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Abstract We prove that the G-invariant orbital measures supported on adjoint orbits in
the Lie algebra of a classical, compact, connected, simple Lie group satisfy a smoothness
dichotomy: Either u* is singular to Lebesgue measure or u* € L?. The minimum k for
which % € L? is specified and is also the minimum k such that the k-fold sum of the orbit
has positive measure.
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1 Introduction

Let G be a classical, compact, connected, simple Lie group and g its Lie algebra. Given X in
the torus of g, we let ;y denote the G-invariant orbital measure supported on Oy, the orbit
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92 S. K. Gupta et al.

of X under the adjoint action of G on g. In this paper, we prove that all the orbital measures
(except the trivial case when X = 0) satisfy a surprising “L? versus singular” dichotomy:

Either ,u/;( € L%(g) N L'(g) or [,LI;( is singular to Lebesgue measure on g.

We specify the minimum k = k(X) for which ;L])‘( € L?;itdepends only on the combinatorial
structure of the annihilating roots of X. In fact, ,ul;(x) € L? for some p > 2 which depends
on the group, but need not be in L? for all p > 2.

Adjoint orbits are submanifolds of proper dimension in the Lie algebra and hence have
Lebesgue measure zero. Geometric properties of the algebra ensure that if a suitable number
of (non-trivial) orbits are added together the resulting subset of g has positive measure. Our
results imply that this same value, k(X), is also the least integer k such that the k-fold sum
of Ox has positive measure.

Orbital measures on the group G, supported on conjugacy classes on which the exponential
map is a diffeomorphism, are also shown to satisfy a similar L?-singular dichotomy. In
particular, this is true for all orbital measures on SU (n).

The results in this paper improve upon [6,7] where the dichotomy was first observed for
orbital measures supported on the minimal dimension conjugacy classes in the groups of Lie
type A,, C,,n > 3 and D,,, and [8] where the dichotomy was shown for certain other orbital
measures in SU (n). These examples inspired us to conjecture that the dichotomy might hold
for all orbital measures.

Our work generalizes, in spirit, the work of Ragozin [17] which built upon earlier work
of Dunkl [4] and established that u * u € L2 (R") when p was the surface measure on a
sphere in R”, n > 3. (Indeed, the surface measure on a sphere in R3 is the orbital measure
on an adjoint orbit in the Lie algebra of SU(2).) However, unlike spheres in R” which are
submanifolds of co-dimension one, adjoint orbits are typically manifolds of dimension much
less than the dimension of the corresponding Lie algebra. Often their dimension is less than
half the dimension of the algebra and in this case k(X) will necessarily be greater than two.

Ricci and Stein [18,19] proved that if the surface measure © on a compact submanifold
of a Lie group satisfied uk e L', then the density function of uk satisfied a Lipschitz
condition and thus p* € L1+ for some ¢ > 0. But there was no suggestion in their proof
that ¢ could be as large as 1. Other questions about the sum of orbits or convolutions of
orbital measures have also been studied. For instance, in [2] and [22] a formula is given for
the convolution of orbital measures. In [20] the LP-improving behaviour of regular orbital
measures is characterized; our results yield an extension of this. However, the Lz—singular
dichotomy seems quite unexpected.

Our project was originally motivated by another classical result of Ragozin [16] that if
(0 was any central, continuous measure on G, then uimG e 11(G). Ragozin’s result was
improved in a series of papers by the authors, with various coauthors. Together the results
in [6,7,10] imply that for the Lie groups of type A,, C,, n > 3 or D,, it is the case that
uk e L'(G) for all central, continuous measures 4 if and only if k is at least rank G + 1
in type A, and rank G otherwise. The orbital measures supported on the conjugacy classes
of minimal dimension were shown to be the sharp examples and, furthermore, these orbital
measures were seen to satisfy the L2-singular dichotomy. In [8] the dichotomy was also
shown to hold for a class of orbital measures in SU (). All these examples follow as special
cases of the current work. In [7] we also found the minimum k such that (k) Ox has positive
measure for all non-trivial orbits in all the classical Lie algebras and this too follows as a
special case of the results here.

There are two main steps in obtaining our results. First, in Sects. 3, 4 and 5, we study the
problem of showing that the measure of (k) O is zero, for suitable choices of k and particular
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Dichotomy of orbital measures 93

orbits, by proving that the dimension of the k-fold sum of tangent spaces to the orbit is
less than the dimension of the algebra. Unlike [7], where the arguments varied considerably
depending on the Lie type, in this paper, we develop a much more unified approach. For this
part of the problem our methods are algebraic and geometric.

The second major task of the paper is to prove the sufficiency of the exponent k(X) for the
L? property and this we consider first for orbital measures supported on conjugacy classes
in the Lie groups. In the previous papers the approach taken was to investigate the size of
characters on Lie groups, a topic studied by many authors (c.f. [1,5]). Once the (uniform)
rate of decay of the pointwise value of characters is known L? results can be easily derived
for the orbital measures on the group by means of the Peter-Weyl theorem. This approach
was already very complicated for the special orbital measures on SU (n) that were studied
in [8], where the structure of orbital measures/conjugacy classes is simpler than for general
classical Lie groups. In this paper, we take a different approach, studying the /> norm of the
Fourier transform of ,ufc directly. This is a better strategy for our purposes since uniform decay
estimates may not give the sharp L? results. However, we also obtain (new) estimates on the
rate of decay of the characters as a consequence. One of the contributions of this research is
to show that to verify the L? condition it is enough to check that the set of annihilating roots
of the element x satisfy a combinatorial criterion. We then determine the optimal choice of
k for which this criterion is satisfied. This analysis is carried out in Sect. 6.

To obtain results about orbital measures supported on adjoint orbits in the algebra from
these results for orbital measures on the group we prove a general transference theorem that
is based on ideas of Dooley and Wildberger [3]. This can be found in Sect. 7.

Our main result proved in Sect. 8. There the value of k(X)) is specified and we demonstrate
how the work of the previous sections yield both the dichotomy and the sharp answer for
the sum of orbits problem. Moreover, we show that [L/;((X) € L? for some p > 2. The
L?-singular dichotomy is also established for all orbital measures on the group that are
supported on conjugacy classes of the same dimension as their preimage orbits (under the
exponential map) and this includes all the orbital measures on SU (n).

2 Basic facts about Lie algebras/groups and orbits
2.1 Introductory facts and notation

We begin by collecting required general facts and notation. In the next subsection we will
specialize to the classical Lie groups/algebras that will be the focus of this paper. For further
background details we refer the reader to [12,13] or [21], for example.

Let G denote a compact Lie group with (real) Lie algebra g. We let T denote the torus of
the Lie group, t the torus of the Lie algebra and W the Weyl group. We will denote by & the
root system of (g€, t©) and &+ the positive roots.

The group G acts on the Lie algebra by the adjoint action Ad(g)(X) forg € Gand X € g.
The orbits in g under this action always contain an element H € t. We will denote by Oy
the adjoint orbit of H and by (k) Oy the k-fold sum of Oy, i.e., Oy + --- 4+ Op (k times).
Orbits are proper submanifolds of g. Similarly, a conjugacy class in G always contains some
h € T and we denote by C}, the conjugacy class generated by 4.! Given Z € O, we will
write Tz (Op) for the tangent space to Og at Z.

I we generally use capital letters to denote elements of the Lie algebra and small letters for the group.
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By the orbital measure py we mean the G-invariant measure supported on Oy given by:

/fdMH Z/f(Ad(g)(H))dmc(g) forall f e Cec(g)
9 G

(where mg denotes the Haar measure on G.) The orbital measure p; supported on Cj, is
defined similarly. Orbital measures are continuous if H % 0 or /4 is not in the centre of
G and they are central measures, meaning they commute with all other measures under
convolution.”

Given aroot o € @, we let E, denote a corresponding root vector and g, the root space.
We can express E, as RE, — 1l Ey, with RE,, [E, € g and 72 = —1. (We reserve the
usual symbol “i” for the quaternions, used later.) Then E_, = REy + Tl E,.

Given H € t we let

Ny ={a € ®: a(H) # 0}

be the set of non-annihilating roots for H. The set of annihilating roots of H is a subroot
system of & and it is of proper rank if H # 0. By the frype of H we mean the Lie type of
its annihilating roots. If «(H) # O for all roots «, then H (or Op) is called regular. These
generate the orbits of maximal dimension.

The set of non-annihilating roots play an important role in the geometric structure of
orbits. For example, it is known that the dimension of Oy is the cardinality of Ny [15, VI.4]
and the following relationship was shown in [7].

Lemma 2.1 If H € t, then
Th(Op) = span{REy, IEy : ¢ € Ny}
= span{[H, RE,],[H,IE,] : « € Ng}.
Moreover, for a dense set, Dy, of Z € Opy
T7(On) = span{[Z, REy], [Z, [Ey] : @ € Ng}.
Since Tg_ng(OH) = g_lTH(OH)g, this result implies:
Corollary 2.2 If X,Y € tand Nx C Ny, then for any g € G,
Ty 1x,(0x) € Tty (Oy).

Of course, g~! Xg and g~!Yg are typical elements in Oy and Oy, respectively.
This corollary will be helpful for us (later in the paper) in deducing necessary lower bounds
on the number of convolution powers needed for the L' problem.

2.2 Description of classical groups and properties of special elements

For the remainder of the paper, we will focus specifically on the classical, compact, connected,
simple Lie groups G and their algebras g, those whose root systems are one of the four infinite
families of type A, B;, C, or D,. For the convenience of the reader, in this section we will
summarize the set-up for each of these classical types.

Let F =R, Cor Hwhere H = {o + i + jy + k¢ : a,B,y,¢ € R} is the set of
quaternions. Note that C embeds in H by taking the quaternions with j, k coordinates 0 and

2 Of course, the adjective “central” is only of interest in the group case when there exist non-central measures.
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Dichotomy of orbital measures 95

that forq € H, ¢ = o — i — jy — k¢. We should point out that the quaternions are not
a field and the multiplication is not commutative. We denote by M, (IF) the n x n matrices
with entries in F.

