I Eel−em = −R2l−1,2m + R2l,2m−1

REel+em = R2l−1,2m−1 − R2l,2m ; I Eel+em = R2l−1,2m + R2l,2m−1.

Special element H of type Bn−r for r ≥ 1: These are the matrices

H =
n∑

l=n−r+1

αl R2l−1,2l (2.2)

with αn−r+1, . . . , αn non-zero and distinct. Then
– NH = {±em,±(el ± em) : 1 ≤ l < m, n − r + 1 ≤ m ≤ n}; dim OH = (2n − r)2r
– TH (OH ) = span{Rlm, Ru,2n+1 : (l, m) ∈ 	r , u ∈ �r }
– g(r)(H) = span{Rlm, Ru,2n+1 : 1 ≤ l < m ≤ 2n − 2r , 1 ≤ u ≤ 2n − 2r}.

Type Cn , n ≥ 3:

– G = Sp(n); g = sp(n); dim G = n(2n + 1); t = {∑n
l=1 iαl Ell : αl ∈ R}.

– � = {±2eu,±(el ± em) : 1 ≤ u ≤ n, 1 ≤ l < m ≤ n} where em(H) = αm for
H = ∑n

l=1 iαl Ell .

– For u, l, m as stated above, the root vectors are given by

RE2eu = j Euu ; I E2eu = k Euu

REel−em = Rlm ; I Eel−em = Ilm

REel+em = Jlm ; I Eel+em = Klm .

Special element H of type Cn−r for r ≥ 1: These are the n × n diagonal matrices
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Dichotomy of orbital measures 97

H = diag(0, . . . , 0, iαn−r+1, . . . . iαn) (2.3)

with αn−r+1, . . . , αn non-zero and distinct. Then
– NH = {±2em,±(el ± em) : (l, m) ∈ 	r }; dim OH = (2n − r)2r
– TH (OH ) = span{Rlm, Ilm, Jlm, Klm, j Emm, k Emm : (l, m) ∈ 	r }
– g(r)(H) = span{Rlm, Ilm, Jlm, Klm, βEuu : β = i, j, k, 1 ≤ l < m ≤ n − r , 1 ≤ u ≤

n − r}.
Type Dn , n ≥ 4:

– G = SO(2n); g = so(2n); dim G = n(2n − 1); t is the same as for so(2n + 1), omitting
the 2n + 1 entry.

– � = {±(el ± em) : 1 ≤ λ ≤ n, 1 ≤ l < m ≤ n} with the same action as in SO(2n + 1).

– The root vectors are given by REel±em and I Eel±em as in SO(2n + 1).

Special element H of type Dn−r for r ≥ 1: These are the matrices

H =
n∑

l=n−r+1

αl R2l−1,2l (2.4)

with αn−r+1, . . . , αn non-zero and distinct. Then
– NH = {±(el ± em) : 1 ≤ l < m, n − r + 1 ≤ m ≤ n}; dim OH = (2n − r − 1)2r
– TH (OH ) = span{Rlm : (l, m) ∈ 	r }
– g(r)(H) = span{Rlm : 1 ≤ l < m ≤ 2n − 2r}.

Terminology: When g = su(n) (or sp(n)), a typical element Z ∈ TH (OH ) has the form

Z =
∑

(l,m)∈	r

αlm Rlm + iβlm Ilm

or

Z =
∑

(l,m)∈	r

αlm Rlm + iβlm Ilm + jγlm Jlm + kφlm Klm +
∑

m∈�r

( jγmm + kφmm) Emm

respectively. We will refer to (zlm)(l,m)∈	r as the coefficients of Z where zlm is the complex
(resp. quaternion) number

zlm = αlm + iβlm (+ jγlm + kφlm).

If g = so(2n) (or so(2n + 1)) the typical element is

Z =
∑

(l,m)∈	r

zlm Rlm

⎛

⎝+
∑

l∈�r

zl,2n+1 Rl,2n+1

⎞

⎠ .

where the coefficients (zlm)(l,m)∈	r are real.

3 Results for matrices

In this section and the next we will continue to assume that H = Hr ∈ t and g(r) = g(r)(H) are
as described in the previous section. Let P : g → g(r) denote the projection, say P(X) = X P .
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We will state and prove results either for all four Lie algebras, or for matrices in sp(n) and
so(2n +1). In the latter case, the corresponding results for su(n) and so(2n) can be obtained
by analogous methods.

In the next lemma g could be any of the classical Lie algebras, su(n), so(2n + 1), sp(n)

or so(2n) and Flm or F ′
lm will denote any of Rlm, Ilm, Jlm, Klm , depending upon which are

defined for g.

Lemma 3.1 Suppose (l, m), (u, v) ∈ 	r (g) and u ∈ �r (g). Then

[Flm, F ′
uv]P = 0.

Proof It can be seen that for any 1 ≤ m1, m2, n1, n2 ≤ n,

[Em1m2 , En1n2 ] = δm2n1 Em1n2 − δm1n2 En1m2 .

For any of the pairs, (l, u), (l, v), (m, u), (m, v) with indices as prescribed in the lemma,
at most one index can lie in {1, . . . , n − r} if g = su(n), sp(n) or in {1, . . . , 2n − 2r} if
g = so(2n), so(2n + 1), hence the lemma follows. 	

Corollary 3.2 Let Z ∈ TH (OH ). If (u, v) ∈ 	r (g) and u ∈ �r (g), then

[Z , Fuv]P = [Z , j Euu]P = [Z , k Euu]P = 0.

Notation. As they will arise frequently, for Z ∈ g we will put

R(Z)
uv = [Z , Ruv]P

and similarly define I (Z)
uv , J (Z)

uv and K (Z)
uv (as appropriate for the Lie algebra). In the case that

g = sp(n) we will put

V (Z)
uv =

(
R(Z)

uv , I (Z)
uv , J (Z)

uv , K (Z)
uv

)
.

We also introduce an “inner product” notation: Given a quaternion number q = α + iβ +
jγ + kφ and 4-tuple V = (A, B, C, D) (typically of elements in the Lie algebra) let

〈z, V 〉 ≡ αA + β B + γ C + φD.

Lemma 3.3 Suppose Z , Z ′ ∈ TH (OH ) have coefficients (zlm), (z′
lm) and that v,w ∈ �r (g).

(a) For g = sp(n) we have the following identities:

(i)
∑n−r

u=1〈zuv, V (Z)
uv 〉 = 0.

(ii σ )
∑n−r

u=1〈z′
uvσ, V (Z)

uw 〉+∑n−r
u=1 σ 2〈zuwσ, V (Z ′)

uv 〉 = 0 for any of σ = 1, i, j, k. (Here
zuvσ is the quaternion product).

(b) For g = so(2n + 1) we have the following identities:

(i)
∑2n−2r

u=1 zuv R(Z)
uv + zv,2n+1 R(Z)

v,2n+1 = 0.

(ii)
∑2n−2r

u=1

(
z′

uv R(Z)
uw + zuw R(Z ′)

uv

)
+ z′

v,2n+1 R(Z)
w,2n+1 + zw,2n+1 R(Z ′)

v,2n+1 = 0.

Proof (a) Let m, v ∈ �r and denote by Flm any of Rlm, Ilm, Jlm, Klm . One can easily check
that

[Flm, Fuv]P = δmv Rul ; [Rlm, Fuv]P = δmv Ful
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Dichotomy of orbital measures 99

[Ilm, Kuv]P = −δmv Jul ; [Ilm, Juv]P = δmv Kul

[Jlm, Kuv]P = δmv Iul

with the understanding that Ruu = 0, Iuu = 2i Euu , etc.
Using these facts it can be verified that for 1 ≤ u ≤ n − r < v ≤ n and Vul =

(Rul , Iul , Jul , Kul),

R(Z)
uv =

⎡

⎣
∑

(l,m)∈	r

(αlm Rlm + iβlm Ilm + jγlm Jlm + kφlm Klm) , Ruv

⎤

⎦

P

+
⎡

⎣
∑

m∈�r

( jγmm + kφmm) Emm, Ruv

⎤

⎦

P

=
n−r∑

l=1

αlv Rul − βlv Iul − γlv Jul − φlv Kul =
∑

l

〈zlv, Vul〉.

Similarly,

I (Z)
uv =

n−r∑

l=1

βlv Rul + αlv Iul + φlv Jul − γlv Kul =
∑

l

〈i zlv, Vul〉,

J (Z)
uv =

n−r∑

l=1

γlv Rul − φlv Iul + αlv Jul + βlv Kul =
∑

l

〈 j zlv, Vul〉,

K (Z)
uv =

n−r∑

l=1

φlv Rul + γlv Iul − βlv Jul + αlv Kul =
∑

l

〈kzlv, Vul〉.

The proofs of (i) and (ii σ) use these equations and the observation that Rul = −Rlu while
Iul , Jul and Kul are symmetric in u, l. For example, equation (ii σ) with σ = 1 simplifies to

n−r∑

u,l=1

aul Rul + bul Iul + cul Jul + dul Kul

where, for example,

aul = α′
uvαlw + β ′

uvβlw + φ′
uvφlw + γ ′

uvγlw + α′
lvαuw + β ′

lvβuw + φ′
lvφuw + γ ′

lvγuw

and

cul = −α′
uvγlw + α′

lvγuw + γ ′
uvαlw − γ ′

lvαuw + β ′
uvφlw − β ′

lvφuw + φ′
lvβuw − φ′

uvβlw.

The antisymmetry of Rul and symmetry of Iul shows that

n−r∑

u,l=1

aul Rul = 0 =
n−r∑

u,l=1

cul Jul .

The other two terms are similar.
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100 S. K. Gupta et al.

