Chapter 1

Basic symplectic geometry

This chapter is an introduction on symplectic geometry. Symplectic geometry has its origin in
classical mechanics. Many important geometry problems can be naturally formulated in the
context of symplectic geometry, thus it is also a widely useful language in mathematic physics,
representation theory etc. Since 1970’s, after Kostant and Souriau introduced the geometric
quantization, symplectic geometry became an independent mathematic subject which is an ex-
tension of complex geometry. Complex geometry is a classical and still very active area, and
Kahler manifolds in complex geometry are naturally symplectic manifolds which belong to a
large class of manifolds: Poisson manifolds. These three classes of manifolds are basic objects of
this chapter.

We start in Section 1.1 the definition on the symplectic vector spaces and show the space
of its compatible complex structures is contractible. More precisely, we construct a smooth
surjective map from the space of metrics on the vector space to the space of its compatible
complex structures, this allows us to extend it easily to the symplectic vector bundles case.
In Section 1.2, after recall basic facts on differential manifolds, we explain the Moser’s trick
which is very useful to treat the problems on the existence of certain diffeomorphisms and as
applications, we establish the Darboux theorem which explain locally, any symplectic manifold
is same as a symplectic vector space, thus any possible symplectic invariant should be of a global
nature. In Section 1.3, we explain the Poisson structure on a symplectic manifold and give a brief
introduction on Poisson manifolds. In Section 1.4, we recall the definition of a Kéhler manifold.
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1.1 Linear symplectic geometry

This section s a continuation of linear algebra. We explain basic facts on symplectic vector
spaces, compatible complex structures and symplectic groups.
1.1.1 Symplectic vector spaces

Let V be a real vector space of dimension m. We will denote by V* its dual space, and for k € N,
let A¥V* be the space of antisymmetric (i.e., alternating) multilinear mappings from V x --- x V/
————

k times
to R. Certainly, for k > m, we have
ARV = 0. (1.1.1)
We get easily that
AV =R, AV =V, dim A™V* = 1. (1.1.2)

A nonvanishing element of A™V* defines an orientation of V. The antisymmetric multiplication
for o € A*V*, 3 € A"V* is defined by: for v1,...,vpr €V,

1 o
(Oé A ﬁ)(’Ul, ce 7’Uk;+7‘) = W Z (—1)‘ ‘O((Ug(l), e 7U0(k))/8(1}0-(k+1)7 ey vg(k+r)), (113)

0ESk4r

and |o| is the sign of ¢ € Sk, the (k + 7)-th permutation group. Then A*V* = @M  AkV*
becomes an algebra with its Z-grading induced by its degree, and A®*V™ is called the exterior
algebra of V*. Any basis {e/}72, of V* induces a following basis of ARV

el i=et Ao net for T={1<iy <--- <ip <m}. (1.1.4)

We call a bilinear form 6 : V x V' — R is nondegenerate, if for v € V, 8(v,-) = 0 € V* implies
v =0.
We call a bilinear form g : V x V' — R is a scalar product (or Euclidean metric) on V' if g is
symmetric and positive, i.e., for any u,v € V,
symmetric :  g(u,v) = g(v, u),

1.1.5
positive :  g(u,u) >0 if u#0. ( )

Definition 1.1.1. We say (V,w) is a symplectic vector space if V is a finite dimensional real
vector space, and w : V x V — R is a nondegenerate antisymmetric bilinear form. In this case,
we call w a symplectic form on V.

Definition 1.1.2. Let (V1,w1), (Va,ws) be two symplectic vector spaces. A linear map ¢ : Vi —
V5 is called symplectic, if

w1 = @ wsy := wa(-, P-). (1.1.6)

If the linear map ¢ : Vi — V5 is symplectic, then as w; is nondegenerate, ¢ is injective. If ¢
is also an isomorphism, we call that ¢ is a symplectic isomorphism.

Proposition 1.1.3. If (V,w) is a symplectic vector space of dimension m, then m is even and
w™? € A"V* is nonvanishing which defines an orientation of V.. Moreover, the map

veV sw,)evV” (1.1.7)

s an tsomorphism.
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Proof. Let (-,-) be a scalar product on V. Then there exists an antisymmetric invertible endo-
morphism A € End(V) such that

w(e,) = (-, A). (1.1.8)
As
det A = det(A") = (—=1)"det A4, (1.1.9)

thus m is even.

If (-,-)’ is another scalar product on V', and A’ is the corresponding antisymmetric invertible
endomorphism. Then there is P € GL(V) such that PAP' = A’. Thus det A and det A’ have
the same signature. This means V has a canonical orientation. In fact, this is equivalent to
w™? € AmV* and w™/? # 0.

As w is nondegenerate, the map v € V. — w(v,-) € V* is injective. As dimg V' = dimg V*,
(1.1.7) is an isomorphism. The proof of Proposition 1.1.3 is completed. O

The basic example is the following. In fact, as we will see in Theorem 1.1.15, it is the only
symplectic vector space.