Our models of the classical compact connected Lie groups will be the special orthogonal,
special unitary and sympletic groups:

SO(n)={geM,R):gg' =g'g=1,detg =1}
SU(n) ={geM,(C):gg" =¢g"g=1,detg =1}
Sp(n) = {g € My(H) : gg* =g"g =1I}.

Note that SO (n) € SU (n) C Sp(n).
Their Lie algebras are, respectively,

so(n) = (A € My(R): A = —A"}
su(n) ={A e M,(C): A=—A*Tr(A) =0}
sp(n) ={A e M,(H): A=—A*}.

The adjoint action here is given by Ad(g)X = g !Xgforg e Gand X € g.

We will denote by Ej,, the n x n matrix with 1 in entry (/, m) and 0 else, with the exception
thatin the case of su(n), by Ej; we will mean the matrix with 1 in position (/, /), —1 in position
(n, n) and 0 otherwise. As we will use them very frequently, we will put

Rim = Eim — Eqi; Iim = i(Epy + Epp)
Jim = J(Eim + En); Kijm = k(Ejp + Epp).

Some further notation: For 1 < r < n, put

n—r—+1,...,n} if g = su(n) or sp(n)

Ar(g) = {2n —2r+1,...,2n} ifg=so(2n)orson+1)

and
Q@ ={Um:1=<l<m meA (9}

with the added condition that if g = so(2n) or so(2n + 1) and / = m — 1, then m is odd.
When g is clear we suppress the writing of it.

In the first half of this paper, we will be studying the orbits of torus elements H = H, €
g = su(n), so(2n + 1), sp(n) or so(2n), whose annihilating roots are a subroot system of
the same type as g, but with rank equal to rank g — r. We will also be interested in certain
subspaces of g of rank n — r that we call g (H,) = g(). These are defined as the vector
spaces generated by the annihilating roots of H,, except if g = su(n) when g (H,) has
one more basis vector—see definition below. In all cases except su(n), g (H,) is a Lie
subalgebra.

In the chart that follows we summarize the specific details for the classical groups and
algebras.

Type A,—1, n > 2: (We will also say type SU (n).) In this case T = i.

- G=SUMm);g=sun);dimG=n?>—1;t= diagonal matrices in su(n).

- & ={x(e —en): 1 <l <m < n}. The action of ¢, on t is given by ¢,,(H) = «a,,
when H = diag(iay, ..., ia,) € t.
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96 S. K. Gupta et al.

— The root vectors satisfy the following conditions for 1 <[ <m < n:

REe[—em = Elm - Eml = le
IEe/—em = i(Elm + Eml) = Ilm-

Special element H = H, € t of type A,—;—, for some r > 1: Up to a Weyl conjugate
these are the matrices

H =diag(ic, ..., i, idpy—ry1,-..,100) 2.1)

with o, &p—r 11, ..., 0, € R, all distinct and >)_ ., = —(n — r)a. For these
elements we have

— Ng={x(es—en):(U,m)eQ};dimOyg = 2n—r—r

— Tu(On) = span{Rim, lim : (I, m) € 2}

- gn(H) =span{Ryy, Ijm, iEx: 1 <l <m<n—r,1<k<n-—r}.

Type B, n > 2: (v = i)

- G =802n+1);g=s02n+1);dimG = nQn+ 1)t ={D>) e(Exy—1,2 —
Eoo1-1) ar € R}

- & ={tey,H(es£ey) 1 1 <A <n 1 <1 < m < n}where ¢,,(H) = a for
H =73 a(Ey_12— Ey-1).

— The root vectors are given by the formulas below for 1 </, m < n:

RE, = Ry—12u+1; 1Eg; = Rojonyi,
RE¢ ., = Roy—12m—1+ Room; 1Eg—e, = —Ro—12m + Royom—1
RE; e, = Ro—12m—1 — Rooms 1Eete, = Ro—120m + Room—1.

Special element H of type B, _, for r > 1: These are the matrices

n
H= > aRy 12 2.2)
I=n—r+1
with oy 41, . .., @, non-zero and distinct. Then

- Np={ten, (s ten):1<l<m, n—r+1<m<n};dimOyg = Q2n—r)2r
- TH(OH) = Span{R1m7 Ru,2n+1 : (lv m) € Qr,uce Ar}
- gn(H) =span{Ry, Ryony1 : 1 <l <m <2n—2r,1 <u <2n—2r}.

Type C,, n > 3:

~ G=S8pm);g=spn);dimG =n2n+ 1)t = (3 i Ey : oy € R}.
- & = {£2¢, (e L ey) : 1 <u <n,1 <1 < m < n} where e,,(H) = a; for
H =73 iaEy.
— Foru, [, m as stated above, the root vectors are given by
RE., = jEuw; 1Ez, = kE,,
RE; —¢, = Rim; IE¢—c, = Iim
REe/+em = Jlm; IE€[+Em = Klm

Special element H of type C,—, for r > 1: These are the n x n diagonal matrices
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Dichotomy of orbital measures 97

H = diag(0, ..., 0, ity_rq1,....i00) (2.3)

with oy 41, . . ., @, non-zero and distinct. Then

— Ny ={R2ey,x(e; L ey) : (I,m) € QL };dim Oy = 2n —r)2r

— Ty (On) = span{ Ry, Ijm, Jim, Kims jEmm, kEpm : (I, m) € Q,}

- g(r)(H) = SPaH{le Iy Jim, Ky BEww B =1, j,k,1 <l <m<n—-r,1<uc=
n—r}.

Type D,,n > 4:

- G=S0@2n);g=s0(2n);dim G = n(2n — 1); tis the same as for so(2n + 1), omitting
the 2n + 1 entry.
- Dd={*(etey):1<i=<n,1<Il<m < n}withthe same action asin SO(2n + 1).
— The root vectors are given by RE,,+,, and I E¢ 4., asin SO(2n + 1).
Special element H of type D,,_, for r > 1: These are the matrices

n
H= > aRy 12 (2.4)
I=n—r+1
with oy 41, . . ., @, non-zero and distinct. Then

— Np={x(esten):1<l<mn—r+1<m<n};dmOy=Q2n—r—1)2r
- Tu(Op) = span{Ryy, : (I, m) € Q,}
- gn(H) =span{R;, : 1 <1 <m <2n —2r}.

Terminology: When g = su(n) (or sp(n)), a typical element Z € Ty (Op) has the form

Z = Z A Rim + 1Bim Lim
(I,m)e,

or

Z = z m Rim + 1Bim lim + JVim Jim ~+ kdim K + Z G Ymm + kbmm) Emm
(I,m)e, meh,

respectively. We will refer to (z;m)1,m)eq, as the coefficients of Z where z;,, is the complex
(resp. quaternion) number

Zim = A + 1Bim (+jVim + kdim)-

If g = so(2n) (or so(2n + 1)) the typical element is

Z= Z Zm Rim +Zzl,2n+1Rl,2n+l
(.m)eR, leA,

where the coefficients (z/,),m)eq, are real.

3 Results for matrices

In this section and the next we will continue to assume that H = H, € tandg() = g((H) are
as described in the previous section. Let P : g — g,) denote the projection, say P(X) = Xp.
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We will state and prove results either for all four Lie algebras, or for matrices in sp(n) and
so(2n + 1). In the latter case, the corresponding results for su () and so(2n) can be obtained
by analogous methods.

In the next lemma g could be any of the classical Lie algebras, su(n), so(2n + 1), sp(n)
or so(2n) and Fy,, or F, l/m will denote any of Ry, I1m, Jim, Kim, depending upon which are
defined for g.

Lemma 3.1 Suppose (I, m), (u,v) € Q.(g) andu € Ay (g). Then
[Fim, Fylp = 0.
Proof 1t can be seen that for any 1 < my,mo,ny,ny <n,

[Em1m25 Enlng] - 5m2n1Em1n2 - Smlnz En1m2~

For any of the pairs, (I, u), (I, v), (m, u), (m, v) with indices as prescribed in the lemma,
at most one index can lie in {1,...,n — r}if g = su(n), sp(n) orin {1,...,2n — 2r} if
g = so(2n), so(2n + 1), hence the lemma follows. O

Corollary 3.2 Let Z € Ty(Opg). If (u, v) € Q,(g) and u € A,(g), then
[Z, Fiwlp =Z, jEuwlp = Z, kEw]lp = 0.
Notation. As they will arise frequently, for Z € g we will put
R =1Z. Rulp

and similarly define Iu(v ), Juv 2) and K L(f) (as appropriate for the Lie algebra). In the case that
g = sp(n) we will put

Vi = (R 1090 KDY
We also introduce an “inner product” notation: Given a quaternion number ¢ = o« + iff +
jy + k¢ and 4-tuple V = (A, B, C, D) (typically of elements in the Lie algebra) let

(z,V)=aA+ BB+ yC+¢D.
Lemma 3.3 Suppose Z, Z' € Ty (Opg) have coefficients (zim), (Z;m) and that v, w € A,(g).

(a) For g = sp(n) we have the following identities:

(1) Zu 1 {(Zuv, Vi uv >_0
z VA ..
(o) X i{zl,0 ,Vu( ) Y+ 10 (Zuw0, Vu(v )) = 0foranyofo = 1,1, j, k. (Here
ZyyO IS the quaternion product).

(b) For g = so(2n + 1) we have the following identities:
. _ 7 ,
@) Zin 12r Zulegv) + ZU‘2”+1R1(),2)n+1 =0.

2 2 Z Al 7 7
(i1) Z il (Zuv l(lw) + Z’“URISU )) + Z;,211+1R1(u,%n+1 + Zw72”+1R5,2t)1+1 =0.