(b) One can similarly check that for 1 ≤ u ≤ 2n − 2r < v ≤ 2n we have

R(Z)
uv =

2n−2r∑

l=1

zlv Rul − zv,2n+1 Ru,2n+1 and

R(Z)
v,2n+1 =

2n−2r∑

l=1

zlv Rl,2n+1.

The two identities follow from this. 	

Analogous results hold for su(n) and so(2n).

4 Sums of tangent spaces

In this section we will prove that (q + 1)OH has measure zero for H = Hr as specified in
(2.1)–(2.4) and q = [ n−1

r ] − 1. To do this, we first describe a spanning set for the projection
of TX (OH ) into g(r), the Lie algebra of rank r less than rank g, spanned by the annihilating
roots of H for any Z in the dense set DH where we know a basis for the tangent space
(Lemma 4.2). The results of the previous section on matrices in g will allow us to show that
there are many dependencies between these spanning sets for arbitrary X (1), . . . , X (q) ∈ DH .
This enables us to prove that the dimension of the projected space,

(
TX (1) (OH ) + · · · + TX (q) (OH )

)
P ,

is less than the dimension of g(r) for all X (1), . . . , X (q) ∈ DH . A continuity argument ensures
that the same is true for all X (1), . . . , X (q) ∈ OH . Since TH (OH ) lies in the orthogonal
complement of g(r) this will prove that

dim
(
TH (OH ) + TX (1) (OH ) + · · · + TX (q) (OH )

)
< dim g

giving Theorem 4.1. As we explain in Corollary 4.5, Sard’s theorem then implies that the
measure of (q + 1)OH is zero.

Theorem 4.1 Let g be any of the classical compact Lie algebras su(n), so(2n + 1), sp(n)

or so(2n). Let H ∈ t be as specified in Sect. 2.2 and let q = [ n−1
r

] − 1. Then for a dense set
of X (1), . . . , X (q) ∈ OH ,

dim
(
TH (OH ) + TX (1) (OH ) + · · · + TX (q) (OH )

)
< dim g.

As indicated in the introduction to this section, to prove the theorem we need several
further lemmas.

Our first lemma is a reformulation of [8, 3.1]. We remind the reader that DH is the dense
set of points X ∈ OH satisfying

TX (OH ) = span{[X, REα], [X, I Eα] : α ∈ NH }
and that P is the projection onto g(r). We also introduce another projection: the map X → X H

from the Lie algebra g onto TH (OH ).

Lemma 4.2 For X ∈ DH ,

(TX (OH ))P = span{[X H , REα]P , [X H , I Eα]P : α ∈ NH }.
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Proof Since g = t
⊕ ∑

α∈� span{REα, I Eα}, we may assume

X =
∑

α∈��NH

cα REα + dα I Eα +
∑

α∈NH

cα REα + dα I Eα + X0

for X0 ∈ t. Thus

X − X H =
∑

α∈��NH

cα REα + dα I Eα + X0.

If β is a root in NH , then [X − X H , REβ ] and [X − X H , I Eβ ] lie in the span of

{REβ, I Eβ, REα+β, I Eα+β, REα−β, I Eα−β : α ∈ ��NH , β ∈ NH }.
But β, α ± β ∈ NH for α ∈ ��NH and β ∈ NH . Hence

[X − X H , REβ ]P = [X − X H , I Eβ ]P = 0

and the lemma follows. 	

For any Z ∈ TH (OH ), formally define TZ to be the subspace of g(r),

TZ = span{[Z , REα]P , [Z , I Eα]P : α ∈ NH }.
For X ∈ OH , TX H = (TX (OH ))P .

Lemma 4.3 For any Z ∈ TH (OH )

dim TZ ≤ d =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2r(n − r) if g = su(n)

4r(n − r) + 2r if g = so(2n + 1)

4r(n − r) if g = sp(n)

4r(n − r) if g = so(2n)

Remark 4.4 Together with Lemma 4.2 this implies dim (TX (OH ))P ≤ d for all X ∈ OH .

Proof The result follows from Corollary 3.2. For instance, when g = su(n) (or sp(n)), TZ

is spanned by the 2r(n − r) (respectively, 4r(n − r)) vectors

{R(Z)
uv , I (Z)

uv , (and J (Z)
uv , K (Z)

uv ) : 1 ≤ u ≤ n − r < v ≤ n}. (4.1)

When g = so(2n) (or so(2n + 1)), TZ is spanned by the 4r(n − r) (+2r ) vectors

{R(Z)
uv , (and R(Z)

v,2n+1) : 1 ≤ u ≤ 2n − 2r < v ≤ 2n}. (4.2)

	

Proof of Theorem We claim it is enough to prove that

dim Vq < dim g − dim OH − r (+1 for su(n)) (4.3)

for a dense set of X1, . . . , Xq ∈ OH , where

Vq = (
TX (1) (OH ) + · · · + TX (q) (OH )

)
P .

The claim holds since TH (OH ) ⊆ g⊥
(r), dim g⊥

(r) = dim OH + r (−1 for su(n)) and
(
TH (OH ) + TX (1) (OH ) + · · · + TX (q) (OH )

)
P = Vq ⊆ g(r).
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For Z (1), . . . , Z (q) ∈ TH (OH ), let

Wq = TZ (1) + · · · + TZ (q) .

We will prove that dim Wq < dim g− dim OH − r (+1 for su(n)) for all Z (1), . . . , Z (q) and
this will certainly establish (4.3) for all (X (1), . . . , X (q)) ∈ Dq

H .
Let �TZ be the vector space of dimension d, with basis labelled by the collections of vectors

spanning TZ that are specified in (4.1) or (4.2), depending on the Lie algebra. We will denote
these basis vectors by �R(Z)

uv etc. There is a natural map from �TZ onto TZ and this extends to a
map from

∏q
l=1

�TZ (l) → ∏q
l=1 TZ (l) . Let L be the composition of this map with the addition

map L1 : ∏q
l=1 TZ (l) → g(r) given by L1(Y1, . . . , Yq) = Y1 + · · · + Yq . Clearly,

dim Wq = Rank L ≤ qd − Nulli t y L .

Our strategy is to find a good lower bound for Nulli t y L .
We will do this first for g = sp(n). Suppose that for l = 1, . . . , q, Z (l) ∈ TH (OH ) has

coefficients

z(l)
uv = α(l)

uv + iβ(l)
uv + jγ (l)

uv + kφ(l)
uv .

Put

�V (l)
uv =

( �R(l)

uv,
�I (l)

uv,
�J (l)

uv,
�K (l)

uv

)

(where we write �R(l)

uv in place of �R(Z (l))
uv etc.) We will again use the 〈 , 〉 notation defined

immediately prior to Lemma 3.3.
If A ∈ ∏q

l=1
�TZ (l) , we denote the s-coordinate of A by A(s). For σ = 1, i, j, k; 1 ≤ l ≤

m ≤ q; w, v ∈ �r and w �= v if l = m, define Alv and A(σ )
lmwv ∈ ∏q

l=1
�TZ (l) by

Alv(s) =
n−r∑

u=1

〈z(l)
uv,

�V (l)
uv 〉δls

and

A(σ )
lmwv(s) =

n−r∑

u=1

〈z(m)
uv σ, �V (l)

uw〉δsl + σ 2
n−r∑

u=1

〈z(l)
uwσ, �V (m)

uv 〉δsm .

(Of course, Alv and A(σ )
lmwv also depend on Z = (Z (1), . . . , Z (q)) but we suppress this

dependence in the notation).
It is clear from Lemma 3.3(a) that all of these vectors belong to the nullspace of L . We

will show that for almost all choices of Z = (Z (1), . . . , Z (q)) this collection of vectors is
linearly independent and therefore for a dense set of Z ,

Nulli t y L ≥ 2qr(qr − 1) + rq.

Hence we will have

Rank L < dim g − dim OH − r

for a dense set of Z provided

4qr(n − r) − 2qr(qr − 1) − qr < n(2n + 1) − 2r(2n − r) − r,

and this is true for the choice of q . But then a continuity argument implies Rank L <

dim g − dim OH − r for all Z , giving the desired result.
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The proof for g = su(n) follows by the natural embedding into sp(n). Take Z with all
j, k coefficients equal to zero. One can easily see that the null space of L contains the set

{
Alv, A(σ )

lmwvwith σ = 1, i, 1 ≤ l ≤ m ≤ q, w, v ∈ �r , w �= v if l = m
}

.

Again assuming linear independence it follows that Nulli t y L ≥ qr(qr − 1)+ rq and since

qr(2n − 2r) − qr(qr − 1) − rq < n2 − 1 − r(2n − r − 1) − r + 1

we see that dim Wq < dim g − dim OH − r + 1, as we desired to show.
The arguments for so(2n) and so(2n + 1) follow similarly from Lemma 3.3(b). For

Z (l) ∈ TH (OH ) with coefficients (z(l)
uv) we put

Alv(s) =
(

2n−2r∑

u=1

z(l)
uv

�R(l)
uv + z(l)

v,2n+1
�R(l)
v,2n+1

)

δls

and

Almwv(s) =
(

2n−2r∑

u=1

z(m)
uv

�R(Z (l))
uw + z(m)

v,2n+1
�R(Z (l))
w,2n+1

)

δsl

+
(

2n−2r∑

u=1

z(l)
uw

�R(Z (m))
uv + z(l)

w,2n+1
�R(Z (m))
v,2n+1

)

δsm

for w, v ∈ �r and v �= w if l = m. Assuming linear independence one can again see there
are enough vectors here to argue that dim Wq < dim g − dim OH − r.