Ezample 1.1.4. Let L be a vector space. Then L & L* is a symplectic vector space with a
symplectic form w™®L" defined by: for (I1,1%), (Io,15) € L ® L*,

P11, 1), (2, 13)) = (10, 15) — (2, 1), (1.1.10)

here we denote by (I1,13) := I5(l1). In particular, if we identify R™ with R™ by the canonical
scalar product of R™ defined by: for z = (z1,...,2,)% ¥y = (y1,---,yn)t € R?,

(@,y) =Y iy (1.1.11)
=1

We call (R?",wp) = (R™ @ R™*,w®"®®"") the standard symplectic space. Sometimes, we also
denote by wg; the canonical symplectic form wy.

From now on, let (V,w) be a symplectic vector space. For W C V' a linear subspace, let
Whe ={v eV :w(,w) =0, for all w € W}, (1.1.12)

be the w-orthogonal complement of W. We denote by vl ,u for u,v € V if w(u,v) = 0. In the
same way, ul W for W C V if w(u,v) =0 for any v € W.

Definition 1.1.5. For W a linear subspace of a symplectic vector space (V,w), we call
1. W is symplectic if W N WL+ = 0;
2. W is isotropic if W C Wte:
3. W is coisotropic if W« C W;
4. W is Lagrangian if W = We,
Proposition 1.1.6. For W a linear subspace of (V,w), we have
dim W + dim W = dim V, (W)t =W, (1.1.13)

If W is symplectic, then W~ is also symplectic and we have the direct decomposition of sym-
plectic vector spaces

(V,w) = (W,wlw) ® (W, wlyLo). (1.1.14)
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Proof. Let (, ) be a scalar product on V. Let A € End(V) as in (1.1.8). Then W« = (AW)+.
Hence,

dim W = dim(AW)* = dim V — dim(AW). (1.1.15)

As A is invertible, by (1.1.15), we get the first equation of (1.1.13), in particular, we have
dim W = dim (WJ-W)L“. But by (1.1.12), we have W C (WJ-W)J'“. This means the second
equation of (1.1.13) holds.

If W is symplectic, then WL+ N (WLW)L” =WtenW = {0}, thus W~ is symplectic. Now
we get (1.1.14) by the first equation of (1.1.13).

The proof of Proposition 1.1.6 is completed. O
Proposition 1.1.7. If (V,w) is a linear symplectic space of dimension 2n. Then there exists
e, fi, -, en, fn @ basis of V, such that, for 1 <i,j <n,

w(ei,fj) :51']'7 w(ei,ej) :07 w(fi,fj) = 0 (1116)

This basis will be called a symplectic basis of V.

Proof. We shall prove this proposition by induction on dim V/2. If dim V' = 0, certainly it holds.
We suppose dim V' > 2 and the proposition is true for the symplectic vector space of dimension
smaller than dim V' — 2.

Let e; € V\{0}. As w is nondegenerate, there is f; € V such that

w(el,fl) =1. (1.1.17)

Set W = Re; @ Rf;. By Proposition 1.1.6, we have a w-orthogonal decomposition

V=WaoWte. (1.1.18)

By the induction hypotheses, we have a symplectic basis e, fa, ..., ey, fn on Wte. Hence, {e1,
fis .-+, en, fn} is a symplectic basis of V.

The proof of Proposition 1.1.7 is completed. O

We give two applications of the symplectic basis.

Corollary 1.1.8. Let w,w’ be two symplectic forms on V. Then there exists A € GL(V) such
that

W(ASA) =w(, ). (1.1.19)

Proof. Let {e;, f;} (vesp. {e}, f;}) be a symplectic basis of (V,w) (resp. (V,w')). Let A € End(V)
be defined by

Ae; = ¢}, Afj = f}. (1.1.20)

As (ei, f;), (e}, f}) are bases of V', A is invertible. Moreover,

79

w'(Ae;, Aej) = W' (e}, €))

W' (Ae;, Af;) = W' (e}, £})

This means (1.1.19) holds. The proof of Corollary 1.1.8 is completed. O

W' (Afi, Afj) = ' (fi ;) =0, (1.1.21)

0,
5ij-
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Corollary 1.1.9. Let {e;, i}, be a symplectic basis of (V,w). Then
L=Re; ®---DRe, (1.1.22)

is a Lagrangian subspace of (V,w). In particular, for any symplectic vector space, there always
exists a Lagrangian subspace.

Proof. By (1.1.16) and (1.1.22), we have
LcC Lt (1.1.23)
By (1.1.13) and (1.1.22), we have
dim L** = dimV — dim L = dim L. (1.1.24)
By (1.1.23) and (1.1.24), we get L = L*~, thus L is Lagrangian by Definition 1.1.5. The proof
of Corollary 1.1.9 is completed. O

1.1.2 Compatible complex structures

Definition 1.1.10. Let V be a real vector space. If J € End(V) such that J? = —Idy, we call
J a complex structure on V. Moreover, if w is a symplectic form on V', such that

g() =w(,J) (1.1.25)

defines a scalar product on V', we call J a compatible complex structure on (V,w). We denote
by #(V,w) the space of compatible complex structures on (V,w).