Proof (a)Letm, v € A, and denote by Fy,, any of R, I, Jim, Kim. One can easily check
that

[Flma Fuv]P = avaul; [le7 Fuu]P = (vaFul
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[Ilm’ Kuv]P = _8mv-]ul; [Ilma Juv]P = 8vaul
[JIVH! Kuv]P = 5mvlul

with the understanding that R, = 0, 1,, = 2i E,,;, etc.
Using these facts it can be verified that for | < u < n—-—r < v < nand V, =
(Ruls Iulv Jul, Kul)’

RJ(A%) = Z (@m Rim + iBim lim + JVim Jim + kdim Kim) » Ruy

,m)e, P

+ z (JYmm + k@mm) Epm, Ruy

meA, P

n—r

= ZalvRul = Bivlu — vivJu — droKu = Z(%, Vui).

=1 1

Similarly,

n—r

I =" B Ru + ety lut + broJur — yioKur = D (i1, V),
=1 !
n—r

JL%) = ZV!URul — Gl +apJyi + B Ku = Z(]%, Vur),
=1 !
n—r

K =" 1R + vivlu — Brodur + o Kur = D (Kziw, V).
=1 ]

The proofs of (i) and (ii o) use these equations and the observation that R,;; = — Ry, while

Ly, Jy and K,,; are symmetric in u, [. For example, equation (ii o) with o0 = 1 simplifies to
n—r
Z Ayl Rur + by Ly + curJut + du Ky
u,l=1
where, for example,
ay] = “;valw + ﬂ;vﬁlw + ¢,;v¢lw + V;,:uylw + Oll/vauw + ,Bl/vlguw + ¢1/U¢uw + yl/vyuw
and
Cyl = _a,;vylw + a[/vyuw + yu/valw - V[/vauw + ﬂ;;vd)lw - ﬂ;v¢uw + ¢[,vl3uw - ¢;vﬂlw-
The antisymmetry of R,; and symmetry of I,,; shows that
n—r n—r
Z ay Ry =0= Z cutdui-
u,l=1 u,l=1

The other two terms are similar.
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100 S. K. Gupta et al.

(b) One can similarly check that for 1 < u <2n —2r < v < 2n we have

2n—2r

Z
R,(w) = Z ZiwRul _Zv,2n+1Ru,2n+l and
=1
2n—2r

2)
Rv,2n+1 = Z 2w Ri2n+1.
=1

The two identities follow from this. O

Analogous results hold for su(n) and so(2n).

4 Sums of tangent spaces

In this section we will prove that (¢ + 1) Oy has measure zero for H = H, as specified in
2.1)-(24)and g = [”771] — 1. To do this, we first describe a spanning set for the projection
of Tx (Op) into g, the Lie algebra of rank r less than rank g, spanned by the annihilating
roots of H for any Z in the dense set Dy where we know a basis for the tangent space
(Lemma 4.2). The results of the previous section on matrices in g will allow us to show that
there are many dependencies between these spanning sets for arbitrary XV, ..., X@ e Dy.
This enables us to prove that the dimension of the projected space,

(Tx» (Op) + -+ Tx(q)(OH))P ,

is less than the dimension of g, forall XV, ..., X@ ¢ Dy. A continuity argument ensures
that the same is true for all X, ..., X@ e Opy. Since Ty (Op) lies in the orthogonal
complement of g, this will prove that

dim (TH(OH) +Tyay(Opg) + -+ + TX(q)(OH)) < dimg

giving Theorem 4.1. As we explain in Corollary 4.5, Sard’s theorem then implies that the
measure of (g 4+ 1) Oy is zero.

Theorem 4.1 Let g be any of the classical compact Lie algebras su(n), so(2n + 1), sp(n)
orso(2n). Let H € t be as specified in Sect. 2.2 and let ¢ = [%] — 1. Then for a dense set
of XV ..., X@ ¢ oy,

dim (Ty(On) + Tx1) (Op) + -+ + Tx@ (Op)) < dimg.

As indicated in the introduction to this section, to prove the theorem we need several
further lemmas.

Our first lemma is a reformulation of [8, 3.1]. We remind the reader that Dy is the dense
set of points X € Oy satisfying

Tx(Og) = span{[X, RE,],[X,[E,] : @ € Ny}

and that P is the projection onto g(-y. We also introduce another projection: themap X — Xy
from the Lie algebra g onto Ty (Op).

Lemma 4.2 For X € Dy,
(Tx(Om))p =span{[Xy, REy1p, [XH, IEylp : @ € Ny}
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Dichotomy of orbital measures 101

Proof Since g =t@ > ,cp sPan{REq, I Ey}, we may assume

X = Z CaREy +dy1Ey + Z CuREy +dyI1Ey + Xo
aed\ Ny aeNy

for X¢ € t. Thus

X—Xy= Z cuREy + dyI1Ey + Xo.
aed\ Ny

If Bisarootin Ny, then [X — Xy, REg] and [X — Xy, I Eg] lie in the span of

{REg,1Eg, REq18,1Eqyp, REq_p,IEy_pg:0 € P\ Ny, f € Ny}
But 8,0 = f € Ny fora € ®\ Ny and B € Ny. Hence

[X — Xy, REglp = [X — Xu, [Eglp =0
and the lemma follows. O
For any Z € Ty (Op), formally define T7 to be the subspace of g,
Tz =span{[Z, REy]p,[Z,IEy]p : ¢ € Ny}.

For X € Oy, Tx,, = (Tx(On))p.

Lemma 4.3 Forany Z € Ty(Op)

2r(n —r) if g = su(n)
dimT; <d = 4r(n —r) +2r l:fg=so(2n+1)

4r(n —r) ifg = sp(n)

4r(n —r) ifg = so(2n)

Remark 4.4 Together with Lemma 4.2 this implies dim (Tx(Opg))p < d forall X € Op.

Proof The result follows from Corollary 3.2. For instance, when g = su(n) (or sp(n)), Tz
is spanned by the 2r(n — r) (respectively, 4r(n — r)) vectors

(RO 1D (and JD KDy 1 <u<n—r<v<n) (4.1)
When g = so(2n) (or so(2n + 1)), Tz is spanned by the 4r(n — r) (+2r) vectors
{RZ, (and R, )i 1 <u<2n—2r <v<2n. 4.2)
]
Proof of Theorem We claim it is enough to prove that
dimV, < dimg —dim Oy —r (+1 for su(n)) 4.3)
for a dense set of Xy,..., X, € Oy, where

Vy = (Tx(l)(OH) +--- Tx(q)(OH))p .

The claim holds since Ty (Ogy) C gé;), dim gf;) =dim Oy +r (—1 for su(n)) and

(Ta(O) + Tx1y(Op) + -+ + Tx@ (On)) p = V4 < 8-
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For ZW, ..., Z@D e Ty (0g), let
Wy =Tz + -+ Tyaq.

We will prove that dim W, < dim g —dim Oy —r (+1 for su(n)) forall Z(, ..., Z@ and
this will certainly establish (4.3) for all (XD, ..., X@) e DY,.

Let TZ be the vector space of dimension d, with basis labelled by the collections of vectors
spanning 7z that are spe01ﬁed in (4.1) or (4.2), depending on the Lie algebra. We will denote
these basis vectors by R ) etc. There is a natural map from TZ onto 77 and this extends to a
map from lel TZ<1) — lel T, . Let L be the composition of this map with the addition
map L : H;IZI Tya) — g(r given by L1(Y1, ..., Y,) =Y + -+ Y,. Clearly,

dim Wy = Rank L < qd — Nullity L.

Our strategy is to find a good lower bound for Nullity L.
We will do this first for g = sp(n). Suppose that for/ = 1,...,q, Z" e Ty(Og) has
coefficients

< = all) 4 80+ 0+ kol

Put

uv’ “uv’ Yuv’ uv

‘7,4({;) _ (I_é“) i(l) j(l) I—('(l))

(where we write 13; in place of Rw ")
immediately prior to Lemma 3.3.

IfA e ]_[7:] T,u), we denote the s-coordinate of A by A(s). Foro =1,i, j,k;1 <1 <

m<gq;w,v €A, and w # v if ] = m, define Aj, and Al(;:w € H7=1 T"Z(z) by

etc.) We will again use the (,) notation defined

n—r
An(s) =D (2. VD)o

u=1

and
n—r
A () =D (@me, VD)8 —l—azz (20, Vimys,

u=1

(Of course, A;, and Al(m)wv
dependence in the notation).

It is clear from Lemma 3.3(a) that all of these vectors belong to the nullspace of L. We
will show that for almost all choices of Z = (Z M ...z (q)) this collection of vectors is

linearly independent and therefore for a dense set of Z,

also depend on Z = (zW, ..., ZD) but we suppress this

Nullity L > 2qr(gr — 1) +rq.
Hence we will have
Rank L < dimg —dim Oy —r
for a dense set of Z provided
4gr(n —r) —2qr(gr = 1) —qr <n(2n+1) =2r2n—r) —r,

and this is true for the choice of ¢. But then a continuity argument implies Rank L <
dim g — dim Oy — r for all Z, giving the desired result.
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The proof for g = su(n) follows by the natural embedding into sp(n). Take Z with all
J, k coefficients equal to zero. One can easily see that the null space of L contains the set

{AIU,A(U) witho =1,i, 1 <l <m <q,w,v € A,, w;évifl:m}.

Imwv
Again assuming linear independence it follows that Nullity L > gr(qr — 1) +rq and since
qr(2n —2r) —qr(qr — 1) —rq <n2—1—r(2n—r— H—r+1
we see that dim W, < dimg — dim Oy — r + 1, as we desired to show.

The arguments for so(2n) and so(2n + 1) follow similarly from Lemma 3.3(b). For
Z" e Ty (0p) with coefficients (z)) we put

2n—2r
D 5 () ()
Ats) = ( SR + R)s
u=1
and

2n—2r
=c7() =zD
Almwo(s) = ( Z thrlr)l)RL(li) ) + Zl()r,nZ)n+lR1(u,2n)+l)851

u=1
2n—2r - .
I p(zm @) n(Z™)
+( Z L RET) + Zw,2n+1Rv,2n+1)5sm
u=1

for w,v € A, and v # w if | = m. Assuming linear independence one can again see there
are enough vectors here to argue that dim W, < dimg — dim Oy —r.