The result for so(2n) follows by simply deleting the terms having 2n + 1 as a subscript.
It only remains to prove the linear independence for a dense set of Z . In fact, an analyticity

argument implies that either the vectors are linearly independent for almost all Z , or they
are linearly dependent for every choice. Thus it suffices to prove linear independence for a
single choice of Z = (Z (1), . . . , Z (q)).

In the case of sp(n) we take

Z (l) =
r∑

t=1

R(l−1)r+t,n−r+t for l = 1, . . . , q.

Thus the coefficients of Z (l) are zero except if v = n − r + t for some t = 1, . . . , r and
u = (l − 1)r + t ≡ πl(v), in which case z(l)

uv = 1.

Now suppose

q∑

1≤l≤m

∑

σ=1,i, j,k

∑

v∈�r

a(σ )
lmwv A(σ )

lmwv +
q∑

l=1

∑

v∈�r

alv Alv = 0

(where we understand v �= w if l = m).
Evaluating at the qth coordinate we obtain

0 =
∑

v∈�r

aqv

n−r∑

u=1

〈z(q)
uv , �V (q)

uv 〉 +
q−1∑

l=1

∑

σ=1,i, j,k

∑

v,w∈�r

a(σ )
lqwvσ

2
(q−1)r∑

u=1

〈z(l)
uwσ, �V (q)

uv 〉

+
∑

σ=1,i, j,k

∑

v<w∈�r

a(σ )
qqwv

⎛

⎝
qr∑

u=(q−1)r+1

〈z(q)
uv σ, �V (q)

uw 〉 + σ 2〈z(q)
uwσ, �V (q)

uv 〉
⎞

⎠ .
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Since z(q)
uv = 0 unless u = πq(v),

∑

v∈�r

aqv

n−r∑

u=1

〈z(q)
uv , �V (q)

uv 〉 =
∑

v∈�r

aqv
�R(q)

πq (v),v.

Similarly, for each fixed u ≤ (q − 1)r , there is a unique choice of l = l(u) ∈ {1, . . . , q − 1}
and w = w(u) (namely, chosen such that u = πl(w)) with z(l)

uw �= 0. Consequently, the
second line in the evaluation of the q-th coordinate above simplifies to

∑

v∈�r

(q−1)r∑

u=1

a(1)
lqwv

�R(q)
uv − a(i)

lqwv
�I (q)
uv − a( j)

lqwv
�J (q)
uv − a(k)

lqwv
�K (q)

uv .

We remark that u �= πq(v) as u ≤ (q − 1)r .
The third line can be rewritten as

∑

p∈�r

qr∑

u=(q−1)r+1

∑

σ

(
∑

v<p

a(σ )
qqpv〈z(q)

uv σ, �V (q)
up 〉 +

∑

w>p

a(σ )
qqwpσ

2〈z(q)
uwσ, �V (q)

up 〉
)

.

For v < p, z(q)
uv �= 0 only if u = πq(v) < πq(p), while for w > p, z(q)

uw �= 0 only if

u = πq(w) > πq(p). Thus the third line is a linear combination of the basis vectors �R(q)
up ,

�I (q)
up , �J (q)

up , �K (q)
up but with u > (q −1)r and u �= πq(p), having coefficients ±a(σ )

qqpv or ±a(σ )
qqwp

for a suitable choice of signs.
The linear independence of the basis vectors implies that all a(σ )

lqwv = aqv = 0. Repeating
this argument on each coordinate q − 1, . . . , 1 gives the result.

The linear independence arguments for the nullity for the other Lie algebras are similar,
with the appropriate change of notation. This completes the proof of the theorem. 	


Corollary 4.5 For q =
[

n−1
q

]
− 1, the measure of (q + 1)OH is zero and µ

q+1
H is singular

to Lebesgue measure on g.

Proof Since TAd(g)X (OH ) = Ad(g) (TX (OH )), it follows from the theorem that

dim

( q∑

i=0

TXi (OH )

)

< dim g

for a dense set of X0, . . . , Xq ∈ OH .
Consider the addition map

F : Oq+1
H → (q + 1)OH ⊆ g

given by

F(X0, . . . , Xq) =
q∑

i=0

Xi .

The differential of F at X = (X0, . . . , Xq) maps onto the sum of the tangent spaces to OH

at Xi ,
∑q+1

i=1 TXi (OH ). A continuity argument shows that if the differential map had rank
equal to dim g at some X , then it would have rank equal to the dim g on a neighbourhood of
X . Consequently, the differential map has rank less than dim g at every point of Oq+1

H and
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therefore Sard’s theorem [14, p. 286] implies that the measure of the image of F is zero. But
the image of F is (q + 1)OH .

Of course, µ
q+1
H is singular being supported on (q + 1)OH . 	


5 Special case SU(n/2) × SU(n/2)

There is one other orbit we need to consider, the orbit OH ⊆ su(n) with n even and

H = a
n/2∑

l=1

Ell + b
n∑

l=n/2+1

Ell where a + b = 0.

The results of the previous section are not helpful as they simply imply that m(OH ) = 0.
However, with additional work we can prove the two-fold sum has measure zero.

Proposition 5.1 For H as above,

dim (TH (OH ) + TZ (OH )) < dim su(n)

for all Z ∈ OH . Hence OH + OH has measure zero and µH ∗ µH is singular to Lebesgue
measure on su(n).

Proof We will continue to use the notation introduced previously.
Notice the set of non-annihilating roots for H is

NH = {±(el − em) : l = 1, . . . , n/2; m = n/2 + 1, . . . , n}.
Thus if L = {1, . . . , n/2} and M = {n/2 + 1, . . . , n}, then

TH (OH ) = span{Rlm, Ilm : l ∈ L , m ∈ M}.
If we let P be the projection of su(n) onto (TH (OH ))⊥, then the proposition will be proven
once we establish that dim(TZ (OH ))P < n2/2 − 1.

For l ∈ L and m ∈ M , [Z H , Rlm]P = [Z , Rlm] and [Z H , Ilm]P = [Z , Ilm]. Thus for Z
in a dense subset,

(TZ (OH ))P = span{[Z H , Rlm], [Z H , Ilm] : l ∈ L , m ∈ M}.
Consequently, it suffices to prove that if Z ∈ TH (OH ) and

TZ = span{[Z , Rlm], [Z , Ilm] : l ∈ L , m ∈ M},
then dim(TZ ) < n2/2 − 1.

Let Z ∈ TH (OH ) be given by Z = ∑
l∈L ,m∈M λlm Rlm + βlm Ilm . A straightforward

computation shows that

R(Z)
uv ≡ [Z , Ruv] =

∑

l∈L

(αlv Rul − βlv Iul) +
∑

m∈M

(αum Rvm + βum Ivm)

I (Z)
uv ≡ [Z , Iuv] =

∑

l∈L

(βlv Rul + αlv Iul) +
∑

m∈M

(βum Rvm − αum Ivm).
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We introduce further notation (which will be used only in this proof): For m, v, s, t ∈ M and
s < t put

Rv =
∑

u∈L

αuv R(Z)
uv + βuv I (Z)

uv

R(s, t) =
∑

u∈L

αus R(Z)
ut + βus I (Z)

ut + αut R(Z)
us + βut I (Z)

us

I (s, t) =
∑

u∈L

βus R(Z)
ut − αus I (Z)

ut − βut R(Z)
us + αut I (Z)

us

and

α′
vm =

∑

u∈L

αuvαum + βuvβum,

β ′
vm =

∑

u∈L

βumαuv − αumβuv.

Note that α′
vm = α′

mv , β ′
vm = −β ′

mv and β ′
vv = 0. With this notation we can write

R(s, t) =
∑

m∈M

α′
ms Rtm + β ′

sm Itm + α′
mt Rsm + β ′

tm Ism

I (s, t) =
∑

m∈M

β ′
ms Rtm + α′

sm Itm − β ′
mt Rsm − α′

tm Ism .

We claim

(i)
∑

v∈M Rv = 0;
(ii)

∑
v∈M α′

vv Rv + ∑
s<t∈M α′

st R(s, t) + β ′
st I (s, t) = 0.

Claim (i) is simply the observation that
∑

v∈M Rv = [Z , Z ]. To prove (ii), we first note
that the symmetry of Iul and antisymmetry of Rul ensures that

0 =
∑

u,l∈L

αuvαlv Rul =
∑

u,l∈L

βuvβlv Rul =
∑

u,l∈L

(−βlvαuv + βuvαlv)Iul .

Thus the left side of (ii) simplifies to

=
∑

m,t∈M

α′
t t

(
α′

mt Rmt + β ′
tm Itm

) +
∑

m,s<t∈M

α′
st

(
α′

ms Rtm + β ′
sm Itm + α′

mt Rsm + β ′
tm Ism

)

+
∑

m,s<t∈M

β ′
st

(
β ′

ms Rtm + α′
sm Itm − β ′

mt Rsm − α′
tm Ism

)
.

Fix a, b ∈ M , a < b. We will show that the coefficient of Rab in the left side of (ii) is
zero. Similarly, the coefficient of Iab = 0 and hence (ii) will be proved. Reading off, we see
that the coefficient of Rab is

= −α′
bbα

′
ab + α′

aaα′
ba +

∑

s<a

(
α′

saα′
bs + β ′

saβ ′
bs

) +
∑

t>a

(
α′

atα
′
bt − β ′

atβ
′
bt

)

−
∑

s<b

(
α′

sbα
′
as + β ′

sbβ
′
as

) −
∑

t>b

(
α′

btα
′
at − β ′

btβ
′
at

)

= −α′
bbα

′
ab + α′

aaα′
ba −

∑

a≤s<b

(
α′

saα′
bs + β ′

saβ ′
bs

) +
∑

a<t≤b

(
α′

atα
′
bt − β ′

atβ
′
bt

)
.
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As β ′
bb = β ′

aa = 0, this further simplifies to

−
∑

a<s<b

(
α′

saα′
bs + β ′

saβ ′
bs

) +
∑

a<t<b

(
α′

atα
′
bt − β ′

atβ
′
bt

) = 0.