Proposition 1.1.11. If J is a compatible complex structure on a symplectic vector space (V,w),
then w s J-invartant, i.e.,

w(JJ) =w(-,-). (1.1.26)
Proof. By (1.1.25), we have

w('v ) = g('v _J')a

(1.1.27)
w(JJ) =g(J-,") = g(-, Jt.>.
As w is antisymmetric, J is antisymmetric with respect to g. Then
g, I = —g(-, J) = —w(-, J*) = w(-, ). (1.1.28)
From (1.1.27) and (1.1.28), we get (1.1.26). O

Ezample 1.1.12. a) Let {e;, f;}1~, be a symplectic basis of a symplectic vector space (V,w). Set
Jei = fi, Jf] = —€j. (1129)
Then J is a compatible complex structure. In particular, #(V,w) is non-empty.

b) Let Jy € End(R?") be the standard complex structure of R?"™ defined by

Jo = ( ? _OI ) (1.1.30)
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/
ForZZ(x),z’=<x,)eRQ",Wehave
Y Y

n

wo(z, Joz') = Z(:clx; + YY) (1.1.31)
i=1

Hence Jy is a compatible complex structure on the standard symplectic space (R?",wy)
and wy(+, Jo-) defines the canonical scalar product (, ) on R?".

Now we recall some results from linear algebra. Let

P,, ={A € M,,,(R) : A is a symmetric positive definite matrix},

1.1.32
pm ={A € M,,(R) : A is a symmetric matrix}. ( )
Then P, is an open subset of the m(m + 1)/2-dimensional vector space p,.
For A € P,,, s € R, we can define the s-th power A® by
1 A°
AP = — dA 1.1.33
211 el A — A ’ ( )

where I' is the oriented contour indicated in the figure 1.1 such that SpecA C|ry,r2]. From

0 T SpecA 2

Figure 1.1: The contour T'.

(1.1.33), we know the s-th power from P,, to P, is smooth, and for A € P,,,C € M,,(R),
A°C =CA° if AC =CA. (1.1.34)

Let {\;} C R% be the eigenvalues of A and E}; be the eigenspace associated with \;, i.e.,

Alg,, = A; ldg,,, @EM =R", (1.1.35)

J

then by (1.1.33), A® is defined by
A’|py, = A 1dg, . (1.1.36)

We can also obtain A® by first diagonalizing A. As A is a symmetric positive matrix, there exists
Q € O(m) and A\; > 0,..., A\, > 0 such that,

A= Qdiag(\i,..., ) QL. (1.1.37)
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By (1.1.33), we have
A* = Qdiag(\,...,\5) QL (1.1.38)

Thus A® is still a positive symmetric matrix.

Now for a real vector space V with a Euclidean metric (, ), if A € GL(V) and A is symmetric
and positive with respect to (, ), A° € GL(V) is well-defined by (1.1.33), and A® is symmetric
and positive.

Let (V,w) be a symplectic vector space. Let .# (V') be the space of Euclidean metrics on V.
For g € .#(V), there is a unique A, € GL(V) such that

w(-,-) =g(Ag, ). (1.1.39)

Moreover, as w is antisymmetric, A, is antisymmetric with respect to g, thus —Az is symmetric
and positive. Set

Jg = (—AZ)712A,. (1.1.40)
Then J, is a compatible complex structure on (V,w). In fact, for u # 0 € V, we have
J2 = (—AN)TV2A (A2 TP Ay = —1dy, (1.1.41)
w(u, Jyu) = g(Agu, (—Ag)_1/2Agu) = g(u, (—A;)l/Qu) > 0.
Proposition 1.1.13. The injection
i:Je F(Vw)—gr=w(,J)eAV) (1.1.42)
is a retract by deformation. In particular, Z (V,w) is not empty and contractible.

Proof. Let r: M (V) — _#(V,w) be a map defined by

r(g) = Jg. (1.1.43)
By (1.1.40) and (1.1.43), we get
Ay, =J, roi(J)=(=JJ) " J=1J (1.1.44)
Thus r is a retract of 4.
On the other hand, by (1.1.41),
ior:ge MV) = w(-,Jg)=g(,(~A)2) e A (V). (1.1.45)
For s € [0, 1], set
Hy:ge M(V)— g(-,(~A2)2) e A (V). (1.1.46)

Then Hy = 1Id, Hy = ¢ or. This means 7 o r is homotopy to the identity.

We have proved that #(V,w) has the same homotopy type of .# (V). As .# (V) is convex,
thus contractible. Hence #(V,w) is contractible. We can also prove it directly: Fix Jy €
F (V,w), we define the continuous map ® : [0,1] x _#(V,w) = #(V,w) by

O(t,J) =r(tgs, + (1 —1t)gs), (1.1.47)

then
@0,J)=7r(9s)=J, @(1,J)=r(94,) = Jo. (1.1.48)
The proof of Proposition 1.1.13 is completed. O
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We note that the maps ¢ and r are all smooth.

Remark 1.1.14. Let J be a compatible complex structure on (V,w). Then g; = w(-,J:) is a
J-invariant scalar product on V' and for any u,v € V|

w(u,v) = g7(Ju,v) =: (Ju,v) ;. (1.1.49)
If W is a Lagrangian subspace of (V,w), then by (1.1.49), we have
WAJW =1{0}, and WL, JW. (1.1.50)

We use the compatible complex structures to understand the symplectic basis now.