The result for so(2n) follows by simply deleting the terms having 2n + 1 as a subscript.

It only remains to prove the linear independence for a dense set of Z. In fact, an analyticity
argument implies that either the vectors are linearly independent for almost all Z, or they
are linearly dependent for every choice. Thus it suffices to prove linear independence for a
single choice of Z = zW, ..., 7@,

In the case of sp(n) we take

r
Z(l) = ZR([,U,,JF,J,,NF, for [ = 1, e q.

t=1

Thus the coefficients of Z" are zero exceptif v =n—r 4+t forsomet =1,...,r and
u=(—1r+1t=m),in which case z) = 1.

Now suppose
S ©) L) :
o o
Z Z z almwvAlmwv + Z Z apAp =0
I<slsmo=L,i,jkveA, I=1 veA,

(where we understand v # w if [ = m).
Evaluating at the gth coordinate we obtain

n—r g—1 (g—yr
0= ag > (ad), Vi) + > a0t > B Vi)
vEA, u=1 =1 o=1,i,j,k v,weA, u=1
qr
+ > > a2 @le Vil + 0% @he, Vi)
o=1,i,j,kv<weA, u=(g—1r+1
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Since Z,(ﬁ;) = O unless u = 7, (v),

> ag Z 2, VD) = > aqu;(Tq)(v) v

VEA, veA,

Similarly, for each fixed u < (¢ — 1)r, there is a unique choice of I = I(u) € {1,...,q — 1}
and w = w(u) (namely, chosen such that u = m;(w)) with z(l) # 0. Consequently, the

second line in the evaluation of the g-th coordinate above simplifies to

(g=Dr

) pl@ @) 7@ ) 7@ k) z(q)
Z Z IquR _alquluv alqu‘] alqu)vK“U'

veA, u=l1
We remark that u # 7, (v) asu < (¢ — Dr.
The third line can be rewritten as

S 5 5o )+ X ol 1))

PEAr u=(g—Dr+1 © v<p w=p

Forv < p, z,(,qv) # Oonly if u = 7;(v) < my(p), while for w > p, z,(ﬂg # 0 only if

u = my(w) > mwy(p). Thus the third line is a linear combination of the basis vectors RL%),

I,jZ), JM(Z), K(q) butwithu > (¢ —1)r andu # 7, (p), having coefficients :l:aqqpv or :i:aqu,,

for a suitable choice of signs.
The linear independence of the basis vectors implies that all a
this argument on each coordinate ¢ — 1, ..., 1 gives the result.
The linear independence arguments for the nullity for the other Lie algebras are similar,
with the appropriate change of notation. This completes the proof of the theorem. O

(o)

lqwv

= a4y = 0. Repeating

Corollary 4.5 Forq = ["q;l] — 1, the measure of (q + 1) Op is zero and ,LLL,’_IH is singular

to Lebesgue measure on g.

Proof Since Taqg)x(On) = Ad(g) (Tx(Op)), it follows from the theorem that
q
dim (Z Tx, (oH)) <dimg
i=0

for a dense set of Xy, ..., X, € Oy.
Consider the addition map

F:04" > (g+ 1oy g
given by
q
F(Xo.....Xg) = > Xi.
The differential of Fat X = (X, ..., X;) maps onto the sum of the tangent spaces to Oy
at X;, Zl ) TX‘ (Op). A continuity argument shows that if the differential map had rank

equal to dim g at some X, then it would have rank equal to the dim g on a neighbourhood of
X. Consequently, the differential map has rank less than dim g at every point of OIq{'H and
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therefore Sard’s theorem [14, p. 286] implies that the measure of the image of F is zero. But
the image of F is (¢ + 1)Op.
Of course, ugl is singular being supported on (¢ + 1)Op. O

5 Special case SU(n/2) x SU(n/2)

There is one other orbit we need to consider, the orbit Oy C su(n) with n even and

n/2 n
H:aZEu-i-b Z Ej; where a + b = 0.
I=1 I=n/2+1

The results of the previous section are not helpful as they simply imply that m(Opg) = 0.
However, with additional work we can prove the two-fold sum has measure zero.

Proposition 5.1 For H as above,
dim (Ty(On) + Tz(Op)) < dim su(n)

forall Z € Oy. Hence Oy + Oy has measure zero and puy * (g is singular to Lebesgue
measure on su(n).

Proof We will continue to use the notation introduced previously.
Notice the set of non-annihilating roots for H is

Ny ={x(es—epn):l=1,...,n/2;m=n/2+1,...,n}.
Thusif L ={1,...,n/2}and M = {n/2 + 1, ..., n}, then
Tu(Oy) = span{Ry;,, Iy, : 1 € L,m € M}.

If we let P be the projection of su(n) onto (T (O )+, then the proposition will be proven
once we establish that dim(7z(Og))p < n2/2 — 1.

Forl e Landm € M, [Zy, Rimlp = [Z, Rijp) and [Zy, 11y 1p = [Z, I}, ]. Thus for Z
in a dense subset,

(Tz(On))p = span{[Zu, Rim], [ZH, Iim]:1 € L,m € M}.
Consequently, it suffices to prove that if Z € Ty (Op) and
Tz = span{[Z, Rjm], [Z, jm]:1 € L,m € M},
then dim(7%) < n%/2 — 1.

Let Z € Ty(Op) be given by Z = ZleL.meM Mm Rim + Bim Iim- A straightforward
computation shows that

R,(lf) =[Z,Rp] = Z(alvRul — Bwlu) + Z (otym Rom + Bum Tvm)

leL meM
1155) =[Z, In]l = Z(lglvRul +aply) + z (Bum Rum — tym Lym)-
leL meM
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We introduce further notation (which will be used only in this proof): For m, v, s, t € M and
s <t put

Ry = zauvR,%) + ﬁuvlﬁ)

uel
VA VA
R(s, 1) = ZausRl(u) + ﬂuslu(t ) + O(,,”R,%) + ,BWILESZ)
uel
zZ V4
I(s,t) = ZIBMSR,(U) - au‘vlu(t ) ﬂutngf) + O(utllgg)
uel
and
Ol;m = Zauvaum + BuvBum
uel
ﬁ{;m = Z:Bumauv — Qym Puv-
uel
Note that o], = o},,,., Bl = —Bhy and B, = 0. With this notation we can write
/ / / /
R(s, t) = Z O‘mthm + ,Bsmltm +O{mtRsm + ﬂtmlsm
meM
I(s,t) = Z ,By/nstm + O‘émltm - lsylntRsm - a;mlsm-
meM
We claim

M) 2pem Ry =0;
(11) ZUEM a;URU + ZS<[EM O[;tR(S, t) + ,3;,1(5‘, t) =0.

Claim (i) is simply the observation that " ey Rv = [Z, Z]. To prove (ii), we first note
that the symmetry of /,; and antisymmetry of R,; ensures that

0= Z Ay @y Ry = Z BuvBirvRu = Z (=Brvetuy + Buvaiw) L.

u,lel u,leL u,lel

Thus the left side of (ii) simplifies to

= Z Ol;[ (a;mRmt + lg;mltm) + Z (x;; (a;/’ns Rim + ﬂ;m Iim + Ol;m Rsm + lgt/m Ixm)

m,teM m,s<teM
/ ’ ’ ’ ’
+ Z :Bst (ﬁmsRTm + &g lim — By Rom — atmlsm) .
m,s<teM

Fix a,b € M, a < b. We will show that the coefficient of R, in the left side of (ii) is
zero. Similarly, the coefficient of /,, = 0 and hence (ii) will be proved. Reading off, we see
that the coefficient of Ry, is

== a;?ba(/lb + az/mal/m + Z (a;aaés + ﬁ;aﬂl/n‘) + Z (at/lta[/n - ﬂt;tﬂl;l)

s<a t>a
;o Il ’o /' pl
- Z (asbaas + /Ssblgas) - Z (abtaat - ﬁbt/gar)
s<b t>b
’or o ; Il ror /Y
= =y, 0 0 — Z (asaabs + ﬁsales) + z (aatabt - IBatlet) :
a<s<b a<t<b
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As B}, = B, = 0, this further simplifies to

- Z (a;aagm + ﬂ;alBl/ﬂ‘) + Z (0(;,0(1/” - /3;1181/)1‘) =0.

a<s<b a<t<b

The two vectors D, ps Ryand D> apan Ry + 2" e @i R(s, 1)+ B3, I (s, 1) are linear

combinations of R l(ri

), Il(rf) for/ € L, m € M and thus belong to Tz. Moreover, they are
linearly independent combinations when Z = Ry , + %Rz, n—1, for example, and hence for
almostall Z € Ty (Op). Consequently,dim 77 < 2(n /2)2—2 < n? /2—1 and this completes

the proof. O

6 Combinatorial criterion for L2

In this section we will develop a combinatorial approach to studying the L? side of the
problem.

6.1 Criterion for belonging to L?

In [6-10] the L? problem for convolution powers of orbital measures supported on conjugacy
classes in the group G was studied. The approach taken there was to compare the rate of decay
of the pointwise value of the characters of the group with their degree. To be more precise,
we proved bounds such as TrA(x)/d, < Cd,” ¥ for all representations A, where C, s were
positive constants that did not depend on A and dj, = deg A. Estimates on the pointwise values
of characters are relevant for an orbital measure p, on G because l;()t\) =Tri(x)/d,. It
was established in [9] that 3", 5 d! < oo fort < —rank G/|®*|, thus L? results follow
easily from these estimates using the Peter—Weyl theorem.

This approach does not seem to adapt well to some of the more complicated orbits. Instead,
in this paper, we directly bound the /> norm of the Fourier transform of x*. The novelty of
our new approach is that we show that the problem of finding an integer k such that u* € />
can be reduced to a purely combinatorial problem, as we will now explain.