The two vectors
∑

v∈M Rv and
∑

v∈M α′
vv Rv +∑

s<t∈M α′
st R(s, t)+β ′

st I (s, t) are linear

combinations of R(Z)
lm , I (Z)

lm for l ∈ L , m ∈ M and thus belong to TZ . Moreover, they are
linearly independent combinations when Z = R1,n + 1

2 R2,n−1, for example, and hence for
almost all Z ∈ TH (OH ). Consequently, dim TZ ≤ 2(n/2)2−2 < n2/2−1 and this completes
the proof. 	


6 Combinatorial criterion for L2

In this section we will develop a combinatorial approach to studying the L2 side of the
problem.

6.1 Criterion for belonging to L2

In [6–10] the L2 problem for convolution powers of orbital measures supported on conjugacy
classes in the group G was studied. The approach taken there was to compare the rate of decay
of the pointwise value of the characters of the group with their degree. To be more precise,
we proved bounds such as T rλ(x)/dλ ≤ Cd−s

λ for all representations λ, where C, s were
positive constants that did not depend on λ and dλ = deg λ. Estimates on the pointwise values
of characters are relevant for an orbital measure µx on G because µ̂x (λ) = T rλ(x)/dλ. It
was established in [9] that

∑
λ∈Ĝ dt

λ < ∞ for t < −rank G/
∣
∣�+∣

∣, thus L2 results follow
easily from these estimates using the Peter–Weyl theorem.

This approach does not seem to adapt well to some of the more complicated orbits. Instead,
in this paper, we directly bound the l2 norm of the Fourier transform of µ̂k . The novelty of
our new approach is that we show that the problem of finding an integer k such that µ̂k ∈ l2

can be reduced to a purely combinatorial problem, as we will now explain.
Notation. Let {α1, . . . , αn} be a basis for a root system � of rank n and {λ1, . . . , λn} be
the fundamental dominant weights, i.e., the dual basis vectors which satisfy (αi , λ j ) = δi j .3

Given a set of l integers i1, . . . , il satisfying

n ≥ i1 > i2 > · · · > il ≥ 1

and a subroot system � of �, we will let

X j =
⎧
⎨

⎩
α ∈ �+

�

j−1⋃

k=1

Xk : (α, λi j ) �= 0

⎫
⎬

⎭
for j = 1, . . . , l,

B j = B j (�) =
⎧
⎨

⎩
α ∈ �+

�

j−1⋃

k=1

Bk : (α, λi j ) �= 0

⎫
⎬

⎭
for j = 1, . . . , l

and G j = X j �B j . (We call G j and B j the “good” and “bad” roots, respectively, arising at
step j relative to the given set of indices).

3 Note that in this section i, j, k will no longer be quaternions.
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Let k(i1, . . . , il , �) be the minimum integer k such that

l∑

j=1

(k − 1)
∣
∣X j

∣
∣ − k

∣
∣B j

∣
∣ =

l∑

j=1

(k − 1)
∣
∣G j

∣
∣ − ∣

∣B j
∣
∣ > l/2.

Given x ∈ T , we say α ∈ � is an annihilating root of x if α(x) ≡ 0 mod 2π . The set of
annihilating roots is a subroot system of � and by the type of x we mean the Lie type of its
set of annihilating roots. This set is proper if x does not belong to the centre of G.

With this notation we can state our combinatorial criterion for µk
x to belong to L2(G).

Theorem 6.1 Suppose x ∈ T and �(x) is the set of annihilating roots of x. Let

k0(x) = max (k(i1, . . . , il , �))

where the maximum is taken over all l = 1, . . . , n = rank G, all sets of indices n ≥ i1 >

i2 > · · · > il ≥ 1 and all subroot systems, �, Weyl conjugate to �(x). Then µ
k0(x)
x ∈ L2(G).

Proof Throughout the proof the constant C may depend on x and G, but not λ, and may vary
from one occurrence to another.

The Peter–Weyl theorem implies that µk
x ∈ L2(G) if and only if

∥
∥
∥µ̂x

k
∥
∥
∥

2

2
=

∑

λ∈Ĝ

d2−2k
λ |T rλ(x)|2k < ∞.

It was proven in [9] that

|T rλ(x)| ≤ C max
w∈W

∏

α∈w(�+(x))

|(ρ + λ, α)|

and since the Weyl-dimension formula states that

dλ = C
∏

α∈�+
(ρ + λ, α),

this gives the bound
∥
∥
∥µ̂x

k
∥
∥
∥

2

2
≤ C max

w∈W

∑

λ∈Ĝ

∏

α∈�+
|(ρ + λ, α)|2−2k

∏

α∈w(�+(x))

|(ρ + λ, α)|2k .

Temporarily fix λ = ∑n
i=1 miλi ∈ Ĝ, where λ1, . . . , λn are the fundamental dominant

weights, and order the coefficients mi as mi1 ≥ mi2 ≥ · · · ≥ min . Let w ∈ W . For j =
1, . . . , l put

X j =
⎧
⎨

⎩
α ∈ �+

�

j−1⋃

k=1

Xk : (α, λi j ) �= 0

⎫
⎬

⎭

and

B j = B j (w(�(x))) =
⎧
⎨

⎩
α ∈ w(�+(x))�

j−1⋃

k=1

Bk : (α, λi j ) �= 0

⎫
⎬

⎭
.

The sets X j , j = 1, . . . , n are a disjoint partitioning of �+ and the sets B j , j = 1, . . . , n a
disjoint partitioning of w(�+(x)), the positive roots of a subroot system conjugate to �(x).
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If α ∈ X j or B j , then

1 + mi j ≤ |(ρ + λ, α)| ≤ C(1 + mi j ).

With this notation

∏

α∈�+
|(ρ + λ, α)|2−2k

∏

α∈w(�+(x))

|(ρ + λ, α)|2k ≤ C
n∏

j=1

(1 + mi j )
|X j |(2−2k)+|B j |2k .

It is easy to see that there is no loss of generality in assuming the indices i j are in (strictly)
decreasing order for calculating the sums,

∑l
j=1

∣
∣X j

∣
∣ and

∑l
j=1

∣
∣B j

∣
∣. Thus taking k = k0(x)

ensures that
l∑

j=1

∣
∣X j

∣
∣ (2 − 2k) + ∣

∣B j
∣
∣ 2k ≤ −l − 1.

Simplifying, it follows that

n∏

j=1

(1 + mi j )
|X j |(2−2k)+|B j |2k

≤ (1 + mi1)
−1− 1

n (1 + mi2)
∑2

j=1|X j |(2−2k)+|B j |2k+1+ 1
n )

n∏

j=3

(1 + mi j )
|X j |(2−2k)+|B j |2k

≤
n∏

j=1

(1 + m j )
−1− 1

n

and hence
∥
∥
∥µ̂x

k
∥
∥
∥

2

2
≤ C |W |

∑

λ∈Ĝ

n∏

j=1

(1 + m j )
−1−1/n

≤ C

( ∞∑

m=1

m−1−1/n

)n

< ∞

as we desired to prove. 	

Remark 6.2 Similar reasoning shows that if

∑l
j=1

∣
∣G j

∣
∣ (s − 1) + ∣

∣B j
∣
∣ s ≤ 0, then

|T rλ(x)|
dλ

≤ cd−s
λ for all λ.

Thus for all λ,

|T rλ(x)|
dλ

≤ cd−1/k0(x)
λ .

6.2 Counting arguments

The previous theorem shows it is important to determine the maximum value of k(i1, . . . ,

il , �) taken over all l = 1, . . . , rank G, indices i1 > i2 · · · > il and subroot systems � of a
given type. As we will see later, it will be enough to determine this number for a relatively
small set of subroot systems, which we analyze in this section. Our typical strategy will
involve an induction argument and counting.
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In what follows, C1 will mean a single long root {2eJ } and when we write SU (J )×SU (1)

in SU (J + 1) we simply mean the subroot system SU (J ) in SU (J + 1).

6.2.1 CJ × CK in CJ+K and SU (J ) × SU (K ) in SU (J + K )

Lemma 6.3 Suppose G is either of type CJ+K or SU (J + K ) and that � is a subroot
system of type CJ × CK in the first case and type SU (J ) × SU (K ) in the second. Assume
J ≥ max(K , 2), K ≥ 1 and � is not type C2 × C1. Then for any l = 1, . . . , rank G and
any set of indices satisfying rank G ≥ i1 > i2 > · · · > il ≥ 1 we have

l∑

j=1

max

(
J

K
, 2

)

G j − B j >
l

2

(where we write G j , B j for the cardinality of the sets G j , B j ).

Remark 6.4 In [10] it was shown that for x of type C2 × C1 in C3, µk
x ∈ L2(G) if and only

if k ≥ 4, so the inequality above cannot hold in this case. However, one can check that if �

is type C2 in C3, then
∑l

j=1 2G j − B j > l/2.

Proof First, suppose G is type CJ+K . The roots of a subroot system � of type CJ × CK are
of the form

{±(ei ± e j ),±2e j : i, j ∈ J
} ⋃ {±(ei ± e j ),±2e j : i, j ∈ K

}

where J, K are disjoint subsets of {1, . . . , n} for n = J + K . (As in the statement of the
lemma, we abuse notation and write J, K both for sets of indices and their cardinalities.
Which is meant should be clear from the context). When K = 1, we simply mean the long
root, 2ek , on the single letter k ∈ K .

