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Abstract

In this paper we consider a punctured Riemann surface endowed with a Hermitian
metric that equals the Poincaré metric near the punctures, and a holomorphic line
bundle that polarizes the metric. We show that the Bergman kernel can be localized
around the singularities and its local model is the Bergman kernel of the punctured
unit disc endowed with the standard Poincaré metric. One of the technical tools is a
new weighted elliptic estimate near the punctures, which is uniform with respect to
the tensor power. As a consequence, we obtain an optimal uniform estimate of the
supremum norm of the Bergman kernel, involving a fractional growth order of the
tensor power. This holds in particular for the Bergman kernel of cusp forms of high
weight of non-cocompact geometrically finite Fuchsian groups of first kind without
elliptic elements.
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1 Introduction

In this paper we study the Bergman kernels of a singular Hermitian line bundle over a
Riemann surface under the assumption that the curvature has singularities of Poincaré
type at a finite set. Our first result shows that the Bergman kernel can be localized
around the singularities and its local model is the Bergman kernel of the punctured
disc endowed with the standard Poincaré metric. The proof follows the principle that
the spectral gap of the Kodaira Laplacian and uniformly elliptic estimates near the
singularities imply the localization of the Bergman kernel [27]. By a detailed analysis
of the local model we deduce a sharp uniform estimate of the supremum norm of the
Bergman kernels.

Let us describe our setting. Let © be a compact Riemann surface and let D =
{ai,...,ay} C T be a finite set. We consider the punctured Riemann surface ¥ =
¥ D and a Hermitian form wx, on =. Let L be a holomorphic line bundle on >, and
let i be a singular Hermitian metric on L such that:

(o) h is smooth over X, and for all j = 1,..., N, there is a trivialization of L in
the complex neighborhood V; of a; in ¥, with associated coordinate z; such that
1115(z)) = llog(lz; ).

(B) There exists ¢ > 0 such that the (smooth) curvature R” of 4 satisfies i RL > cwy,
over ¥ and moreover, i RE = wy, on Vi = Vj ~\ {a;}; in particular, wy = wp+
in the local coordinate z; on V; and (3, wy) is complete.

Here wp+ denotes the Poincaré metric on the punctured unit disc D*, normalized as

follows:

. idz NdzZ
© JzlPlog?(1z?)

(1.1

For p > 1,let h? := h®P be the metric induced by # on L”|g, where L? := L®?,
We denote by H (02) (X, LP) the space of L?-holomorphic sections of L? relative to the
metrics h?” and wy,
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Bergman kernels on punctured Riemann surfaces 953

H)) (2, L) = {S e HY(Z, LP) : |ISII}2 :=/ ISl @3 < oo}, (12)
z

endowed with the obvious inner product. The sections from H(Oz)(Z, L?) extend to
holomorphic sections of L? over ¥, ie., (see [27, (6.2.17)])

HO\(Z,LP) c HY (T, LP). (1.3)

In particular, the dimension d), of H(02) (X, LP) is finite.
We denote by respectively by B, (-, +) and by B, (+) the (Schwartz-)Bergman kernel
and the Bergman kernel function of the space H(OZ) (X, LP), defined as follows: if

{S;}gzl is an orthonormal basis of H(Oz)(Z, LP), then

d!’ d!’
Bp(x,y) =Y S/(x)®(S,(»))* and B,(x)= Y IS{),.  (1.4)
=1 =1

Note that these are independent of the choice of basis (see [27, (6.1.10)] or [13, Lemma
3.1]). Similarly, let BE* (x,y)and B?* (x) be the Bergman kernel and Bergman kernel
function of (D*, wp+, C, hf.), and hp+ = [log(|z|*)|ho with k¢ the flat Hermitian
metric on the trivial line bundle C.

The main result of this paper is a weighted estimate in the C”-norm near the
punctures for the global Bergman kernel B;, compared to the Bergman kernel B?* of
the punctured disc, uniformly in the tensor powers of the given bundle.