Notation. Let {«, ..., a,} be a basis for a root system ® of rank n and {A{, ..., A,} be
the fundamental dominant weights, i.e., the dual basis vectors which satisfy (a;, A ;) = 8;;.>
Given a set of [ integers iy, . .., i; satisfying

n>iyp>ir>--->i>1
and a subroot system W of ®, we will let

-1
Xj={aed™ | JXp:(@n)#0t for j=1...1

k=1
j—1
Bj=Bj(W)={ae W\ | JBi:(ax,)#0¢ for j=1,...1
k=1

and G; = X;\ B;. (Wecall G; and B; the “good” and “bad” roots, respectively, arising at
step j relative to the given set of indices).

3 Note that in this section i, J» k will no longer be quaternions.
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Let k(iy, ..., i;, V) be the minimum integer k such that

I 1
D k=D|X;|—k|Bj| =Dk =1)|G;| - |B;| > 1/2.
j=1 j=1

Given x € T, we say o € ® is an annihilating root of x if «(x) = 0 mod 2. The set of
annihilating roots is a subroot system of @ and by the type of x we mean the Lie type of its
set of annihilating roots. This set is proper if x does not belong to the centre of G.

‘With this notation we can state our combinatorial criterion for ,u’; to belong to L3(G).

Theorem 6.1 Suppose x € T and ®(x) is the set of annihilating roots of x. Let
ko(x) = max (k(iy, ..., i, ¥))

where the maximum is taken over alll =1, ..., n = rank G, all sets of indices n > i} >
i > --- > i > 1 and all subroot systems, \V, Weylcon]ugate to ®(x). Then ,ukO(X) € L*(G).

Proof Throughout the proof the constant C may depend on x and G, but not A, and may vary
from one occurrence to another.
The Peter-Weyl theorem implies that u* € L?(G) if and only if

It was proven in [9] that

‘ > @2 T <
AEG

Tri <C A,
Tril<Cmax [] 1(p+4 )

acw(dt(x))
and since the Weyl-dimension formula states that
dy=C [] (0+1r a),
aedt

this gives the bound

2
~k||” a )22 A 2k
Hux ’2_Cun)1€av>;z [T 10+l [T 1e+raoPt
reG acdt acw(dt(x))
Temporarily fix A = Z?:l miA; € 6, where Ay, ..., A, are the fundamental dominant
weights, and order the coefficients m; as m;; > m;, > --- > m; . Let w € W. For j =
., [ put
j-1
Xj={aed™ | JXi:(@r)#0
k=1
and
j—1
Bj = Bj(w(®(x))) = {a € w(@ )\ | J Bi: (@ 4)) #0
The sets X, j =1, ..., n are a disjoint partitioning of &7 and the sets Bj,j=1,...,na

disjoint partitioning of w(® ¥ (x)), the positive roots of a subroot system conjugate to ®(x).
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Ifa € X or Bj, then
1+mij = |()0+)ha)| = C(l +mij)-

With this notation

n
[T1e+rmP ] 1e+rw < A+ mplXile-20+1812%

acdt acw(dt(x)) j=l1

It is easy to see that there is no loss of generality in assuming the indices i ; are in (strictly)
decreasing order for calculating the sums, le=1 |X.,< | and lezl | Bj | Thus taking k = ko (x)
ensures that

i
DX @—2k) + |Bj| 2k < —1— 1.
j=1

Simplifying, it follows that
n
H(l+mi,-)|X-"|(2_2k)+|B’|2k
j=1 ‘
n
2 Jo— . 1 . .
< (1+mi1)_]_”l(1+mi2)zj:1|X]|(2 21<)+|B_,|2k+1+”)H(l_i_mij)|x,|(2—zk)+|3,|2k

j=3

n
<[Ja+mp'-=

j=1
and hence
2 n
= e 2 [l mytor
reG Jj=1
o0 n
< C(z m_l_l/") < 00
m=1
as we desired to prove. O

Remark 6.2 Similar reasoning shows that if le:l |G| (s —1)+|Bj|s <0, then

Tr.
IrAOL 4= forall 2.
d.

Thus for all A,

|TrA(x)] < Cd;l/ko(x).
A

6.2 Counting arguments

The previous theorem shows it is important to determine the maximum value of k(iy, .. .,
ij, W) takenoverall/ =1, ..., rank G, indices i1 > i» - - - > i; and subroot systems W of a
given type. As we will see later, it will be enough to determine this number for a relatively
small set of subroot systems, which we analyze in this section. Our typical strategy will
involve an induction argument and counting.
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In what follows, Cy will mean a single long root {2¢;} and when we write SU (J) x SU (1)
in SU(J + 1) we simply mean the subroot system SU (J) in SU(J + 1).

6.2.1 C; x Ck inCjyg and SU(J) x SU(K) in SU(J + K)

Lemma 6.3 Suppose G is either of type Cjix or SU(J + K) and that V is a subroot
system of type Cj x Ck in the first case and type SU(J) x SU(K) in the second. Assume
J > max(K,2), K > 1 and ¥ is not type Cy x Cy. Then foranyl = 1, ..., rank G and
any set of indices satisfying rank G > iy > ip > --- > i; > 1 we have

! J !
E max { —, 2 GJ - B/‘ > —
4 K ’ 2
Jj=1
(Where we write G j, Bj for the cardinality of the sets G j, Bj).

Remark 6.4 In [10] it was shown that for x of type C2 x Cy in C3, X € L*(G) if and only
if k > 4, so the inequality above cannot hold in this case. However, one can check that if W
is type C» in C3, then le:l 2G; — Bj >1/2.

Proof First, suppose G is type C ;4 k. The roots of a subroot system W of type C; x Ck are
of the form

{£(ei £ ej), +2¢j :i,j € T} | {£(ei £e)). £2¢; :i, j € K}

where J, K are disjoint subsets of {1,...,n} forn = J + K. (As in the statement of the
lemma, we abuse notation and write J, K both for sets of indices and their cardinalities.
Which is meant should be clear from the context). When K = 1, we simply mean the long
root, 2ex, on the single letter k € K.

Our proof will proceed by induction on J, assuming the results holds whenever K < J —1.
The base cases, C3 x Cq and C> x Cy, will be left for the reader.

There are two cases for the induction step.
Case 1: C; x Cx in Cjig with K < J.

Fix/ and asetofindices J + K >i; >ip > --->i;>1.Form=0,...,[,let

Ko = Gimy1,inl (VK and Ty = (gt ind ()7

where we put ip = J + K and i = 0. We will also write K,,, and J,,, for the cardinality of
these sets.
As

1
Z-]m=-]=%sz7
m=0

m=0

there must be some index 0 < s < [ such that J; > %KS. Choose any letter jy € Js and
consider the combinatorial criterion problem with the root system @’ consisting of all the
roots in @ on the letters {1, ..., n}\{jo} and ¥’ the subroot system W (| ®’. This is a problem
of type Cy\(jy) X Ck intype Cjyg—1 and so the induction assumption will apply to it. We
will explain how to use this fact later in the proof.

But first, we count the total number of good and bad roots arising at steps 1 through / that
are not in ®’. Recall that the roots can be expressed in terms of the base {«q, ..., a,} by the
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rules

ej—ej=0o +---+aj1,
eit+ej=oi+---+aj1+20;+- -+ 20,1 +ay,
2¢; =20 + - 4+ 201 + oy,

2e, = ay

when i < j. Thusif s # 0, the good roots not in @ are those of the form e, + ¢; for all
k € K\K; and ej, + ¢ for all k € Kj, for a total of 2K — K; = g good roots. The bad
roots are e, £ ¢; forall j € J\J, ej, + ¢; for j € J; and the long root 2¢},, for a total of
2J — J; = b bad roots. Note that

J J
L8 —b= Ul — K >0,

The analysis is similar and the conclusion the same if s = 0. Moreover, observe that
Zg —b=0ifand only if J; = %K.

If jo ¢ {i1, ..., i}, then consider the combinatorial problem on the subroot system ¥’ in
@', with the indices i > i, > --- > i; partitioning the letters {1, ..., n}\{jo}. If we denote
by G’j and B;. the good and bad roots arising at step j of this problem, then it is clear that

! ! I
Z}Gj:Z]G’j—I—g and Bj:ZIB}—I—b.
j= j= j=

The induction assumption implies that

! J—1 P
Emax —.,2)G, - B, > —.

K J )
Jj=l1

Thus

1 1 1

J J l
E max(E,Z)Gj—Bj:max(?J) E G/j—i—g — E B}—i—b >3
= = =

If jo =is, but jo > 1and jo — 1 ¢ {i1, ..., i;}, then consider the combinatorial problem
(¥, @) with the indices iy > -+ > ig_| > jo—1 > ig4] > -+ > ij partitioning the letters
{1, ..., n}\{jo}. The reasoning is similar.

If both jo and jo — 1 are in the set {i1, ..., i;} then, instead, we consider the combinatorial

problem (W', @) but with the / — 1 indices i} > - -+ > is_| > isy] > --- > i;. We still have
>G;= ZG; +gand > B; = ZB; +b,butnowthesumZG/j (orZB})isoverl—l
indices rather than /. Thus the induction argument yields

= J—1 T
S max (221 2) 6y -5y - 2L
K imPiT
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However, as both jo, jo — 1 € {i1, ..., i;}, the set Js is the singleton jj and K is empty, so
%g — b > Jg = 1. Therefore

l -1

J J—1 J
Zmax(?,Z)Gj—Bj = E maX(T,Z)G}—B;—i—?g—b
j=1 j=1

L. (6.1)
> — > —. .
2 2

If jo=1=1i; and/ # 1 we argue similarly. Finally, if jo = 1 = i; ({l = 1) we do not
eliminate jo, but rather directly count that G; = 2K and By = 2J — 1, which gives the
desired inequality, %Gl — B > %

This completes the argument for C; x Cg with K < J.

Case 2: Cj x Cg with K, J the same cardinality.

Here we can eliminate one of the letters in K and reduce the problem to one of type
Cj x Ck—1. To do this, just choose K; > J; (with the notation as above) and pick any
ko € K. Count the number of good and bad roots involving the letter ko and argue in a
similar fashion to case 1, noting that max(J/K, 2) =2 = max(J/(K — 1), 2).