Theorem 1.1.15. (Linear normal form) If (V,w) is a symplectic vector space of dimension 2n.
Then
1) there exists a symplectic base {e;, f;}; of (V,w), i.e., for 1 <i,j <mn,

w(ei,ej) :w(fi,fj) :O, w(ei,fj) :(51] (1151)
2) If W C V is a subspace, then there exists a symplectic base {e;, f;}; of (V,w) such that

W = Spa’n{eh"'7ek+lvf17"'7fk}7
I/VLW = Span{ekﬂ, R fk+l+17 ey fn}, (1152)
N=Wn VVlw = Span{e;Hl, ey e;Hl}.

Thus we have a symplectic isomorphism of vector spaces
V~W/NGWh /NG (NS N we). (1.1.53)

Proof. 1) is Proposition 1.1.7, here we reprove it by using complex structures. We fix a J €
F(V,w). Take ey € V such that (e1,ei;); = 1, then Wi = Span{ei, Je1} is a symplectic
subspace of (V,w). Consider Wf‘ ¢ C V the orthogonal complement of Wy in (V,(, );), by the
recurrence on the dimension, we get an orthonormal basis {e;, f; = Je;}; of (V,(, )s). Then by
(1.1.49), we get (1.1.51).

2) Now let Wy Cc W, Wy C Wte be subspaces such that

W=W,®&N, Wt =W,3N. (1.1.54)

Then (W1, w|w, ), (Wa,w|w,) are symplectic vector spaces, and we have the orthogonal decom-
position of symplectic vector spaces,

(V,w) = (Wl,w|W1) D (WQ,W‘W2) D (Wg,W|W3) with W3 = (Wl D WQ)J'“’. (1155)

We claim that N is a Lagrangian subspace of (W3, w|w,). In fact, as N C W, we get NL, Wi,
N1 W5y, thus

N CW3 = (Wl D WQ)LUJ.

As N=WNWe we get w|y =0, ie., NC NT™ws . But if 2 € N"*ws as rl Wi, xl ,Wa,
from (1.1.54), we get

r €Wt and 2 € (Wh)te =W, thus z € N.
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Take a J3 € _# (W3, w|w,), then by (1.1.50), J3N is orthogonal with N in (W3, w|ws, (-, J3-))
and W3 = N @ J3N. We define the map v : W3 — N @& N* by taking the identity on N and

PY() = wlw,(,v) € N* forv e JgN. (1.1.56)

Then v is a symplectic isomorphism from (W3, w|w,) to (N & N*,ws:). Thus we get (1.1.53).
By taking a symplectic basis for (Wi, w|w,) and (W2, w|w,), we get (1.1.52).
The proof of Theorem 1.1.15 is completed. O

Remark 1.1.16. In the notation of Theorem 1.1.15, W is symplectic if and only if [ = 0, W is
isotropic if and only if £ = 0, W is coisotropic if and only if k + [ = n, W is Lagrangian if and
only if £ =0,l =n.

1.1.3 Symplectic groups
We identify C™ with R2" by
1:z= (21 + Y1, .., Ty +iyn)t €CY — ( g ) e R?", (1.1.57)

with z = (z1,...,2,)5 9 = (y1,...,yn)! € R". For Z € M,,(C), we define 1(Z) € Ms,(R) by: for
zeC”,

W(Zz) =12 )(2). (1.1.58)
Then @ induces naturally an injection of matrix groups
. X -Y
1: Z=X+1iY € M,,(C) = (2) = v X € My, (R). (1.1.59)
From (1.1.58), ¢ identifies GL(n,C) as a subgroup of GL(2n,R), and
(i) = ( 9 _OI ) =Jo (1.1.60)
is the canonical complex structure on R*"*. Moreover, for A € GL(n,C),
1(A%) = (A (1.1.61)
Thus we get
1(U(n)) C O(2n). (1.1.62)

We identify U(n) as a subgroup of O(2n).
Let (V,w) be a symplectic vector space. Then the symplectic group Sp(V) is defined as
Sp(V)={A e GL(V) : w(A-, A) = w(-, )} (1.1.63)

Clearly, Sp(V) is a subgroup of GL(V). We denote also Sp(V') by Sp(V,w).
Let {ej, f;}; be a symplectic basis of (V,w). For x = (z1,...,2s)" y = (y1,...,yn)" € R",
set

S T 2n
: zie; +yifi €V — e R*". 1.1.64

Then ¢ : (V,w) — (R?",wp) is a symplectic isomorphism. We denote by Sp(2n) the symplectic
group of (R*" wp). Then by (1.1.31) and (1.1.63), we have

A € Sp(2n) if and only if A'JyA = Jo. (1.1.65)
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Proposition 1.1.17. We have
Sp(2n) N GL(n,C) = Sp(2n) N O(2n) = O(2n) N GL(n,C) = U(n). (1.1.66)
Proof. We check first
A e M,(C) <= A € My,(R) and AJy = JyA. (1.1.67)

In fact, the = direction is trivial. For the < direction, if A = ( X v >, then

AJy = ( %// :)Z( > JoA = < _XZ _;,/V ) (1.1.68)