Our proof will proceed by induction on J , assuming the results holds whenever K ≤ J −1.
The base cases, C3 × C1 and C2 × C2, will be left for the reader.

There are two cases for the induction step.
Case 1: CJ × CK in CJ+K with K < J .

Fix l and a set of indices J + K ≥ i1 > i2 > · · · > il ≥ 1. For m = 0, . . . , l, let

Km = (im+1, im]
⋂

K and Jm = (im+1, im]
⋂

J

where we put i0 = J + K and il+1 = 0. We will also write Km and Jm for the cardinality of
these sets.

As

l∑

m=0

Jm = J = J

K

l∑

m=0

Km,

there must be some index 0 ≤ s ≤ l such that Js ≥ J
K Ks . Choose any letter j0 ∈ Js and

consider the combinatorial criterion problem with the root system �′ consisting of all the
roots in � on the letters {1, . . . , n}\{ j0} and � ′ the subroot system �

⋂
�′. This is a problem

of type CJ\{ j0} × CK in type CJ+K−1 and so the induction assumption will apply to it. We
will explain how to use this fact later in the proof.

But first, we count the total number of good and bad roots arising at steps 1 through l that
are not in �′. Recall that the roots can be expressed in terms of the base {α1, . . . , αn} by the
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rules

ei − e j = αi + · · · + α j−1,

ei + e j = αi + · · · + α j−1 + 2α j + · · · + 2αn−1 + αn,

2ei = 2αi + · · · + 2αn−1 + αn,

2en = αn

when i < j . Thus if s �= 0, the good roots not in �′ are those of the form e j0 ± ek for all
k ∈ K\Ks and e j0 + ek for all k ∈ Ks, for a total of 2K − Ks ≡ g good roots. The bad
roots are e j0 ± e j for all j ∈ J\Js , e j0 + e j for j ∈ Js and the long root 2e j0 , for a total of
2J − Js ≡ b bad roots. Note that

J

K
g − b ≥ Js − J

K
Ks ≥ 0.

The analysis is similar and the conclusion the same if s = 0. Moreover, observe that
J
K g − b = 0 if and only if Js = J

K Ks .
If j0 /∈ {i1, . . . , il}, then consider the combinatorial problem on the subroot system � ′ in

�′, with the indices i1 > i2 > · · · > il partitioning the letters {1, . . . , n}\{ j0}. If we denote
by G ′

j and B ′
j the good and bad roots arising at step j of this problem, then it is clear that

l∑

j=1

G j =
l∑

j=1

G ′
j + g and B j =

l∑

j=1

B ′
j + b.

The induction assumption implies that

l∑

j=1

max

(
J − 1

K
, 2

)

G ′
j − B ′

j >
l

2
.

Thus

l∑

j=1

max

(
J

K
, 2

)

G j − B j = max

(
J

K
, 2

)
⎛

⎝
l∑

j=1

G ′
j + g

⎞

⎠ −
⎛

⎝
l∑

j=1

B ′
j + b

⎞

⎠ >
l

2
.

If j0 = is , but j0 > 1 and j0 − 1 /∈ {i1, . . . , il}, then consider the combinatorial problem
(� ′,�′) with the indices i1 > · · · > is−1 > j0 − 1 > is+1 > · · · > il partitioning the letters
{1, . . . , n}\{ j0}. The reasoning is similar.

If both j0 and j0 −1 are in the set {i1, . . . , il} then, instead, we consider the combinatorial
problem (� ′,�′) but with the l − 1 indices i1 > · · · > is−1 > is+1 > · · · > il . We still have∑

G j = ∑
G ′

j + g and
∑

B j = ∑
B ′

j + b, but now the sum
∑

G ′
j (or

∑
B ′

j ) is over l − 1
indices rather than l. Thus the induction argument yields

l−1∑

j=1

max

(
J − 1

K
, 2

)

G ′
j − B ′

j >
l − 1

2
.
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However, as both j0, j0 − 1 ∈ {i1, . . . , il}, the set Js is the singleton j0 and Ks is empty, so
J
K g − b ≥ Js = 1. Therefore

l∑

j=1

max

(
J

K
, 2

)

G j − B j =
l−1∑

j=1

max

(
J − 1

K
, 2

)

G ′
j − B ′

j + J

K
g − b

>
l − 1

2
+ 1 >

l

2
. (6.1)

If j0 = 1 = il and l �= 1 we argue similarly. Finally, if j0 = 1 = i1 (l = 1) we do not
eliminate j0, but rather directly count that G1 = 2K and B1 = 2J − 1, which gives the
desired inequality, J

K G1 − B1 > 1
2 .

This completes the argument for CJ × CK with K < J .
Case 2: CJ × CK with K , J the same cardinality.

Here we can eliminate one of the letters in K and reduce the problem to one of type
CJ × CK−1. To do this, just choose Ks ≥ Js (with the notation as above) and pick any
k0 ∈ Ks . Count the number of good and bad roots involving the letter k0 and argue in a
similar fashion to case 1, noting that max(J/K , 2) = 2 = max(J/(K − 1), 2).

Now assume G is SU (J + K ). There are similarities between this counting problem and
that for CJ+K , but differences, as well. One obvious difference is that there are no roots of the
form ei + e j . But this does not affect the conclusion of the counting argument as these roots
contribute proportionally to both the count of the good and bad roots. More significantly,
SU (J + K ) has rank J + K − 1, so the indices i1 > i2 > · · · > il ≥ 1 must satisfy
i1 ≤ J + K − 1, and yet we should still view them as defining a partition of {1, . . . , J + K }.
Indeed, we define Km and Jm just as before, with i0 = J + K . We consider the two cases,
as before, and choose a letter j0 ∈ Js (or k0 ∈ Ks , in the second case) to eliminate. If the
letter to eliminate is n and if i1 = n − 1, then it would not be valid to apply the induction
hypothesis to the root system �′ consisting of the roots on the letters {1, . . . , n − 1} with the
indices n − 1 = i1 > · · · > il ≥ 1. Instead we discard i1 and work with only l − 1 indices.
If G ′

j and B ′
j are the good and bad roots arising at step j of this problem (beginning the

indexing at step 2), then we still have
∑l

j=1 G j = ∑l−1
j=2 G ′

j + g,
∑

B j = ∑
B ′

j + b. But
in this case, J0 is a singleton and K0 is empty, hence g − b ≥ 1. Thus, after applying the
induction step we get the same inequality as in (6.1). 	


6.2.2 Counting in Dn

It will frequently be convenient to identify the root system Dn with the subset B0
n of Bn

consisting of all the roots except the short ones, {ei }n
i=1, i.e.,

B0
n = {±(ei ± e j ) : 1 ≤ i < j ≤ n}.

There is no harm in making this identification as far as the counting for the L2 combinatorial
criterion is concerned because if � is a subroot system of Dn and i1 > · · · > il is a partition
of {1, . . . , n}, then if i1 �= n − 1 the counting of the good and bad roots in Dn is the same
as counting in B0

n , while if i1 = n − 1, counting in Dn is the same as counting the good and
bad roots corresponding to the subroot system w(�) in B0

n where the Weyl element, w, is
the simple sign change, w(en) = −en and we take the partition n = i ′1 > i2 > · · · > il .
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6.2.3 SU (J ) in Bn or Dn

Lemma 6.5 If � is either the subroot system SU (J ) × DK in � = DJ+K or SU (J ) × BK

in BJ+K , with J ≥ K ≥ 1 (or K ≥ 2 in DJ+K ), then for any l = 1, . . . , J + K ,

l∑

j=1

G j − B j >
l

2
.

Proof Note that by type SU (J ) we mean the subroot system

� = {si ei − s j e j : i �= j ∈ J }
where si = ±1 is a fixed choice of signs.

We proceed, again, by induction on J assuming the results holds whenever K ≤ J − 1
and for the induction step we consider the two cases, J > K and J = K .

First we study the problem of SU (J ) × DK in DJ+K with J > K , viewing Dn as B0
n ,

as remarked above. Take a partition i1 > · · · > il of {1, . . . , J + K }. The counting here is
slightly different from the CJ × CK problem because we must take into account the choice
of signs si . So we will define Km and Jm , as before but, in addition, we will put

J+
m = { j ∈ Jm : s j = +1},

J−
m = { j ∈ Jm : s j = −1}.

Pick an index 0 ≤ s ≤ l such that Js �= 0 and without loss of generality assume J+
s ≥ J−

s .
Choose j0 ∈ J+

s . The strategy will be to eliminate this letter and appeal to induction.
As before, we count the good and bad roots associated with j0: If s �= 0, then e j0 ± ek for

all k /∈ Ks and e j0 + ek for k ∈ Ks are good roots. As well, for each j /∈ Js , one of e j0 + e j

or e j0 − e j is good and the other is bad. Finally, e j0 + s j e j /∈ SU (J ) and thus e j0 + e j is a
good root for each j ∈ J+

s �{ j0}. This gives a total of

g = J − J−
s + 2K − Ks − 1

good roots associated with the letter j0. Similarly, there are

b = J − J+
s

bad roots associated with j0. Thus g − b ≥ K − 1 ≥ 1.
We will pick the index s = 0 only if Ji = 0 for all i �= 0. This ensures K0 �= K and hence

if s = 0, then g = 2(K − K0) and b = 0, so g − b ≥ 2.
If j0 = 1 = i1 a direct count gives G1 − B1 > 1/2. Otherwise, if G ′

j and B ′
j denote the

remaining good and bad roots after eliminating the letter j0, the same logic as in the CJ ×CK

problem shows that

l∑

j=1

G ′
j − B ′

j >
l − 1

2

so that
∑l

j=1 G j − B j > l
2 , as we needed to show.