Note that for k € N, the C*-norm at x € I is defined for o € C®(Z, LP) as

ol oty () = (|o|hp + VP Ee|, \m,z)ka\mz) (@), (L5
with V7-* is the connection on (7 £)®¢ ® L” induced by the Levi-Civita connection
on (7%, wy) and the Chern connection on (L?, h?), and the pointwise norm | - |» ¢y
is induced by wy, and h”. In the same way, for f € C®(Z, C), its C¥-norm | flcx(x)
at x € X is defined by using the Levi-Civita connection on (T X, wy).

Let us fix a point @ € D and work in coordinates centered at a. Let ¢ be the
holomorphic frame of L near a corresponding to the trivialization in the condition
(a).Let0 < r < e~ ! and let D be the punctured disc of radius r centered at a. By the
assumptions («), (8), under our trivialization e of L on the coordinate z on DY, we have
the identification of the geometric data (¥, ws, L, h)|pr = (D*, wp+, C, hp+) D

Theorem 1.1 Assume that (2, wy, L, h) fulfill conditions (o) and (B). Leta € D, and
0 < r < e ! as above. Then forany k € N, € > 0, a > 0, there exists a constant
Cr 0. such that for p > 1, we have on ]D):‘/2 X ]D);k/2

By () = By, »)| = Crcar™ log(x D] log(y)[ ™, (16)
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with norms computed with help of (double copies of) ws, h, and the associated Levi-
Civita and Chern connections on D’ R D /2

As a consequence of the proof of Theorem 1.1, we obtain in Corollary 6.1 uniform esti-
mates for the Bergman kernel B, (x, y) away from the diagonal. Another consequence
of Theorem 1.1 is the weighted diagonal expansion of the Bergman kernel:

Theorem 1.2 Assume that (2, wy, L, h) fulfill conditions (a) and (B). Then the fol-
lowing estimate holds: for any £,m € N, and every § > 0, there exists a constant
C = C(,m,$) such that for all p € N*, and z € Vi U ... U Vy with the local
coordinate 7,

* - -3
1B, = BY'| , @) = Cp~ Jlog(iz;)[ ", (17)
with norms computed with help of ws, and the associated Levi-Civita connection on
Dr ..
/2

Remark 1.3 Theorems 1.1 and 1.2 admit a generalization to orbifold Riemann sur-
faces. Assume that X is a compact orbifold Riemann surface, and the finite set
D = {aj,...,ay} C X does not meet the (orbifold) singular set of X. Assume
moreover that L is a holomorphic orbifold line bundle on . Let wy be an orbifold
Hermitian form on X and / an orbifold Hermitian metric on L in the sense of [27, §5.4].
The proof of Theorems 1.1 and 1.2 can be modified to show: If conditions («), (8)
hold in this context, then (1.7) holds. In fact, the elliptic estimate [15, (4.14)] and the
finite propagation speed of wave operators hold on orbifolds as observed by [26, §6],
so the arguments used in this paper go through for orbifolds to get the conclusion.

By [27, Theorems 6.1.1, 6.2.3], for any compact set K C X we have the following
expansion on K in any C™-topology (see Theorem 2.1),

1  — »
;B,,(x)=§+;b,-(x)p 7 as p — +oo. (1.8)

By contrast, Theorem 1.2 gives a precise description of B}, up to the punctures, in
terms of the Bergman kernel function of the Poincaré metric on the local model
of the punctured unit disc in C. Note that in the case of smooth Hermitian metrics
with positive curvature the Bergman kernel can be localized and its local model is
the Euclidean space endowed with a trivial bundle of positive curvature, see [27,
Sections 4.1.2-3]. This kind of localization is inspired from the analytic localization
technique of Bismut-Lebeau [7] in local index theory. For the problem at hand we
have to overcome difficulties linked to the presence of singularities. For this purpose
we prove a new weighted elliptic estimate near the punctures, which is uniform in the
tensor powers p. Then, combining with a revisited, singularity-centered localization
principle and a weighted Sobolev embedding, we can reach (1.7) for some negative §
however. Using the fact that square integrable holomorphic sections of L? vanish on
D, we finally establish (1.7) for any positive §.
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From a study of the model Bergman kernel functions B?* on the punctured unit disc,
we get the following ratio estimate as a corollary of Theorem 1.2 and Corollary 3.6:

Corollary 1.4 Let (X, wy, L, h) be as in Theorem 1.2. Then
sup By (x) =

XeX XeX ||U||iz
aeH("z)o:,LP)\{O}

2
lo ()15, _ (%)3/2 +O(p) asp — +oo. (1.9)

This collection of results represents, to our knowledge, the first example of a uniform
L asymptotic description of the Bergman kernel function of a singular polarization.
This is of particular interest in arithmetic situations. Note that the work of Burgos
Gil et al. [10,11] developed the arithmetic intersection theory for log-singular Hermi-
tian metrics, showing in particular that Arakelov heights can be defined, and applied
successfully the theory for the Hilbert modular surfaces. Our results provide some
possible applications in this direction. For example, the classical arithmetic Hilbert—
Samuel theorem [21] for positive Hermitian line bundles is usually used to produce
global integral sections with small sup-norm; a combination of the recent work [5] with
the distortion estimate of our Corollary 1.4 should give some interesting arithmetic
consequence for cusp forms on arithmetic surfaces and Hilbert modular surfaces.

Corollary 1.4 is also quite striking from a Kéhler geometry point of view, as
the supremum of the Bergman kernel is equivalent to (%)" on compact polarized
manifolds of complex dimension n (cf. Corollary 2.3), compared to the non-integer
exponent % in (1.9). In Kdhler geometry moreover, a central problem is the relation
between the existence of special complete/singular metrics and the stability of the pair
(X, D) where D is a smooth divisor of a compact Kihler manifold X; see e.g. the sug-
gestions of [31, §3.1.2] for the case of “asymptotically hyperbolic Kéhler metrics”,
which naturally generalize to higher dimensions the complete metrics wy studied
here. In this respect, Theorem 1.2 is an initial step towards the application of Bergman
kernels to this problem and the first instance in which the behavior of the Bergman
kernel at infinity is fully understood. Moreover, the technique developed here can be
extended to the higher dimensional situation; more precisely, in the case of Poincaré
type Kéhler metrics with reasonably fine asymptotics on complement of divisors, see
the construction of [2, §1.1] and [3, Theorem 4], we expect uniform elliptic estimates
and localization techniques to transpose in a straightforward way.!

Besides, we remark that the Bergman kernel of smooth approximations of a singular
metric can change dramatically near the limit, cf. [17]. In the same circle of ideas, note
that the Bergman kernel B, provides information on holomorphic sections of L?” over
the whole T that vanish at order > 1 at the punctures ay, ..., ay, whereas, for some
fixed @ € (0, 1) smooth metrics and “partial Bergman kernels” can be used to derive
information on holomorphic sections of L” on X with higher vanishing order > |ap|
at the a;’s. (see [14]). With this in mind, one might roughly observe three different

I As for the higher-dimensional local reference metric, which has fo be taken as a perturbation of the
product of the one-dimensional Poincaré cusp metric with some smooth metric on the divisor, its Bergman
kernel can surely be properly understood as well, but with other approaches than the explicit description of
this paper.
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regimes in the asymptotics of B?*, hence of B, (Poincaré type case), corresponding to
sections with vanishing order atleast 1 and < p'/?,~ p!'/2 and > p!/?, respectively;
see Sect. 3, in particular Fig. 1. Note also that the behavior of the Bergman kernel on
singular Riemann surfaces is relevant for the theory of quantum Hall effect [25] and
attracted attention recently.

We give an important example where Theorem 1.2 applies. Let ¥ be a compact
Riemann surface of genus g and consider a finite set D = {ay, ..., ay} C =. We also
denote by D the divisor Z?]:l a; and let O5 (D) be the associated line bundle. The
following conditions are equivalent:

(i) T =X~ Dadnitsa complete Kihler-Einstein metric @y with Ric,y, = —wy,
(i) 2¢g =2+ N >0,
(iii) the universal cover of X is the upper-half plane H,
(iv) L = K5 ® O5(D) is ample.