Hence, AJy = JyA is equivalent to
X=W, Y =—-Z7 (1.1.69)

By (1.1.59) and (1.1.69), (1.1.67) holds.
From (1.1.58) and (1.1.59), for X, Y € M, (R),

det< ‘;( _)?/ > # 0 <= det(X +14Y) # 0. (1.1.70)
By (1.1.67) and (1.1.70), we have
GL(n,C) = {4 € GL(2n,R) : JoA = AJy}. (1.1.71)

By (1.1.65) and (1.1.71), a matrix A belongs to two of the three groups Sp(2n), GL(n,C) and
O(2n) will be in the other group. Thus we get the first two equations of (1.1.66).
It remains to show the last equation of (1.1.66). For A € GL(n,C), by (1.1.61),

1(A) € O(2n) <= 1(A)(A) = [ <= 1(AA*) =] & AA* = 1. (1.1.72)
Thus O(2n) N GL(n,C) C U(n). By (1.1.62), this means the last equation of (1.1.66) holds. [
For A € GL(V), let A! be the adjoint of A with respect to a scalar product {, ) on V, set
|A| = (AAY)Y/2, U =|A'A. (1.1.73)
Then |A| is symmetric positive. As

UU" = |A|7PAAY AT = |[A7HAPIATY = Tdy, (1.1.74)

we get U € O(V) the orthogonal group of (V, (, }). The decomposition
A =AU (1.1.75)

will be called the polar decomposition. Moreover, the polar decomposition is unique, i.e., if
A = BU’ where B is symmetric positive and U’ € O(V), then B = |A|, U’ =U.
By (1.1.33), (1.1.73), the map GL(V) 3 A — |A| and GL(V) 5 A — U are smooth.

Proposition 1.1.18. Let (V,w) be a symplectic vector space. Let J be a compatible complex
structure on (V,w). If A € Sp(V), then the transpose At € Sp(V). Moreover, if A is symmetric
positive, then for s € R, A € Sp(V). In particular, for A € Sp(V'), in the polar decomposition
(1.1.75), |A| € Sp(V) and U € U(V) the unitary group of (V,J,w), i.e., the space of complex
automorphisms of (V,J) preserving the scalar product {-,-) = w(-, J-).
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Proof. By (1.1.25) and (1.1.63), A € Sp(V) is equivalent to
J=AJA. (1.1.76)
Thus,
Jt=aA"tghAah (1.1.77)

As J71 = —J, we have (A%)~! € Sp(V). Thus A? € Sp(V).
If A € Sp(V) is symmetric and positive, by (1.1.76), we have

At =gAT (1.1.78)
This implies (A — A71)=! = J(A — A)~1J~! for A ¢ Spec(A). Combining with (1.1.33), we get
AT = JAJY for s €R, (1.1.79)

which is equivalent to A® € Sp(V).
Thus in the decomposition (1.1.73), we have |A| € Sp(V) and this implies U € Sp(V). By
Proposition 1.1.17, we get U € U(V) ={A € O(V) : JA= AJ}. O

Remark 1.1.19. From Proposition 1.1.18, we have
Sp(2n)/U(n) :={gU(n) : g € Sp(2n)} ~ {A € Sp(2n) : A is symmetric and positive}. (1.1.80)
and the map
¥ :[0,1] x Sp(2n) — Sp(2n), (s, A) = P°Q, (1.1.81)

here A = PQ is the polar decomposition of A, is a retract by deformation from Sp(2n) to U(n).
In fact ¢(17 ) = IdSp(?n)a ¢(07 ) : Sp(2n) - U(TL) and 1/1(07 )|U(n) = IdU(n)
In particular we conclude that Sp(2n) is connected, as U(n) is connected.

Proposition 1.1.20. Let (V,w) be a symplectic vector space of dimension 2n. Then we have
7 (V,w) ~ Sp(2n)/U(n). (1.1.82)
Hence, 7 (V,w) is a noncompact symmetric space, and Sp(2n)/U(n) is contractible.

Proof. By (1.1.64), ¢ : (V,w) — (R?" wp) is a symplectic isomorphism. Thus we can work
directly for (V,w) = (R®*",wp) and let {e;, Joe;}; be an orthonormal basis of (R®", (-, ) =

wo(:, Jo-))-
For (A,J) € Sp(2n) x _# (R?",wy), by (1.1.25), for u #0 € V,

(AJA*1)2 = —Idy, w(u, ATA ) = w(A tu, JA ) > 0. (1.1.83)
Thus we can define the Sp(2n)-action on _# (R?",wy) by
(A, J) € Sp(V,w) x F(V,w) = AJA™ € 7 (V,w). (1.1.84)

By Proposition 1.1.17, the stabilizer at Jy is U(n), thus the stabilizer at AJyA~!is A-U(n).
It remains to show that this Sp(2n)-action is transitive. Let {e}, Je}}; be an orthonormal
basis of (R?", g(-,+) = wo(,J-)). Let A € GL(2n,R) be defined by

o
Aej = €,

AJoej = Je; (1185)
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As A sends one symplectic basis to another, A € Sp(2n). Moreover, by (1.1.85), we have
AJOAfle;- = AJoe; = Jej, AJgA ™ Je; = —Aej = —e; = JQe;-. (1.1.86)

Thus, AJyA~! = J. This means Sp(2n) act transitively on _# (R?",wy), thus (1.1.82) holds.
From Proposition 1.1.13 and (1.1.82), Sp(2n)/U(n) is contractible. The proof of Proposition
1.1.20 is completed. O

Ezercise 1.1.1. In (1.1.39), verify that if J is a compatible complex structure on (V,w) such that
g is J-invariant (i.e., g(J-, J-) = g(-,+)), then J is given by (1.1.40).