The argument for type SU (J ) × BK in BJ+K with J > K is similar. We get one extra
good root from the short root e j0 and no additional bad roots. Thus, even if K = 1 we have
g − b ≥ 1, which shows the induction step holds.

When J = K we pick a letter from K to eliminate and reduce the problem to SU (J ) ×
DK−1 in DJ+K−1 (resp., SU (J ) × BK−1 in BJ+K−1). We pick k0 ∈ Ks where Ks ≥ Js ,
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with the strict inequality holding if possible. In type BJ+K , the short root ek0 is a bad root
when s �= 0, so that g − b = Ks − Js , while in type DJ+K , g − b ≥ Ks − Js + 1. In either
case, g − b = K0 − J0 if s = 0. Thus it is possible to have g − b = 0, but only in type BJ+K

and only if all Js = Ks . But in this situation there is no loss of an index in passing to the
induction assumption, hence the proof will again follow. 	

Lemma 6.6 (i) If either � is a subroot system of type SU (n) in Bn or � is type SU (n−1)

in Dn, then

l∑

j=1

G j − B j >
l

2
.

(ii) If � is a subroot system of type SU (n) in Dn and n ≥ 5, then

l∑

j=1

2G j − B j >
l

2
.

Proof (i) SU (n) in Bn . Rather than an induction argument it is simple enough to do a direct
count of good and bad roots. We suppose

� = {si ei − s j e j : 1 ≤ i < j ≤ n}
and given a partition i1 > · · · > il we let

S+
m = { j ∈ (im+1, im] : s j = +1}

and

S−
m = { j ∈ (im+1, im] : s j = −1}.

Of course, bad roots can only be of the form e j ± ek , j < k, and we split these into two
groups.
Group 1: j, k ∈ (im+1, im] for some 1 ≤ m ≤ l. From these roots the bads ones are of the
form s j e j − skek where s j sk = −1 and the total number of these is

∑l
i=1 S+

m S−
m .

Group 2: These are the roots for which there exists t with j ≤ it < k. But then one of each
pair e j ± ek will be a good root and the other bad.

Consequently, to prove
∑l

i=1 Gi − Bi > l/2 it is enough to prove that the number of
remaining good roots exceeds the number of group 1 bad roots by at least l/2. These additional
good roots are those of the form s j e j + skek with j, k ∈ (im+1, im] for some m ≥ 1 and
satisfying s j sk = +1, as well as the short roots e j with j ≤ i1, for a total of

l∑

i=1

(
S+

i

2

)

+
(

S−
i

2

)

+ S+
i + S−

i .

Thus the number of additional good roots less the group 1 bad roots is equal to 1
2

∑l
i=1(S+

i −
S−

i )2 + (S+
i + S−

i ). Since S+
i + S−

i ≥ 1 it is easy to see the sum above is greater than l/2,

as desired.
SU (n − 1) in Dn . This problem is similar to type SU (n) in Bn with the good roots

involving the free letter effectively replacing the good short roots in the Bn problem. We
leave the details for the reader.
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(ii) Type SU (n) in Dn has the same good and bad roots as SU (n) in Bn , except it is
missing the good short roots. Thus

l∑

j=1

G j − B j ≥
l∑

i=1

(S+
i − S−

i )2 − (S+
i + S−

i )

2

and obviously
∑l

j=1 2G j − B j ≥ ∑l
j=1 G j − B j + G1. Similar analysis to that above

establishes

G1 =
l∑

i=1

(S+
i + S−

i )(S+
0 + S−

0 ) +
(∑l

i=1 S+
i

2

)

+
(∑l

i=1 S−
i

2

)

and a routine calculation shows that for n ≥ 5 this gives the desired conclusion. 	

6.3 SU (J ) × SU (K ) × SU (L) in SU (J + K + L)

Lemma 6.7 Suppose � is a subroot system of type SU (J ) × SU (K ) × SU (L) in SU (J +
K + L) with J ≥ K ≥ L and J ≤ K + L . Then

l∑

j=1

G j − B j >
l

2
.

Proof The idea here is to proceed by induction on J + K + L . We will allow J, K , L = 1
with the understanding that type SU (1) means one free letter. The result is trivially true for
the base case, SU (1) × SU (1) × SU (1).

We proceed by eliminating a suitable letter j0 from J . The reduced problem on the sets
J\{ j0}, K and L (upon reordering if necessary) is still of the same structure, so the induction
hypothesis applies to it. To pick the suitable letter, we define Jm and Km as before, and Lm

similarly. Pick an index s so that Js is not empty and Js − (Ks + Ls) ≥ J − (K + L). Such
an index must exist because otherwise

J − (K + L) =
l∑

m=1

Jm − (Km + Lm)

=
∑

m with Jm �=φ

Jm − (Km + Lm) +
∑

m with Jm=φ

−(Km + Lm)

< c(J − (K + L))

where c is number of m such that Jm is not empty. As J −(K + L) ≤ 0 this is a contradiction.
Counting good and bad roots associated with j0, one sees that g − b = Js − (Ks + Ls) −

J + K + L ≥ 0 with equality avoidable if Js ∪ Ks ∪ Ls is a singleton. Thus an appeal to the
induction assumption gives the desired result whether there is a loss of an index in passing
to the reduced problem or not. 	


7 Transference theorem

To obtain L2 results for orbital measures on the Lie algebras we will prove a transference
theorem.
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Given any compact Lie group G, we let � be the wrapping map of G introduced by Dooley
and Wildberger in [3], our main reference for this section. This is the map � : M(g) → M(G)

given by
∫

G

f d�(µ) =
∫

g

j (X) f̃ (X)dµ(X) for f continuous

where f̃ = f ◦ exp and j is an analytic square root of the determinant of the exponential
map such that j (0) = 1.

It is known that if µ, ν are G-invariant measures on g, i.e., µ(Ad(g)E) = µ(E) for all
g ∈ G and Borel sets E ⊆ g, then

�(µ ∗ ν) = �(µ) ∗ �(ν)

where the convolution on the left is in g and the convolution on the right is in G.

Fix an open set U ⊆ g containing 0, having compact closure and which has the property
that

exp : U → exp(U )

is a diffeomorphism on closure(U ). We state a lemma whose proof is similar to Theorem 1
in [3].

Lemma 7.1 Let φ ∈ L1(g) be G-invariant and assume support φ ⊆ U. Then �(φ j) is a
G-invariant function whose value on T is given by

�(φ j)(exp H) =
{

φ(H) for H ∈ U
⋂

t

0 for H ∈ t�U
.

Theorem 7.2 Let 1 ≤ p < ∞. There are constants A, B > 0 such that if f is a G-invariant
function supported on U ⊆ g, then

A ‖ f ‖p ≤ ‖�( f )‖p ≤ B ‖ f ‖p

and

‖�( f )‖2 = ‖ f ‖2 .

Proof Since �( f ) is concentrated on exp U, a change of variables argument and the Weyl
integration formula gives

‖�( f )‖p
p =

∫

|�( f )(g)|p dg

=
∫

U

|�( f )(exp H)|p | j (H)|2 d H

=
∫

t+
⋂

U

|�( f )(H)|p | j (H)|2
⎛

⎝
∏

α∈�+
α(H)

⎞

⎠

2

d H.
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Applying the lemma to φ = f/j , we see that

‖�( f )‖p
p =

∫

t+
⋂

U

∣
∣
∣
∣

f

j
(H)

∣
∣
∣
∣

p

| j (H)|2
(

∏

α

α(H)

)2

d H

=
∫

t+
⋂

U

| f (H)|p | j (H)|2−p

(
∏

α

α(H)

)2

d H.

Similarly,

‖ f ‖p
p =

∫

t+
⋂

U

| f (H)|p

(
∏

α

α(H)

)2

d H.

Since exp is a diffeomorphism on closure(U ), there are constants a, b > 0 such that

a ≤ | j (H)| ≤ b on U.

Thus

a(2−p)/p ‖ f ‖p ≤ ‖�( f )‖p ≤ b(2−p)/p ‖ f ‖p

and

‖�( f )‖2 = ‖ f ‖2 .

	

Corollary 7.3 Let H ∈ U be such that OH + · · · + OH ⊆ U. Assume h = exp H. Then for
1 ≤ p < ∞, µk

H ∈ L p(g) if and only if µk
h ∈ L p(G).

Proof This follows from the theorem and the boundedness of j on U , together with the
observation that �(µH ) = j (H)µh . 	


8 Dichotomy result

8.1 Types

We recall that by the type of an element X ∈ t or x ∈ T we mean the Lie type of its
annihilating root system. We define the type of an orbit (or conjugacy class) to be the type of
any torus element generating the orbit (or conjugacy class). This is well defined as all such
elements are Weyl conjugate and hence have the same type. The zero element in g and the
central elements in G are characterized as being annihilated by all the roots.