This follows from the Uniformization Theorem [18, Chapter IV] and the fact that
the Euler characteristic of ¥ equals x(X) = 2 — 2g — N and the degree of L is
2g —2 4 N = —x(Z). If one of these equivalent conditions is satisfied, the K&hler-
Einstein metric wy is induced by the Poincaré metric on H; (¥, wyx) and the formal
square root of (L, h) satisfy conditions («) and (8), see Lemma 6.2. Theorem 1.2
hence applies to this context. Let I be the Fuchsian group associated with the above
Riemann surface X, that is, ¥ = I['\H. Then I" is a geometrically finite Fuchsian
group of the first kind, without elliptic elements. Conversely, if T" is such a group,
then ¥ := I'\H can by compactified by finitely many points D = {ay,...,an}
into a compact Riemann surface X such that the equivalent conditions (i)-(iv) above
are fulfilled. Let Sg » be the space of cusp forms (Spitzenformen) of weight 2p of I’
endowed with the Petersson inner product. We can form the Bergman kernel function
of Sg as in (1.4), denoted by B;. We deduce from Corollary 1.4:

Corollary 1.5 Let I' C PSL(2, R) be a geometrically finite Fuchsian group of the first
kind without elliptic elements. Let BII; be the Bergman kernel function of cusp forms
of weight 2p. If T is cocompact then uniformly on T\H,

BYx) =L 4 001), asp— +oo. (1.10)
T
If T is not cocompact then

- p\3/2
sup B, (x) = (—) + O(p), as p — +oo. (1.1D)
xel'\H T

Uniform estimates for sup,cr\y B,l; (x) are relevant in arithmetic geometry and
were proved in various degrees of generality and sharpness in [1,20,24,29]. In [20] it

2 Conversely, one might imagine the parameter « mentioned above (smooth case) go to 0 at speed 1/p,
possibly together with the approximation of some Poincaré type metric by carefully chosen smooth metrics,
to try and understand how the partial Bergman kernels approximate B; for sure, some subtleties will occur
along this double limit process, of which the wild transition region observed in Fig. 1 might be an artefact.
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Bergman kernels on punctured Riemann surfaces 957

is proved that in the cofinite but non-cocompact case sup,.c\p B; (x) = O(p*?) and
the result is optimal, at least up to an additive term in the exponent of the form —e for
any ¢ > 0. Estimate (1.11) gives the precise coefficient of the leading term p>/? and
is sharp (by killing the “¢ from below” from [20]). Estimate (1.10) is the consequence
of the general expansion of the Bergman kernel on compact manifolds [9,12,32,34]
(cf. also [15,27] and Theorem 2.1).

It turns out that Corollary 1.5 can be formulated so as to underline a certain unifor-
mity in ', in the same fashion as in [20]:

Theorem 1.6 Let 'y C PSL(2, R) be a fixed Fuchsian subgroup of the first kind
without elliptic elements and let T' C T'g be any subgroup of finite index. If T'g is
cocompact, then

B () = £ 4 0p,(1), as p— +oo, (1.12)
bd
If Ty is not cocompact then

- P32
sup B, (x) = (—) + Ory(p), asp — +oo. (1.13)
xel\H s

Here the implied constants in Or, (1), Or,(p) depend solely on I'y.

Note that (1.12) is a special case of a more general result, which is implied in [27,
§6.1.2] and that we state as Theorem 2.5 in Sect. 2.

We consider further an extension of Theorem 1.6 to the case when the group I'g has
elliptic elements. Then the quotients I"\H are in general orbifolds. By using the result
of Dai-Liu—-Ma [15, (5.25)] on the Bergman kernel asymptotics on orbifolds and the
orbifold version of Theorem 1.2 we obtain the following.