Ezercise 1.1.2. If A € Sp(2n), then
1. det(A) = 1.
2. If X € Spec(A), then A\~1 A, 3l Spec(A).
3. If A\, n € Spec(A), A # 1, then Ex 1, E,.
Ezercise 1.1.3. Let {e;, Joe;}; be the canonical basis of (R*",wp). Set Ly = Span{ey,...,e,}.
1. Verify that Lg is Lagrangian in (R?",wp).

2. If L C (R?",wy) is Lagrangian, J is a compatible complex structure of (R?",wy), verify
that LLJL in (R*",wo(:, J")).

3. If L C (R?",wy) is Lagrangian, A € U(n), then AL :=1(A)L is also Lagrangian.
4. If L C (R?",wy) is Lagrangian, then there exists A € U(n) such that ALy = L.

5. Conclude that the set of Lagrangian subspaces in (R?",wy) is isomorphic to U(n)/O(n) :=
{AO(n) : A € U(n)}, and we identify O(n) as a subgroup of U(n) by the natural injection.

Ezercise 1.1.4. Show that Sp(2) = SL(2,R) and Sp(2)/U(1) = H, where
H={z+iyeC:2eR,y>0} (1.1.87)

is the Poincaré upper half-plane.

Ezercise 1.1.5. The aim of this exercise is to show that Sp(2n)/U(n) can be identified as the
Siegel upper half-plane H,,:

H, = {X +iY € GL(n,C) : X,Y € GL(n,R) both symmetric, and Y is positive}.  (1.1.88)
. A B . .
1. Verify that g = € Sp(2n) if and only if
C D
A'C=C'A, B'D=D'B, A'D-C'B=1. (1.1.89)
A B . .
2. For g = c p )€ Sp(2n), Z = X +iY € H,, verify that

(CZ + D)'(AZ + B) — (AZ + B)'(CZ + D) = 2iY. (1.1.90)

Conclude that the matrix CZ + D is invertible and (AZ + B)(CZ + D)~! € H,,.
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3. Show that (g, Z) € Sp(2n) x H,, — go Z = (AZ + B)(CZ + D)~! € H,, defines a Sp(2n)-
action on H,.

. . Y2 Xy-1/?
4. Show this action is transitive: for Z = X + 1Y € H,, verify that €

0 Y—1/2

1/2 —1/2
Sp(2n), and Z = < Y Xy > oil.

0 y-1/2

5. Verify that the stabilizer of ¢I is U(n). Conclude that Sp(2n)/U(n) ~ H,.



CHAPTER 1. BASIC SYMPLECTIC GEOMETRY 16

1.2 Symplectic manifolds

In this section, we find the version on manifolds of many results on symplectic vector spaces,
usually with extra efforts.

1.2.1 Basic calculus on manifolds

In this section, we recall the Cartan’s formula and the Hodge decomposition theorem.

We say a manifold always means a % °° manifold without boundary. Let M be a manifold of
dimension m. We denote by T'M its tangent bundle, and by T* M its cotangent bundle. Then
the fiberwise exterior algebra of T*M forms a vector bundle A®*(T*M) on M, and for k € N, the
space of k-th differential forms Q¥(M) is the space of smooth sections of A*¥(T*M) on M, i.e.,
QF (M) = €°°(M,A*(T*M)), and Q*(M) = &7, Q*(M). For a € QF(M), we denote its degree
by deg «, thus deg v = k. Let Q2(M) be the space of elements of Q°(M) with compact support.

Let ¢ : M — N be a smooth map between two manifolds. We denote by

dytp: ToM — Ty(y)N (1.2.1)

the differential of ¢ at € M. The pull back of a differential form is defined by: for 3 € Q*(N)
and for Xq,..., X, € T, M,

(0"B)a(X1,..., Xi) = By(a) (doz(X1), ..., doe(Xr)) . (1.2.2)

Then ¢*f3 is a differential form on M. If ¢ : M’ — M is another smooth map between two
manifolds, then by (1.2.2), we verify that

V(@ B) = (pop)*B for B € Q*(N). (1.2.3)
If ¢ is a diffeomorphism, the push forward of a vector field X € €°°(M,TM) is defined by
(¢*X>y = d(bqu(y) (X¢—1(y)) € TyN. (1.2.4)

Thus ¢.X is a vector field on N.
If X. € €¢°(R x M,TM) is a time dependent vector field on M, the flow gbf(' M —- M
associated with X. is the solution of the ordinary differential equation on M,

%ﬁ(' () = Xu (o7 (2)), oy (x)==x. (1.2.5)

If ¢tX' is defined, qbf(‘ : M — M is a diffeomorphism. If X is time independent, then we will also
denote by

X=X M — M. (1.2.6)

Lemma 1.2.1. Fort € R, let (;55',(;52/‘ be the flows associated with the time dependent vector
fields X.,Y. on M. Then

N
-1 (X)) Y, X.
b) (o) =¢/0

c) For any ¢ € Diff (M), we have ¢ o ¢7 o p~! = qu*X'.
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Proof. By (1.2.4) and (1.2.5), for any z € M, we have

D6 0ol )= X, (61 0 (1) +dol (Vo) ()
= X, (61 00 (@) + 6 V: (61 00 (@) (1:27)

By the uniqueness of the solution of ordinary differential equations, we know a) holds.