Before stating and proving the main theorem of the paper, we need to identify the types of
subroot systems that are the sets of annihilating roots of elements of t. Not all subroot systems
can arise this way since any set of annihilating roots is closed under all linear combinations
(that are still roots). One example of a subroot system that is not the set of annihilating roots
is CJ ×CK in CJ+K . This set is not closed under linear combinations as every root in CJ+K

is a linear combination of roots in CJ × CK .
To determine which subroot systems are sets of annihilating roots consider a typical non-

zero element X ∈ t. For g of type An−1, Bn , Cn or Dn it is convenient to identify t with
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R
n by the identification X ∼ (α1, . . . , αn) if X = ∑n

l=1 iαl Ell in type An−1 or Cn , or
X = ∑n

l=1 αl(E2l−1,2l − E2l,2l−1) in type Bn or Dn .
If g is type An−1, then up to a Weyl conjugate

X ∼ (a1 (J1 times), a2 (J2 times), . . . , at (Jt times), b1, . . . , br )

where ai , b j are distinct and Jl ≥ 2. The set of annihilating roots is Lie type AJ1−1 × · · · ×
AJt −1, but we prefer to say that X is

type SU (J1) × · · · × SU (Jt ) + r free

(and that g is type SU (n)). We simply say X is type SU (n −r) if t = 1. If t = 0, X is regular.
For types Bn, Cn or Dn we can suppose

X ∼ (0 (J times), A1, . . . , At , b1, . . . , br )

where Al = (al (K +
l times),−al (K −

l times)), with K +
l + K −

l ≥ 2 and ±al ,±b j real,
non-zero and distinct. If g is type Bn the annihilating roots of X are

±{ei , ei ± e j : i, j ∈ J }
⋃ t⋃

l=1

Xl

where

Xl = {si ei − s j e j : i, j ∈ K +
l ∪ K −

l with si = 1 if ei ∈ K +
l , si = −1 if ei ∈ K −

l }
and we write J, K1, . . . , Kt to denote disjoint sets of cardinalities J, K1, . . . , Kt , respec-
tively, whose union is {1, . . . , n − r}. The annihilating roots of X are of

type BJ × SU (K1) × · · · × SU (Kt ) + r free,

or type Bn−r if t = 0. Note that we write B1 for the single short root {eJ }.
The annihilating subroot systems are similar in Cn and Dn , but in the latter case, if J = 1

the root system is type SU (K1) × · · · × SU (Kt ) + r + 1 free and D2 and D3 are understood
as meaning the sets {±(ei ± e j ) : i, j ∈ J } where the cardinality of J is two or three
respectively.

The annihilating roots of a Weyl conjugate of X will be of the same type, although with
possibly different disjoint sets of letters and signs changed, according to the action of the
Weyl element.

In this terminology, Theorem 4.1 and Corollary 4.5 could be restated as

Corollary 8.1 Suppose X is type SU (n − r) in su(n), type Bn−r in Bn, type Cn−r in Cn or
type Dn−r in Dn. If k ≤ [ n−1

r

]
, then

dim

(
k∑

i=1

Tg−1
i Xgi

(OX )

)

< dim g

for all g1, . . . , gk ∈ G, the measure of (k) OX is zero and µk
X is singular.

Proof This was actually proved for specific choices of H ∈ t of these types, however any
other X of the same type is Weyl conjugate to one of those choices of H and hence generates
the same orbit. 	
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8.2 Main theorem

Theorem 8.2 Suppose X �= 0 belongs to the torus of any of the classical compact simple
Lie algebras. Then either µk

X ∈ L2(g)
⋂

L1(g) or µk
X is singular to Lebesgue measure on

g. Moreover, if we let

k(X) = min{k : µk
X ∈ L2}

then m((k)OX ) > 0 if and only if k ≥ k(X).
If X is a regular element, then k(X) = 2. For all other X the value of k(X) depends only

on the type of X and is specified below.

Type of g Type of X Value of k(X)

SU (n) SU (n − r), n − r ≥ 2
[ n−1

r

] + 1

SU (k1) × · · · × SU (kt ) + r
free with k1 = max{ki } and
t ≥ 2

⎧
⎪⎪⎨

⎪⎪⎩

[
n−1
n−k1

]
+ 1 if k1 >

∑t
i=2 ki + r

3 if t = 2, r = 0 and k1 = k2

2 else

Bn Bn−r
[ n−1

r

] + 1

BJ × SU (k1) × · · · ×
SU (kt ) + r free with t ≥ 1

{[
n−1
n−J

]
+ 1 if J >

∑t
i=1 ki + r

2 if J ≤ ∑t
i=1 ki + r

SU (k1) × · · · × SU (kt ) + r
free with t ≥ 1

2

Dn Dn−r , n − r ≥ 2
[ n−1

r

] + 1

DJ × SU (k1) × · · · ×
SU (kt ) + r free with t ≥ 1

{[
n−1
n−J

]
+ 1 if J >

∑t
i=1 ki + r

2 if J ≤ ∑t
i=1 ki + r

SU (n)

{
3 if n ≥ 5

4 if n = 4
SU (k1) × · · · × SU (kt ) + r
free with t ≥ 2 or t = 1 and
r ≥ 1

2

The results for Lie type Cn are the same as for Bn with the obvious changes in notation.

Proof We will begin by proving that µ
k(X)
X ∈ L2(g). As (k)OX is compact, this also implies

µk
X ∈ L1(g). Our approach will be to solve the L2 problem first for certain orbital measures

on the group G and then use our transference theorem to derive the appropriate result for
L2(g).

To begin, fix a 0-neighbourhood U ⊆ g, with compact closure, on which the exponential
map is a diffeomorphism. Given non-zero X ∈ t, choose λ0 > 0 such that

(k(X))OλX = λk(X)OX ⊆ U for all λ ≤ λ0.

Since the Fourier transform of µX and µλX are dilates, it follows that µk
X belongs to L2(g)

for the same choices of k as µk
λX . This shows there is no loss of generality in assuming
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(k(X))OX ⊆ U and hence by the transference argument, Corollary 7.3, it suffices to prove
that µ

k(X)
exp X ∈ L2(G).

The annihilating roots for exp X will always contain those of X , but strict containment is
possible. But for almost all non-zero scalars λ, the matrices λX , X and exp λX have precisely
the same annihilating roots. As explained above, there is no harm in replacing X by such a
choice of λX (for λ suitably small), thus in order to prove that µ

k(X)
X ∈ L2(g) for all X �= 0

it will be enough to prove that µ
k(X)
exp X ∈ L2(G) whenever X and exp X have the same type.

In some special cases the L2 result for orbital measures on G is already known. For
example, in [10] it was shown that for a regular element x ∈ G, µ2

x ∈ L2(G). Hence
k(X) = 2 for X regular. This can also easily be seen from our combinatorial approach
since none of the roots are “bad”. In [8] it was shown that when G = SU (n) and x is type
SU (n − r), then µk

x ∈ L2(G) for k = [ n−1
r

] + 1 and this is sharp. The elements X of type
Bn−1 in Bn , Cn−1 in Cn and Dn−1 in Dn generate orbits of minimum dimension. These were
the types of orbits studied in [7] and the proof that µn

exp X ∈ L2(G) can be found there. The
results of both [7,8] will be recovered as special cases of our theorem.

We will give the details of the proof of the L2 result for the orbital measures in groups of
type SU (n) or Dn . Our approach will be to check that the value of k(X) is at least as great
as the value of k0(exp X) specified in the L2 combinatorial criterion, Theorem 6.1, so that
µ

k(X)
exp X will belong to L2(G).

The proof for G of type Bn is similar to Dn and will be left for the reader. The results for
Cn are identical to Bn since their root systems have the same combinatorial structure.
Case: G of type SU (n). We consider the possible types of X .

(i) X of Type SU (n − r) with n − r > r : The subroot system of type SU (n − r)

is contained in one of type SU (n − r) × SU (r) and it clearly suffices to check the L2

combinatorial criterion for the larger system. (This is an observation we will use repeatedly).
Lemma 6.3 implies (with the notation of that lemma) that for all choices of indices,

k(i1, . . . , il , SU (n − r) × SU (r)) ≤ max
(n

r
, 3

)
,

thus we may take k0(exp X) = max
( n

r , 3
)

in Theorem 6.1. Hence µk
exp X ∈ L2(G) for the

least integer k ≥ n/r, namely, k = [ n−1
r

] + 1.

(ii) Type SU (n − r) with n − r ≤ r : In this case SU (n − r) is contained in a subroot
system of type SU (n − r) × SU (r − 1) × SU (1) and Lemma 6.7 implies we may take
k0(X) = 2.

(iii) Type SU (n/2) × SU (n/2) follows directly from Lemma 6.3.
(iv) Type SU (k1) × · · · × SU (kt ) + r free with k1 >

∑t
i=2 ki + r is contained in one of

type SU (k1) × SU (
∑t

i=2 ki + r). Again the result is immediate from Lemma 6.3.
(v) Type SU (J )× SU (K )+ r free with J ≤ K + r and r ≥ 1: If r ≤ J , then this subroot

system is contained in one of type SU (J )× SU (K )+ SU (r) and Lemma 6.7 gives the result
k0(X) = 2. Otherwise, by distributing the “free” letters suitably between the sets J, K we
can assume the subroot system is contained in one of type SU (J ′)×SU (K ′)×SU (r ′) where
J ⊆ J ′, K ⊆ K ′, 1 ≤ r ′ ≤ r and J ′ ≤ K ′ + r ′. Again, we call upon Lemma 6.7.

(vi) Type SU (k1) × · · · × SU (kt ) + r free with k1 ≤ ∑t
i=2 ki + r and t ≥ 3: Again,

by distributing the free letters across the sets k1, . . . , kt , suitably, we can assume, without
loss of generality, that r = 0. If t ≥ 4, we note that SU (k1) × · · · × SU (kt ) is contained in
one of type SU (k1) × · · · × SU (kt−2) × SU (kt−1 + kt ). Reorder k1, . . . , kt−2, kt−1 + kt if
necessary. Since kt−1 + kt ≤ k1 + k2, the condition that the cardinality of the largest set is
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at most the sum of the cardinalities of the remainder continues to be satisfied. Thus without
loss of generality t = 3 and Lemma 6.7 applies.
Case: G of type Dn . Again, consider the possible types of X .