Theorem 1.7 Let T'g C PSL(2, R) be a fixed Fuchsian subgroup of the first kind. Let
{xj}zzl be the orbifold points of T'o\H and Uy, be a small neighborhood of x; in
I'o\H. Let I' C Ty be any subgroup of finite index and nr : I'\H — T'o\H be the
natural projection. If I'g is cocompact, then as p — 400

q
Bpr(x) = 5 + Or, (1), uniformly on ('\H) \ U nITl(UXj). (1.14)
j=1

On each 711?1 (ij) we have as p — +00,
. i p
Byw =1+ Y exp(ipt, —pt—e™iz) | £+ 0.
yelr~{1}
X
(1.15)
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where x}" € nl—_l (x;) is in the same component of7t1?1 (Uy;) as x, e'% is the action of
y onthe fiber of Kr\i at x;, and z = z(x) is the coordinate of x in normal coordinates
z centered at x\ in H, and 'y ={y eI':yy =y} the stabilizer of y.

In particular, if gqo = lem{|Tox;| : j = 1,...,q} nr = max{|Ty| : y €

et j=1,...,q) then

0
sup B () =nr 22 4 op, (1), (1.16)
xel'\H T
If Ty is not cocompact then as p — +00
3/2
sup By (x) = (£)7 +0ry(p). (1.17)

xel"\H

Here again the implied constants in Or,(1), Or,(p) depend solely on T'y.

Theorems 1.6, 1.7 sharpen in an optimal way the main result of [20] that states that

sup Bpr(x) = (1.18)

{ Or,(p) if ['g is cocompact,
xelM\H

Or, (p*?)  if Ty is not cocompact.

We obtain in this way the precise leading terms in (1.18).

The results of this paper were announced in [4].

This paper is organized as follows. In Sect. 2 we recall the Bergman kernel expansion
of complete Kéhler manifolds and introduce the functional space we need further. In
Sect. 3, we study our model situation: the Bergman kernel on the punctured unit disc
with Poincaré metric. In Sect. 4, we establish the basic weighted elliptic estimate on
the punctured unit disc with Poincaré metric uniformly with respect to the p-th power
of the trivial line bundle with Poincaré metric. In Sect. 5, we develop the spectral
gap properties of the Kodaira Laplacian and give a rough uniform estimate of an
approximation of the Bergman kernel. In Sect. 6, by combining the finite propagation
speed of the wave operator and Sect. 5, we establish finally the main results stated in
the Introduction. In the Appendix A, we prove a technical result, Lemma 3.4.

2 Preliminaries

In Sect. 2.1 we recall by following [27] the asymptotics of the Bergman kernels
on complete manifolds and prove some results of independent interest about this
expansion on Riemann surfaces with locally constant curvature and also about its
behavior with respect to coverings. In Sect. 2.2 we introduce some functional and
section spaces that will be used throughout the paper.
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Bergman kernels on punctured Riemann surfaces 959

2.1 Expansion of Bergman kernels on complete manifolds

For a Hermitian holomorphic line bundle (L, /) on a complex manifold we denote by
RL its Chern curvature and by ¢ (L, h) = 5= R its Chern form.

Let (M, wyr) be a complete Kédhler manifold of dimension n and (L, /) be a Her-
mitian holomorphic line bundle on M and Kj; be the canonical line bundle on M.
Then the L2-norm on Cgo (M, L?), the space of smooth sections of L” with compact
support, is defined for any s € C3°(M, L?) by

w}’l

2 2 M
lIs1ly =/ s QO p —
M n.

Let L*(M, LP) be the L?-completion of (CS°(M, LP), ||-||;2). We denote by (-, -)
the inner product on L>(M, L?) induced by this L?-norm. Then the Bergman kernel
function B, (x) € C*(M,R) is still defined by (1.4) with {Sé’ }e>1 an orthonormal
basisof H, (02) (M, LP), the space of L2-holomorphic sections of L? on M with respect to
(2.1). The Bergman kernel B), (x, y) is the smooth kernel of the orthonormal projection
from (L>(M, LP), ||-||;2) onto H(%)(M, LP). We have

2.1)

Bp(x,y) =Y S/ (x)® (S/(y)* € LY @ (L})*, and B,(x,x) = B,(x).
>1
2.2)

Here (Sé7 (y)* e (Lf)* is the metric dual of Sg (y) with respect to h?.
The Bergman kernel function (1.4) has the following variational characterization
(see [13, Lemma 3.1]):

B, (x) = max {|S(x)|§p DS e HY(M. L), ||S]2 = 1}. (2.3)

We recall the expansion theorem for the Bergman kernel on a complete manifold [27,
Theorem 6.1.1].