Now assume G is SU(J + K). There are similarities between this counting problem and
that for Cj 1 g, but differences, as well. One obvious difference is that there are no roots of the
form e; + ¢. But this does not affect the conclusion of the counting argument as these roots
contribute proportionally to both the count of the good and bad roots. More significantly,
SU(J + K) has rank J + K — 1, so the indices i; > ip > --- > i; > 1 must satisfy
i1 < J+ K —1, and yet we should still view them as defining a partition of {1, ..., J + K}.
Indeed, we define K,, and J,, just as before, with i) = J 4+ K. We consider the two cases,
as before, and choose a letter jo € Js (or kg € Kj, in the second case) to eliminate. If the
letter to eliminate is n and if i1 = n — 1, then it would not be valid to apply the induction
hypothesis to the root system @’ consisting of the roots on the letters {1, ..., n — 1} with the
indicesn — 1 =1i; > --- > i; > 1. Instead we discard i; and work with only / — 1 indices.
If G//. and B;. are the good and bad roots arising at step j of this problem (beginning the
indexing at step 2), then we still have 3, G; = 3/2) G/, + ¢, > Bj = 3. B/, + b. But
in this case, Jy is a singleton and K is empty, hence g — b > 1. Thus, after applying the
induction step we get the same inequality as in (6.1). O

6.2.2 Counting in Dy,

It will frequently be convenient to identify the root system D, with the subset B? of B,
consisting of all the roots except the short ones, {ei}l’le, ie.,

BY = {£(ei+ej):1<i<j<n)

There is no harm in making this identification as far as the counting for the L? combinatorial
criterion is concerned because if W is a subroot system of D, and i} > --- > i; is a partition
of {1,...,n}, thenif i; # n — 1 the counting of the good and bad roots in D,, is the same
as counting in B,?, while if i1 = n — 1, counting in D,, is the same as counting the good and
bad roots corresponding to the subroot system w (W) in B,? where the Weyl element, w, is
the simple sign change, w(e,) = —e, and we take the partition n =i} > iy > --- > i;.

@ Springer



Dichotomy of orbital measures 113

6.2.3 SU(J) in B, or D,

Lemma 6.5 If\V is either the subroot system SU(J) X Dg in ® = Dj g or SU(J) x Bk
inBjyg,withd > K >1(orK >2inDjyg), thenforanyl =1,...,J + K,

I

[
ZGj_Bj>§'

j=1
Proof Note that by type SU (J) we mean the subroot system
\P:{siei—sj-ej i #£jeJ}

where s; = %1 is a fixed choice of signs.

We proceed, again, by induction on J assuming the results holds whenever K < J — 1
and for the induction step we consider the two cases, / > K and J = K.

First we study the problem of SU(J) x Dk in Dj4x with J > K, viewing D,, as B,?,
as remarked above. Take a partition i; > --- > i; of {I, ..., J + K}. The counting here is
slightly different from the C; x Cg problem because we must take into account the choice
of signs s;. So we will define K,,, and J,,, as before but, in addition, we will put

L =1j€dnisj=+1}
Jy =1{j€In:sj=—1}L

Pick an index 0 < s <[ such that J; # 0 and without loss of generality assume Js“' > Jg.
Choose jjo € J;". The strategy will be to eliminate this letter and appeal to induction.

As before, we count the good and bad roots associated with jo: If s # 0, then e, & ¢ for
all k ¢ Ky and e, + ex for k € K are good roots. As well, for each j ¢ Jy, oneof e, + ¢;
or ej, — e; is good and the other is bad. Finally, e, +s;je; ¢ SU(J) and thus ej, +¢; isa
good root for each j € J;H\ {jo}. This gives a total of

g=J—-J; +2K - K; -1
good roots associated with the letter jo. Similarly, there are
b=J—JF

bad roots associated with jo. Thusg —b> K — 1> 1.

We will pick the index s = O only if J; = O foralli # 0. This ensures Ky # K and hence
ifs =0,theng =2(K — Kp)andb =0,s0g —b > 2.

If jo = 1 =iy adirect count gives G| — By > 1/2. Otherwise, if G’j and B} denote the
remaining good and bad roots after eliminating the letter jo, the same logic asinthe C; x Cg
problem shows that

1
I—1
/ /
ZGJ_B/>T
=1

so that le:l Gj—B; > %, as we needed to show.

The argument for type SU(J) x Bk in By with J > K is similar. We get one extra
good root from the short root e ;, and no additional bad roots. Thus, even if K = 1 we have
g — b > 1, which shows the induction step holds.

When J = K we pick a letter from K to eliminate and reduce the problem to SU (J) X
Dg_1in Djyg_1 (resp., SU(J) x Bx_1 in Bjix—_1). We pick kg € K; where Ky > Js,
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with the strict inequality holding if possible. In type Bk, the short root ey, is a bad root
when s # 0, sothat g —b = Ky — Jg, while in type Djyx, g —b > Kg — Jg + 1. In either
case, g —b = Ko — Jo if s = 0. Thus it is possible to have g —b = 0, but only in type B4 g
and only if all J; = K. But in this situation there is no loss of an index in passing to the
induction assumption, hence the proof will again follow. O

Lemma 6.6 (i) [feither \V isasubroot system of type SU (n) in B, or V is type SU (n—1)
in D, then

@ii) If\V is a subroot system of type SU (n) in D,, and n > 5, then
’ !
;2G j—Bj > 3

Proof (1) SU (n) in B,. Rather than an induction argument it is simple enough to do a direct
count of good and bad roots. We suppose

U = {sie; —sjej: 1 <i<j<n)
and given a partition i} > --- > i; we let

St =1{j € (ims1.iml:5; =+1}
and

S, =17 € my1,iml :5; = —1}.

Of course, bad roots can only be of the form e; & ¢, j < k, and we split these into two

groups.
Group I: j, k € (ijy+1,im] for some 1 < m < [. From these roots the bads ones are of the
form sje; — sxex where sjs; = —1 and the total number of these is Zézl S;,tS,;.

Group 2: These are the roots for which there exists r with j < i, < k. But then one of each
pair e £ e will be a good root and the other bad.

Consequently, to prove Z§=1 G; — B; > [/2 it is enough to prove that the number of
remaining good roots exceeds the number of group 1 bad roots by atleast//2. These additional
good roots are those of the form sje; + sxex with j, k € (i1, iy] for some m > 1 and
satisfying s;sx = +1, as well as the short roots e; with j < iy, for a total of

1 + _
S; S;
> (é)+(é)+si++si‘.

i=1

Thus the number of additional good roots less the group 1 bad roots is equal to % Z§=1 (Sl.+ —
Sf)2 + (SiJr + §;7). Since S;r + S8, > litis easy to see the sum above is greater than //2,
as desired.

SU(n — 1) in D,. This problem is similar to type SU(n) in B, with the good roots
involving the free letter effectively replacing the good short roots in the B, problem. We
leave the details for the reader.

@ Springer



Dichotomy of orbital measures 115

(ii) Type SU (n) in D, has the same good and bad roots as SU (n) in B, except it is
missing the good short roots. Thus

! ! + 2 +
(S; S) S;"+ S
2 Gj—Bj= E,

j=1 i=1

and obviously le:l 2G; — Bj > le:l G;j — Bj + Gy. Similar analysis to that above
establishes

; Iost -
Gi=D (ST + 5755 +57) + (Zi=1 5 )Jr (Zizl S; )

4 2 2

i=1
and a routine calculation shows that for n > 5 this gives the desired conclusion. O
6.3 SU(J) x SUK)x SU(L)inSU(J +K + L)

Lemma 6.7 Suppose V is a subroot system of type SU(J) x SU(K) x SU(L) in SU(J +
K+ LywithJ > K >LandJ < K + L. Then

! !
E Gi—B; > —.
: J />2

j=1

Proof The idea here is to proceed by induction on J + K + L. We will allow J, K, L =1
with the understanding that type SU (1) means one free letter. The result is trivially true for
the base case, SU (1) x SU(1) x SU(1).

We proceed by eliminating a suitable letter jo from J. The reduced problem on the sets
J\{Jjo}, K and L (upon reordering if necessary) is still of the same structure, so the induction
hypothesis applies to it. To pick the suitable letter, we define J,, and K, as before, and L,,
similarly. Pick an index s so that J; is not empty and J; — (Ky + Ls) > J — (K + L). Such
an index must exist because otherwise

i
J=(K+L)=2 Ju— Kn+Ln)
m=1
D dn— KL+ D, —(Km+Ln)
m with J,, ¢ m with Jy,=¢
c(J—(K+L))

A

where c¢ is number of m such that J,,, is not empty. As J — (K + L) < 0 this is a contradiction.

Counting good and bad roots associated with jo, one sees that g —b = J; — (Kx + Lg) —
J + K + L > 0 with equality avoidable if J; U K; U Ly is a singleton. Thus an appeal to the
induction assumption gives the desired result whether there is a loss of an index in passing
to the reduced problem or not. O

7 Transference theorem

To obtain L? results for orbital measures on the Lie algebras we will prove a transference
theorem.
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Given any compact Lie group G, we let W be the wrapping map of G introduced by Dooley
and Wildberger in [3], our main reference for this section. This is themap ¥ : M (g) — M (G)
given by

/fd\l/(,u):/j(X)f(X)du(X) for f continuous
G g

where f = f o exp and j is an analytic square root of the determinant of the exponential
map such that j(0) = 1.

It is known that if x, v are G-invariant measures on g, i.e., u(Ad(g)E) = n(E) for all
g € G and Borel sets E C g, then

Wk v) = W) * W(v)

where the convolution on the left is in g and the convolution on the right is in G.
Fix an open set U C g containing 0, having compact closure and which has the property
that

exp: U — exp(U)

is a diffeomorphism on closure(U). We state a lemma whose proof is similar to Theorem 1
in [3].