(i) X of Type Dn−r with n − r > r : Again we observe it suffices to check the L2

combinatorial criterion for the larger system, Dn−r × Dr . But compare the appropriate
counting of good and bad roots in Dn−r × Dr with counting in Cn−r × Cr . Since the long
roots of Cn can only contribute to the count as bad roots, it follows from Lemma 6.3 that for
all choices of indices,

k(i1, . . . , il , Dn−r × Dr ) ≤ k(i1, . . . , il , Cn−r × Cr ) ≤ max
(n

r
, 3

)
.

Hence µk
exp X ∈ L2 for k = [ n−1

r

] + 1.

(ii) Type Dn−r with n − r ≤ r : A subroot system of this type is contained in one of type
SU (r) × Dn−r and by Lemma 6.5 it follows that µ2

exp X ∈ L2.
(iii) Type DJ × SU (k1) × · · · × SU (kt ) + r free is contained in both SU (K ) × DJ and

DJ × DK for K = ∑t
i=1 ki +r . If K ≥ J , then the first containment and Lemma 6.5 implies

µ2
X ∈ L2. Otherwise, as in the explanation of (i), k(X) = [ n−1

K

] + 1 suffices.
(iv) Type SU (k1)×· · ·×SU (kt )+r free for r ≥ 1 is contained in one of type SU (n−1) and

thus Lemma 6.6(i) implies µ2
exp X ∈ L2. If r = 0 but t ≥ 2, then the subroot system is con-

tained in SU (
∑t−1

i=1 ki )× Dkt where kt = min(k1, · · · , kt ). Lemma 6.5 ensures µ2
exp X ∈ L2.

(v) Type SU (n) in Dn is dealt with in Lemma 6.6(ii) for n ≥ 5. Lastly, we remark that
the fact that µ4

exp X ∈ L2(G) for X of type SU (4) in D4 was shown in [10].

As µ
k(X)
X is a non-zero, absolutely continuous measure supported on (k(X))OX the mea-

sure of this set is positive.
We now turn to the “singularity” side of the problem. Of course, the singularity of µ

k(X)−1
X

will follow once we establish that m((k(X) − 1)OX ) = 0. This is obvious if k(X) = 2 since
any orbit is a submanifold of proper dimension and hence has measure zero. The desired result
is proven in Corollary 8.1 for the orbits of types SU (n−r) in SU (n), Bn−r in Bn, Cn−r in Cn

and Dn−r in Dn and for the orbits of type SU (n/2)× SU (n/2) in SU (n) in Proposition 5.1.
For most of the other types we rely upon the following observation made in Corol-

lary 2.2: If the set of annihilating roots of X contains those of Y , then for all g ∈ G,
Tg−1 Xg(OX ) ⊆ Tg−1Y g(OY ). Thus if

dim

(
k∑

i=1

Tg−1
i Y gi

(OY )

)

< dim g

for all choices g1, . . . , gk∈G, then the same must be true for the dimension of
∑k

i=1Tg−1
i Xgi

(OX)

and therefore (k)OX will have measure zero as in the reasoning of Corollary 4.5.
For example, if X is type SU (J ) × SU (k1) × · · · × SU (kt ) + r free in SU (n) with

J >
∑t

i=1 ki + r , then the annihilating roots of X contain the annihilating roots of some Y
of type SU (J ) in SU (n). By Corollary 8.1

dim

(
k∑

i=1

Tg−1
i Y gi

(OY )

)

< dim g

if k ≤
[

n−1
n−J

]
and thus m((k)OX ) = 0.

The same reasoning applies to type BJ (or CJ , DJ ) × SU (k1) × · · · × SU (kt ) + r free
in Bn (or Cn, Dn).
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This leaves only type SU (n) in Dn . For n ≥ 5, a simple dimension argument suffices:
Since dim OX = n(n − 1) and dim Dn = 2n2 − n,

dim
(
TX (OX ) + Tg−1 Xg(OX )

) ≤ 2n(n − 1) < dim Dn

for all g ∈ G and therefore m((2)OX ) = 0.
Lastly, we need to prove that if X is type SU (4) in D4, then m((3)OX ) = 0. There is an

automorphism π of the root system of D4 that maps the set of annihilating roots of X onto
a subroot system of type D3. This automorphism extends to an isomorphism on the torus
which maps X to the element π(X) whose set of annihilating roots is the type D3 subroot
system. Furthermore, π induces a Lie algebra isomorphism, also called π. One can check
that π(OX ) = Oπ(X) and that

π(Tg−1 Xg(OX )) = Tg′−1π(X)g′(Oπ(X))

where if g = exp H , then g′ = exp π(H). Theorem 4.1 shows that if π(X) is type D3, then

dim

(
3∑

i=1

Tg−1
i π(X)gi

(Oπ(X))

)

< dim D4 for all g1, g2, g3 ∈ G.

As
∑3

i=1 Tg−1
i Xgi

(OX ) has the same dimension we see that m((3)OX ) = 0.

This completes the proof of the theorem. 	

Corollary 8.3 Suppose x ∈ G and there is some X ∈ g of the same type as x and satisfying
exp X = x . Then µ

k(X)
x ∈ L2(G), µ

k(X)−1
x is singular to the Haar measure on G, and

mG(Ck
x ) > 0 if and only if k ≥ k(X).

Proof The L2 results were already established in the proof of the theorem.
It is known that Ck

x ⊆ exp((k)OX ) [3]. Thus m((k(X) − 1)OX ) = 0 implies

mG(Ck(X)−1
x ) = 0 and therefore µ

k(X)−1
x is singular to mG . The measure of Ck(X)

x is positive
since the set supports a non-zero, absolutely continuous measure. 	


The dimensions of OX and Cexp X coincide precisely when X and exp X are the same
type. This is always the case when G is type An , consequently we also have the dichotomy
holding on these groups.

Corollary 8.4 All orbital measures on SU (n) satisfy the L2-singular dichotomy.

Remark 8.5 In Lie types other than An it is not always true that X and exp X are the same
type, although always dim OX ≥ dim Cexp X . One example where the inequality is strict is
when G is of type Bn . The torus element x ∼ (π, π, . . . , π) in G is of type Dn and generates
a conjugacy class of dimension 2n, but any preimage orbit has dimension at least n(n +1)/2.

Indeed, the orbit of minimal dimension in the algebra has dimension 4n − 2 and there is no
orbit in the Lie algebra Bn of type Dn .

It was shown in [10] thatµ2n
x ∈ L2(G) and this is sharp. In [7] we verified that m((n)OX )>0

for all non-trivial orbits in Bn, but we cannot deduce that Cn
x has positive Haar measure

from this fact since the exponential map is not a local diffeomorphism near x and need
not preserve positive measure. Thus new ideas will be needed to resolve the L2-singular
dichotomy question for such orbital measures on the Lie groups.

The main result of [7] is a special case of our theorem.
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Corollary 8.6 Let g be one of the classical simple Lie algebras. The Lebesgue measure
of (k)OX is non-zero for all X �= 0 if and only if k ≥ rank g + 1 if g is type An and
rank g otherwise.

Proof One can see from the chart that µk
X ∈ L2 for all non-trivial X for the choice of k

specified. The elements of type An−1, Bn−1, Cn−1 or Dn−1 in the Lie algebras of type An ,
Bn , Cn or Dn , respectively, generate the orbits of minimal dimension and for these orbits the
choice of k is sharp. 	


Ricci and Stein [18] proved that if µk
X ∈ L1, then µk

X ∈ L p for some p > 1. In fact, our
methods show this is true for some p > 2.

Corollary 8.7 If X �= 0, then µ
k(X)
X ∈ L p(g) for some p = p(X) > 2.

Proof As explained in the proof of the theorem it is enough to check that µ
k(X)
x ∈ L p(G)

for x ∈ G with exp X = x and of the same type as X.

We note that we do not need k to be an integer in the combinatorial criterion. Indeed, the
proof of Theorem 6.1 shows that provided

l∑

j=1

(k − 1)
∣
∣G j

∣
∣ − ∣

∣B j
∣
∣ > l/2 (8.1)

for all indices satisfying rank G ≥ i1 > · · · > il ≥ 1 and all subroot systems of a given

type, we can conclude that the fractional Fourier transform, ̂
µk

exp X ∈ l2. Since the strict
inequality is satisfied by k(X), it must be the case that for some k < k(X) (non-integer
valued) inequality (8.1) holds for all of the finitely many choices of indices and subroot
systems of the given type. (In fact, we can take k = k(X) − ε where ε < 1/ dim OX ).

Thus
̂
µ

k(X)
exp X ∈ lq for q = 2k/k(X) < 2 and by the Hausdorff-Young inequality µ

k(X)
exp X ∈

L p(G) where p > 2 is the conjugate index to q . 	

Remark 8.8 It is not the case, however, that µ

k(X)
X ∈ L p for all p. Our reasoning above

implies that µ2
X ∈ L3−ε(su(2)) for all ε > 0, but it follows from [17] that µ2

X /∈ L3.

Ricci and Travaglini [20] proved that if X is a regular element (in the Lie group or algebra)
then µX ∗L p ⊆ L2 if and only if p ≥ 1+rank G/(2 dim G−rank G). Since µ

k(X)
X ∗L1 ⊆ L2

for any X �= 0, an application of Stein’s interpolation theorem (c.f. [9]) yields the following
extension of their result.

Corollary 8.9 For any X �= 0, µX ∗ L p ⊆ L2 if p > 2 − 2/(k(X) + 1).

Remark 8.10 The dichotomy conjecture is open for the exceptional Lie groups and algebras.
There are sufficient conditions known for the L2 property [11], but it is unknown if these are
sharp. The more complicated combinatorial structure of the root systems of the exceptional
groups (especially, E6, E7 and E8) make these algebras much more difficult to work with.
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