Theorem 2.1 Let (M, wyy) be a complete Kdihler manifold of dimension n and (L, h)
be a Hermitian holomorphic line bundle on M. We assume there exist ¢ > 0, C > 0
such that iRt > ewy and Ric,,,, > —Cwpy, where Ric,,,, = i RXM is the Ricci
curvature of wy. Then there exist coefficients bj € C*(M), j € N, such that for any
compact set K C M, any k, m € N, there exists Cy m x > 0 such that for p € N¥,

k
1 .
o Br (@) = Y bjx)p < Comix p 7, (2.4)
=0 Cm(K)
where
ci(L, h)" b
by = =2 b= (ry — 20, logbo). (2.5)
M
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and r,, A, are the scalar curvature, respectively the (positive) Laplacian, of the
Riemannian metric associated to w := c1(L, h).

We write (2.4) shortly as

k
Bp(x) =Y bjx)p" +O(p" ). (2.6)
j=0

For compact or certain complete Kéhler-Einstein manifolds the expansion was
obtained by Tian [32] for k = 0 and m = 2. For general k, m and compact man-
ifolds the existence of the expansion was first obtained in [12,34].

The proof of [27, Theorem 6.1.1] crucially relies on the following localization
principle for Bergman kernels, that we use in the proof of Corollary 2.4 below. Namely,
as illustrated by the formulas for by and b; in (2.5), the asymptotics of B, (x) depend
only on the geometric data in any neighborhood of x € M. Hence, the Bergman
kernel function asymptotics are the same on two open sets (in two possibly different
manifolds) over which the geometric data are isometric.

Theorem 2.2 Let (M1, wum,), (M2, wum,) be complete Kiihler manifolds of dimension
nand (L1, hy) — My, (L2, ho) — M> be Hermitian holomorphic line bundles. We
assume there exist ¢ > 0, C > 0 such that for j = 1,2 we have iRLi > EWM; and
RicwM/, > —Ca)Mj. Assume moreover that there are open sets U C Mj, j = 1,2,
and biholomorphic isometries ® : Uy — Uy, W : (Lily,, h1) = ®*((L2l|y,, h2)),
where WV is also a bundle isomorphism. Let us denote by Bj , the Bergman kernel
Sfunctions of H(Oz)(M-, L?), Jj = 1,2. Then for any k,m € N and any compact set
K C Uy, we have

Bi,p—Bypo0® = O(p_k) inC"(K)as p— +o0.

In particular, if by j and by _j denote the coefficients of the expansion (2.6) of By, and
By p, then'by j =b> j o ® on U, forall j € N.

Note that in [23], Hsiao and Marinescu got also a localization principe on any non-
compact manifold for the kernel for lower energy forms.

We immediately obtain from Theorem 2.1 uniform sup-norm bounds for the
Bergman kernel on compact subsets.

Corollary 2.3 Under the hypotheses of Theorem 2.1, let K C M be a compact subset
such that i R = wy on K. Then uniformly on K,

B,(x) = (%) + O™, asp — +oo. 2.7

In the case of dimension one and constant curvature we can state the following.
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Bergman kernels on punctured Riemann surfaces 961

Corollary 2.4 Assume that M in Theorem 2.1 is a Riemann surface and there exists an
open set V such that wy has scalar curvature —4 and i R* = wyy on V. Then for any
k, m € N and any compact set K C V,

1 1
By(x)=—p—=—+0(p") inC"(K)as p — +oo. (2.8)

21 2
Proof From (2.5) follows that by = % and b = —% (note that r,, = —8m), thus

the task is to prove that the coefficients b; of the expansions (1.8), (2.6) vanish on V
for j > 2. We divide the proof in three steps.