Lemma 7.1 Let ¢ € L'(g) be G-invariant and assume support ¢ < U. Then W(¢pj) is a
G-invariant function whose value on T is given by

¢(H) forHe Ut

V@ (exp H) = {0 for He \U

Theorem 7.2 Let 1 < p < oo. There are constants A, B > 0 such that if f is a G-invariant
function supported on U C g, then

Allfl, <1 HI, < BIFI,

and
W (HOI =17l

Proof Since W(f) is concentrated on exp U, a change of variables argument and the Weyl
integration formula gives

T =/|\I/(f)(g)|”dg

/|\v<f)(epo)|” |j(H)|*dH
U

2

/I\If(f)(H)lplj(H)lz [ «tm) | an.

ttOU aedt
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Applying the lemma to ¢ = f/j, we see that

2
4
1w (NI = / ‘§<H)‘ |j(H)|2(Ha(H)) dH

ttOU

2
= / If(H)I"Ij(H)Iz"’(Ha(H)) dH.

ttNU

Similarly,

2
= [ If(H)Ip(Ha(H)) aH.

U
Since exp is a diffeomorphism on closure(U), there are constants a, b > 0 such that
a<|j(H) <bonU.
Thus
a® PP, < 1O, <SPPI f,
and

O = 1712

[}

Corollary 7.3 Let H € U be such that Oy +---+ Ofg C U. Assume h = exp H. Then for
1<p<oo :“1;-1 € LP(g) if and only if/ﬂ,‘t e LP(G).

Proof This follows from the theorem and the boundedness of j on U, together with the
observation that ¥ (ug) = j(H)up. m]

8 Dichotomy result
8.1 Types

We recall that by the type of an element X € tor x € T we mean the Lie type of its
annihilating root system. We define the type of an orbit (or conjugacy class) to be the type of
any torus element generating the orbit (or conjugacy class). This is well defined as all such
elements are Weyl conjugate and hence have the same type. The zero element in g and the
central elements in G are characterized as being annihilated by all the roots.

Before stating and proving the main theorem of the paper, we need to identify the types of
subroot systems that are the sets of annihilating roots of elements of t. Not all subroot systems
can arise this way since any set of annihilating roots is closed under all linear combinations
(that are still roots). One example of a subroot system that is not the set of annihilating roots
is Cj x Ck in Cj4 k. This set is not closed under linear combinations as every rootin C 4 g
is a linear combination of roots in C; x Cg.

To determine which subroot systems are sets of annihilating roots consider a typical non-
zero element X € t. For g of type A,,—1, By, C, or D, it is convenient to identify t with
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R” by the identification X ~ (af,...,o,) if X = Z;‘zl iagEy in type A,—1 or Cy, or
X =, (Ey—1,m — Ex—1) in type By, or Dy,.
If g is type A,,—1, then up to a Weyl conjugate

X ~ (ay (Jg times), ap (Jp times), ..., a; (J; times), by, ..., by)

where a;, b; are distinct and J; > 2. The set of annihilating roots is Lie type Ay, 1 x -+ X
A _1, but we prefer to say that X is

type SU(J1) x -+ x SU(Jy) 4 r free

(and that g is type SU (n)). We simply say X is type SU(n —r)ift = 1.1ft = 0, X is regular.
For types B, C,, or D, we can suppose

X ~ (0 (J times), Ay, ..., A, b1, ..., by)
where A; = (q; (KI+ times), —a; (K; times)), with Kﬁ + K, > 2 and +q;, +b; real,

non-zero and distinct. If g is type B, the annihilating roots of X are

t
tleeikejiinje X
=1

where

X ={sie; —sjej i, j€ Kﬁ UK, withs; = 1ife; € K;r,s,- =—life; € K}
and we write J, K1, ..., K; to denote disjoint sets of cardinalities J, K1, ..., K;, respec-
tively, whose union is {1, ..., n — r}. The annihilating roots of X are of

type By x SU(K|) x --+- x SU(K;) + r free,

or type B,_, if t = 0. Note that we write B for the single short root {e}.

The annihilating subroot systems are similar in C,, and D,,, but in the latter case, if J = 1
the root system is type SU (K1) x - -- x SU(K;) +r + 1 free and D, and D3 are understood
as meaning the sets {&(e; £ e;) : i, j € J} where the cardinality of J is two or three
respectively.

The annihilating roots of a Weyl conjugate of X will be of the same type, although with
possibly different disjoint sets of letters and signs changed, according to the action of the
Weyl element.

In this terminology, Theorem 4.1 and Corollary 4.5 could be restated as

Corollary 8.1 Suppose X is type SU(n — r) in su(n), type B,—, in By, type C,,—, in C,, or
type Dy, in Dy, If k < ["r;l] , then

k
dim( Tgi_ng;(OX)) < dimg
i=1
forall g1, ..., gk € G, the measure of (k) Ox is zero and [,LI;( is singular.

Proof This was actually proved for specific choices of H € t of these types, however any
other X of the same type is Weyl conjugate to one of those choices of H and hence generates
the same orbit. O
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8.2 Main theorem

Theorem 8.2 Suppose X # 0 belongs to the torus of any of the classical compact simple
Lie algebras. Then either pU;( e L2(g) N L'(g) or ,u/} is singular to Lebesgue measure on
g. Moreover, if we let

k(X) = min{k : 1% € L?)

then m((k)Ox) > 0 if and only if k > k(X).
If X is a regular element, then k(X) = 2. For all other X the value of k(X) depends only
on the type of X and is specified below.

Typeof g  Type of X Value of k(X)

SU(m)  SUn—r), n—r>2 [=]+1

I:rll‘l_—kll:l—f-l l:fk]>zlt<=2ki+r

free with ki = max{k;} and 5 e
t>2
Bn anr [?]_,_1
n—1 . t
1 J ' ks
By x SU(k) x --- x [[n—]]+ lf >Z;:1 it+r
SU (k¢) + r free with t > 1 2 i< kit
SUKki) x -+ x SUKk) +r 2

free witht > 1
D, Dyr,n—r=>2 [=L]+1

D; x SUKky) x -+ x

[;’:}] F1 T =Y kit
SU (k) + r free witht > 1 2

iIfJ <X ki+r
SU (n)

SU k1) x --- x SU(ky) +r
free witht > 2 ort = 1 and
r>1
The results for Lie type C,, are the same as for B, with the obvious changes in notation.
Proof We will begin by proving that ,ul;(X) € L?(g). As (k) Oy is compact, this also implies
//L/;( € L'(g). Our approach will be to solve the L?> problem first for certain orbital measures
on the group G and then use our transference theorem to derive the appropriate result for
L%(g).
To begin, fix a 0-neighbourhood U C g, with compact closure, on which the exponential
map is a diffeomorphism. Given non-zero X € t, choose 1o > 0 such that

(k(X))Opx = 2k(X)Ox C U forall A < Ap.

Since the Fourier transform of px and u)x are dilates, it follows that ,u1§( belongs to Lz(g)
for the same choices of k as ,u/iX. This shows there is no loss of generality in assuming
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(k(X))Ox < U and hence by the transference argument, Corollary 7.3, it suffices to prove
that 25} € L2(G).

The annihilating roots for exp X will always contain those of X, but strict containment is
possible. But for almost all non-zero scalars A, the matrices A X, X and exp A X have precisely
the same annihilating roots. As explained above, there is no harm in replacing X by such a

choice of A X (for A suitably small), thus in order to prove that //L];(X) S Lz(g) forall X # 0

it will be enough to prove that /J,];((g;( el?

In some special cases the L? result for orbital measures on G is already known. For
example, in [10] it was shown that for a regular element x € G, ;L)% € L2%(G). Hence
k(X) = 2 for X regular. This can also easily be seen from our combinatorial approach
since none of the roots are “bad”. In [8] it was shown that when G = SU (n) and x is type
SU(n — r), then pcﬁ‘c € LY(G) fork = [”r;l] + 1 and this is sharp. The elements X of type
B,_1in B,, C,_1 in Cy, and D, _1 in D,, generate orbits of minimum dimension. These were
the types of orbits studied in [7] and the proof that /,Lgxp x € L*(G) can be found there. The
results of both [7,8] will be recovered as special cases of our theorem.

We will give the details of the proof of the L? result for the orbital measures in groups of
type SU (n) or D,. Our approach will be to check that the value of k(X) is at least as great
as the value of ko(exp X) specified in the L2 combinatorial criterion, Theorem 6.1, so that

;LI;((;;( will belong to L%(G).
The proof for G of type B, is similar to D,, and will be left for the reader. The results for
C, are identical to B,, since their root systems have the same combinatorial structure.
Case: G of type SU (n). We consider the possible types of X.
(1) X of Type SU(n — r) with n —r > r : The subroot system of type SU(n — r)
is contained in one of type SU(n — r) x SU(r) and it clearly suffices to check the L?
combinatorial criterion for the larger system. (This is an observation we will use repeatedly).

Lemma 6.3 implies (with the notation of that lemma) that for all choices of indices,

(G) whenever X and exp X have the same type.

k(1. ... i1, SU®n —r) x SU(r)) < max (ﬁ, 3) ,
r

thus we may take ko(exp X) = max (%, 3) in Theorem 6.1. Hence [,L];pr € L%(G) for the
least integer k > n/r, namely, k = ["71] + 1.

(ii) Type SU(n — r) withn — r Srr : In this case SU (n — r) is contained in a subroot
system of type SU(n —r) x SU(r — 1) x SU(1) and Lemma 6.7 implies we may take
ko(X) = 2.

(iii) Type SU (n/2) x SU (n/2) follows directly from Lemma 6.3.

(iv) Type SU (k1) x - -- x SU (ky) + r free with k1 > Zx:z k; + r is contained in one of
type SU (k1) x SU(Z§=2 k; + r). Again the result is immediate from Lemma 6.3.