By applying a) for Y; = — ((d)tx')*l) X, we get b).
By Definition, for any x € M, we have

0 _ _ _
606 067 @) =do (X (6 097 @)) = (6-X)) (00 067 (@) . (128)
By the uniqueness of the solution of ordinary differential equations, this means c) holds. The
proof of Lemma 1.2.1 is completed. O
For X,Y € €*°(M,TM), o € Q*(M), the Lie derivation of ¥ and « in the direction X is
defined by

P
L Y:—’
X Ot lt=0

For f € €(M) = Q°(M), by (1.2.9), we have Lx f = X f. We verify that

(d))—(t)*}/a Lya=— t— ( f()*oz. (1.2.9)

(X,Y]f:=XYf-YXSf (1.2.10)

defines a vector field [X,Y] on M which is called the Lie bracket of vector fields X and Y.
Classically, we have

LyY = [X,Y]. (1.2.11)

Let d : Q*(M) — Q*TY(M) be the exterior differential on M. When we like to precise the
manifold M, we denote also d by d™. By Definition, for a € Q¥(M), X, ..., X vector fields on
M, we have

k
do(Xo,..., Xp) = Z(—1)Z’Xia(xo, X X
=0
+ > (U)X, X, Xoy o Kay e Xy X), (1.212)
0<i<j<k

where ~ means we omit the term.
If . = (z1,...,2,) is a local coordinate system on U C M, if

alz) = Z gy i (@) dagy A Nday,, (1.2.13)

1< < <ip<m

then, from (1.2.12), we get

da(z) = 3 M(:U)d:z:j Adzi, A A ds,. (1.2.14)

1<iq < <ip<m, 1< <m.
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By (1.2.14), we verify directly
d? =0. (1.2.15)

For o € Q*(M), we say « is closed if da = 0; and we say « is exact if there exists 8 such that
a=dg.

By (1.2.15), Im(d|qi-1(ar)) C ker(d|qi(ar)). We define the i-th de Rham cohomology group of
M by

. ker(d|q:
(M. R) er(dloi(ar)

= Tmtd (1.2.16)

Qi-1(M))
For X € ¢°°(M,TM), we denote by ix : Q°(M) — Q*~1(M) the contraction by X. On a

local coordinate U, if « is given by (1.2.13), if
X = ini, (1.2.17)

then,

txQ = Z (—1)j_1X¢j Qi . da?il /\-~-/\(ZUZ. VAR /\dﬂ?ik. (1218)

1< < <ip <m, 1<G<k

By (1.2.14), (1.2.18), we get the following Leibniz rule: for a € Q¥(M),3 € Q*(M), X €
(M, TM),

d(a A B) = (do) A B+ (=1)*a A (dB), (12.19)
ix(aAB) = (ixa) AB+ (—1)*a A (ixB). o
The following relation on the contraction, Lie derivative and exterior differential is very useful.

Theorem 1.2.2 (Cartan’s formula). For o € Q*(M), X € €°°(M,TM), we have
Lxa = (dix +ixd)o. (1.2.20)
Proof. For Lx = Lx or dix +ixd, by (1.2.9) and (1.2.19), for any «, 8 € Q*(M), we get
Lx(aNpP)=(Lxa)ANB+aAn(LxP). (1.2.21)

Thus we only need to verify (1.2.20) for any f € €°°(M) and a € Q*(M). For Y € €°°(M,TM),
we have

Lxf=Xf=(df X)=ixdf;
(dixa+ixda)(Y) = Y(a(X)) +da(X,Y) = X(a(Y)) — a([X,Y]) (1.2.22)
= Lx(a(Y)) —a(LxY) = (Lxa)(Y).

Thus (1.2.20) holds. O

The manifold M is orientable if there exists a nowhere vanishing m-form on M, in this case,
M is oriented means we fix a nowhere vanishing m-form on M. If M is oriented, then for any
B € Q2(M), we can define [,, 3 € R, the integral of 3 on M. Note that [, 5 =0 if deg S < m.
Moreover,
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Theorem 1.2.3 (Stokes theorem). Assume M is oriented, then for any o € Q8(M), we have

/ do = 0. (1.2.23)
M

Recall that any Euclidean metric on T'M is called a Riemannian metric on M (or TM).

Let ¢ be a Riemannian metric on TM. For x € M,u,v € T, M, we denote also {u,v) =
g™ (u,v), and |v| = \/(v,v).