(v) Type SU(J) x SU(K) +r free with J < K +r andr > 1:If r < J, then this subroot
system is contained in one of type SU (J) x SU(K)+ SU (r) and Lemma 6.7 gives the result
ko(X) = 2. Otherwise, by distributing the “free” letters suitably between the sets J, K we
can assume the subroot system is contained in one of type SU (J) x SU(K") x SU (r") where
JCJ,KCK,1<r <randJ' <K’+r'. Again, we call upon Lemma 6.7.

(vi) Type SU (k1) x --- x SU(k;) + r free with k; < 25:2 ki +r and r > 3: Again,
by distributing the free letters across the sets ki, ..., k;, suitably, we can assume, without
loss of generality, that ¥ = 0. If # > 4, we note that SU (k;) x --- x SU (k;) is contained in
one of type SU (k1) X - -+ x SU (k;—2) x SU(kj—1 + k). Reorder ky, ..., ki—2, ki—1 + k; if
necessary. Since k;—1 + k; < k1 + ko, the condition that the cardinality of the largest set is
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at most the sum of the cardinalities of the remainder continues to be satisfied. Thus without
loss of generality + = 3 and Lemma 6.7 applies.
Case: G of type D,. Again, consider the possible types of X.

(i) X of Type D,,—, with n — r > r: Again we observe it suffices to check the L?
combinatorial criterion for the larger system, D,_, X D,. But compare the appropriate
counting of good and bad roots in D,,_, x D, with counting in C,_, x C,. Since the long
roots of C,, can only contribute to the count as bad roots, it follows from Lemma 6.3 that for
all choices of indices,

Koty Damr X D) S kGt Gy x Cp) < max (5,3))
r

Hence 'u]épr e L2 fork =[]+ 1.

(ii) Type D,,—, with n —r < r: A subroot system of this type is contained in one of type
SU(r) x Dy, and by Lemma 6.5 it follows that ug, € L*.

(iii) Type Dy x SU (k1) x - -+ x SU (k;) + r free 1s contained in both SU(K) x D, and
Djx Dk forK = Zj:l ki +r.If K > J, then the first containment and Lemma 6.5 implies
M%{ € L?. Otherwise, as in the explanation of (i), k(X) = ["—;l] + 1 suffices.

@iv) Type SU (k1) x - - - x SU (k;)+r freeforr > 11is contained in one of type SU (n—1) and
thus Lemma 6.6(i) implies ngpx € L2.1f r = 0 but r > 2, then the subroot system is con-

tained in SU(Z;;% ki) x Dy, where k; = min(ky, - - - , k;). Lemma 6.5 ensures /Lgxpx e L2
(v) Type SU (n) in D, is dealt with in Lemma 6.6(ii) for n > 5. Lastly, we remark that
the fact that ,ugxp x € L?(G) for X of type SU (4) in D4 was shown in [10].

As pd];((x) is a non-zero, absolutely continuous measure supported on (k(X)) Ox the mea-

sure of this set is positive.

We now turn to the “singularity” side of the problem. Of course, the singularity of /L];((X)71
will follow once we establish that m ((k(X) — 1)Ox) = 0. This is obvious if k(X) = 2 since
any orbit is a submanifold of proper dimension and hence has measure zero. The desired result
is proven in Corollary 8.1 for the orbits of types SU (n —r) in SU (n), B,—, in B,,, C,,—, in C,,
and D,,_, in D,, and for the orbits of type SU (n/2) x SU (n/2) in SU (n) in Proposition 5.1.

For most of the other types we rely upon the following observation made in Corol-
lary 2.2: If the set of annihilating roots of X contains those of Y, then for all g € G,
Ty-1x4(Ox) S Ty-1y,(Oy). Thus if

k

dim (Z To-tyg, (0y)) <dimg
i=1

forall choices g1, . . ., gk€G, then the same must be true for the dimension of Zf‘z ngﬂ ¥ gl_(O X)

and therefore (k) Ox will have measure zero as in the reasoning of Corollary 4.5.

For example, if X is type SU(J) x SU (k1) x --- x SU(k;) + r free in SU (n) with
J > ZE:] ki 4 r, then the annihilating roots of X contain the annihilating roots of some Y
of type SU (J) in SU (n). By Corollary 8.1

k
dim (Z Tg;lYgi (OY)) < dimg

i=1

n—J
The same reasoning applies to type By (or Cj, Dj) x SU (k1) x --- x SU (k;) + r free
in B, (or Cy, Dy).

ifk < [”_] ] and thus m((k)Ox) = 0.
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This leaves only type SU (n) in D,. For n > 5, a simple dimension argument suffices:
Since dim Oy = n(n — 1) and dim D,, = 2n% —n,

dim (Tx (Ox) + To-1x,(0x)) < 2n(n — 1) < dim D,

for all g € G and therefore m((2)Ox) = 0.

Lastly, we need to prove that if X is type SU (4) in Dy, then m((3) Ox) = 0. There is an
automorphism 7 of the root system of D4 that maps the set of annihilating roots of X onto
a subroot system of type D3. This automorphism extends to an isomorphism on the torus
which maps X to the element 77 (X) whose set of annihilating roots is the type D3 subroot
system. Furthermore, 7 induces a Lie algebra isomorphism, also called 7. One can check
that 1 (Ox) = Ogx(x) and that

T[(Tg—lxg(OX)) = Tgr—lﬂ(X)g/(Oﬂ(X))
where if g = exp H, then g’ = exp(H). Theorem 4.1 shows that if 7 (X) is type D3, then

3
dim (Z Tgiln(X)gi(Orr(X))) < dim Dy forall g1, g2, 83 € G.

i=1

As Z?zl Tg_—ng[ (Ox) has the same dimension we see that m((3)Ox) = 0.
This comlpletes the proof of the theorem. O

Corollary 8.3 Suppose x € G and there is some X € g of the same type as x and satisfying
expX = x. Then LLI;(X) e LYX(G), M/;(X)_l is singular to the Haar measure on G, and

mg(C*) > 0 ifand only if k > k(X).

Proof The L? results were already established in the proof of the theorem.
It is known that Cf C exp((k)Ox) [3]. Thus m((k(X) — 1)Ox) = 0 implies

mg (Cﬁ(x)_l) = 0 and therefore ,u,]i(x)_] is singular to m . The measure of Cﬁ(x) is positive
since the set supports a non-zero, absolutely continuous measure. O

The dimensions of Ox and Cexp x coincide precisely when X and exp X are the same
type. This is always the case when G is type A, consequently we also have the dichotomy
holding on these groups.

Corollary 8.4 All orbital measures on SU (n) satisfy the L*-singular dichotomy.

Remark 8.5 In Lie types other than A, it is not always true that X and exp X are the same
type, although always dim Oy > dim Cexp, x. One example where the inequality is strict is
when G is of type B,,. The torus element x ~ (7, 7, ..., ) in G is of type D,, and generates
a conjugacy class of dimension 2n, but any preimage orbit has dimension at least n(n + 1) /2.
Indeed, the orbit of minimal dimension in the algebra has dimension 4n — 2 and there is no
orbit in the Lie algebra B, of type D,,.

It was shown in [10] that M%"e L?(G) and thisis sharp. In[7] we verified thatm ((n) Ox) >0
for all non-trivial orbits in B,, but we cannot deduce that C has positive Haar measure
from this fact since the exponential map is not a local diffeomorphism near x and need
not preserve positive measure. Thus new ideas will be needed to resolve the L>-singular
dichotomy question for such orbital measures on the Lie groups.

The main result of [7] is a special case of our theorem.
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Corollary 8.6 Let g be one of the classical simple Lie algebras. The Lebesgue measure
of (k)Ox is non-zero for all X # 0 if and only if k > rankg + 1 if g is type A, and
rank g otherwise.

Proof One can see from the chart that u’% € L? for all non-trivial X for the choice of k
specified. The elements of type A,,—1, B,—1, C,—1 or D,,_1 in the Lie algebras of type A,,
B,, C, or Dy, respectively, generate the orbits of minimal dimension and for these orbits the
choice of k is sharp. O

Ricci and Stein [18] proved that if ,u’} e L', then u’j( € L? for some p > 1. In fact, our
methods show this is true for some p > 2.

Corollary 8.7 If X # 0, then MI;((X) € LP(g) for some p = p(X) > 2.

Proof As explained in the proof of the theorem it is enough to check that uﬁ(x) e LP(G)
for x € G with exp X = x and of the same type as X.

We note that we do not need & to be an integer in the combinatorial criterion. Indeed, the
proof of Theorem 6.1 shows that provided

l

D k=1|G;| - |Bj| > 1/2 (8.1)
j=1
for all indices satisfying rank G > iy > --- > i; > 1 and all subroot systems of a given

type, we can conclude that the fractional Fourier transform, “Iéx x € 12, Since the strict
inequality is satisfied by k(X), it must be the case that for some k < k(X) (non-integer
valued) inequality (8.1) holds for all of the finitely many choices of indices and subroot
systems cith\egiven type. (In fact, we can take k = k(X) — ¢ where ¢ < 1/dim Oy).

Thus MI;((;(;( € 14 for ¢ = 2k/k(X) < 2 and by the Hausdorff-Young inequality ulé)((g;( €

L?(G) where p > 2 is the conjugate index to g. O

Remark 8.8 It is not the case, however, that MI;X) € L? for all p. Our reasoning above

implies that 13 € L3¢ (su(2)) for all & > 0, but it follows from [17] that u3 ¢ L>.

Ricci and Travaglini [20] proved that if X is a regular element (in the Lie group or algebra)
then jux*L? < L2ifandonlyif p > 14rank G/(2dim G—rank G). Since 5%« L' < 2
for any X # 0, an application of Stein’s interpolation theorem (c.f. [9]) yields the following
extension of their result.

Corollary 8.9 Forany X #0, ux * LP C L? if p > 2 —2/(k(X) + 1).

Remark 8.10 The dichotomy conjecture is open for the exceptional Lie groups and algebras.
There are sufficient conditions known for the L2 property [11], but it is unknown if these are
sharp. The more complicated combinatorial structure of the root systems of the exceptional
groups (especially, Eg, E7 and Eg) make these algebras much more difficult to work with.
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