For a curve v :Ja,b[— M (a,b € R), the length of v is || = f; |9(¢)|dt, here 4(t) := %(t) €
Ty M. We say v is a geodesic of (M, g"*) if locally ~ attends the minimal length, i.e., for any
c1 > a, there exists ¢ > 0 such that for ¢; < ¢z < ¢1 + ¢, the length of v[(, .,) is minimal for
all curve from v(c¢1) to y(¢c2). For v € T, M, [0,1] 5 ¢ — exp,(tv) is defined to be the unique
geodesic with starting point = and its derivative at = is v, and we call T, M > v — exp,(v) the
exponential maps of M.

The metric g™ induces a Euclidean metric (-, -) o~ (7= ar) on A" (T*M). If {e;} is an orthonor-
mal basis of TM and {e’} its dual basis, then {e" A--- A e }1<; <...cip<m 1S an orthonormal
basis of A(T*M).

Let dvys be the Riemannian volume form of (M, g?™). Then dvy is a m-form with values
in o(T'M), the orientable bundle of M which is a real line bundle on M. When M is orientable,
dvyy is just a m-form and

dupyr = e Ao ne™ (1.2.24)

for any oriented orthonormal frame {e;} of TM. On a local coordinate U, we can write

g™ (z) = Z gij(x)dz; ® dzj,
2%}

(1.2.25)
dvy = y/det(gi;)dx1 A -+ Adxy,, if Mis oriented,
where (g;;(2)) is a symmetric positive matrix.
For s1,s2 € Q2(M), we define
<81, 52> = / <51, 32>A-(T*M)dUM- (1.2.26)
M

Then (, ) is a scalar product on Q8 (M). Let d* be the formal adjoint of d with respect to (, ),
ie., for 1,82 € Q2(M),

(d*s1, 82) := (51, ds2). (1.2.27)
By (1.2.15), we know that
d*:Q*(M) — Q* (M), and (d*)?=0. (1.2.28)
Let A be the Hodge Laplacian on (M) defined by
A= (d+d*)? =dd* +d*d: Q* (M) — Q*(M). (1.2.29)

Clearly, A preserves the Z-grading on Q°(M) which is defined by its degree.
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Theorem 1.2.4 (Hodge). If M is compact, for any k € N and 0 < k < m, we have the
orthogonal decompositions,

QF(M) =ker(Algr(ar) @ Im(A|ge(ar), (1.2.30)
and
ker(Alqgr(ary) = ker(d|oxary) N ker(d*[or ar)), (1.2.31)
Im(Algr(ary) = Im(d[gr-1(ar)) & Im(d”|qr+1(ar))-
In particular,
H*(M,R) ~ kerd Nkerd* = ker A. (1.2.32)

Note that A is a second order elliptic differential operator, thus dimker A < +oo if M is
compact. Combining this with (1.2.32), we get that if M is compact,

dim H7(M,R) < +oo  for any j > 0. (1.2.33)

Let A=!: Im(A) — Q®*(M) be the inverse of A: for any 3 € Im(A), by (1.2.30), there exists
a unique a € Im(A), such that 8 = Aq, and we define A™13 = a.

Form the proof of the Hodge Theorem, Theorem 1.2.4, if oy € Im(d|gr-1(ap)) is a smooth
family on t € R of differential forms on M, then

Br=d' A oy (1.2.34)
is a smooth family on ¢t € R of differential forms on M such that

dﬂt = Q. (1235)

1.2.2 Symplectic vector bundles

Let M be a manifold, and K =R or C.

Definition 1.2.5. Let E be a ¥°° manifold, 7 : E — M be a smooth map. We call that F is a
K-vector bundle on M of rank r if there exists an open covering {U;} of M, diffeomorphisms

;N U) = Uy x K7, ®(v) = (7(v), i (v)), (1.2.36)
such that if U; NU; # 0, then
(bji = (I)j o (132-_1 :U; N Uj x K" — U;N Uj X KT, <I>ji(x,w) = ($,¢ji($,w)),

ji(z,w) is K-linear on w € K", i.e., ¥;i(z,w) = ¥ji(x)w, and ¢;;(-) € € (U; N U;, GL(r,K)).
We denote r =: rk(E). If r = 1, we call that E is a K-line bundle.

Let 7 : E — M be a K-vector bundle on M, we will denote E|y := 7~ 1(U) the restriction of
E on a subset U C M. For x € M, E, := n~!(z) is the fiber of E at x, by the compatibility
condition, the K-vector space structure on FE, induced by (1.2.36) does not depend on the
trivialization (1.2.36).

If F is another K-vector bundle on M, then we define the dual of F': F* = Ugzep{Fy}, the
direct sum of E and F: E® F = Uyepy{F, ® F,}, the tensor product of F and F: EQ F =
Uzem{Ez®F,}. We verify directly they inherit naturally smooth structures, and they are vector
bundles on M. We denote also Hom(E, F) = F @ E*.

A €*°-map ¢ : F — F is a morphism of K-vector bundles if for any = € M, ¢ is a K-linear
map from E, to Fy, i.e., ¢ € €°(M,Hom(E, F)). If for any x € M, v, is an isomorphism from
E, to F,, then we say that 1 is an isomorphism of K-vector bundles.

Let V be a real vector bundle on M.