Firstly, itis easy to observe that b ; are constant functions on V forall j € N. Indeed,
by [27, Theorem 4.1.1] we know that b;, j € N, are polynomials in the curvatures RL

and RT""”M and their derivatives. On V we have i R = wjy and iRT"OM — —2wy.
Thus all the derivatives alluded to above vanish on V, hence b; are polynomials just

in RL and RT"”M  hence constant functions on V, for all jeN.

Secondly, we prove the assertion of the Corollary for a compact Riemann surface
¥ with genus g > 2, such that ¥; ~ I'y\H, with ' a cocompact Fuchsian group.
We endow X with the metric wy, induced from the Poincaré metric of H with scalar
curvature —4. We consider the line bundle L; = 7*1.0%, = K sy, endowed with
the metric 4 induced by wy,. Thus iRL1 = 2wy, . Let By p(x) be the Bergman
kernel function of H O(El , Lf ). By our observation above, the coefficients by ; of the
expansion (2.6) are constant functions on X for all j € N. Thus

k
Bi,(x)=) bijp' 7 +0(p7* . (2.9)
j=0
By the Riemann—Roch theorem, for p > 1,

. 1
/ BLP(X)L()ZI =d1mH0(21,Lf) =/ (p—§> c1(Kx,, h1), (2.10)
PN PN

and ¢;(Kx,, h1) = %a)gl. By plugging the expansion (2.9) into (2.10), identifying
the coefficients of the powers of p and taking into account that b ; are constants we
get

1 1
bio=—, bij1=—7z—, b ;=0 forj=>2. (2.11)
T 21

Thirdly, we use the localization principle for Bergman kernels formulated in Theo-
rem 2.2. We now identify holomorphically and isometrically L, on a neighborhood
of x € V to L1 on an open set of . Indeed, by [33, Theorem 2.5.17 and Corollary
2.5.18], near x, the surface is locally isometric to the Poincaré upper half-plane H,
and the holomorphic structure of the surface is determined by the conformal structure
fixed by the metric, thus we obtain a holomorphic and isometric identification W of
a convex neighborhood U of x € V to an open set of X1. Then the curvature of the
Chern connection on the line bundle L> ® W* K 5 11 with the induced metric 4 is zero on
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962 H. Auvray et al.

U.If o is a holomorphic frame of L’® \II*KEII on U, this means that 8510g lo |ﬁ =0,

so there is a holomorphic function f on U such that log |o |ﬁ = 2Im f (which holds in
any dimension. For example, from the Poincaré Lemma, there exists g € C*°(U, R)
such that (3 — ) log |o |i = idg, this implies that g +i log |o |% is holomorphic). Now
e~/ o is a holomorphic frame of L? ® \D*Kgll such that |e’fc7|% = 1 on U, and this
yields a holomorphic and isometric identification of L* to W*K -

By Theorem 2.2, we know the asymptotics of B, (x) is as same as of By ,, thus
from (2.9) and (2.11), we get that (2.8) holds uniformly on K C V. O

Observe thatif (X, wy, L, h) fulfill conditions () and (8), the hypotheses of Corol-
lary 2.4 are satisfied for V.= VjU- - .UV (note that the scalar curvature of the Poincaré
metric (1.1) equals —4), thus (2.8) holds on any compact set K C Vi U...U Vy.

The following result is a direct consequence of the proof of [27, Theorem 6.1.4],
and for completeness, we include the proof in Sect. 6.

Theorem 2.5 Let (M, wyy, L, h) be in Theorem 2.1 and assume moreover that M is
compact. Let w1 (M) be the fundamental group of M and M be the universal covering
of M. For any subgroup I' C 71 (M) with finite index, we define the Bergman kernel
Bll; (x,y) on M /T with the pull-back objects from iy : M/T" — M. Then for any
k,m € N, there exists Ci m > 0 such that for any I" as above we have

k

1 . L

FB,E(x) - Z(nﬁb,-)(x)p j <Cemp ¥, 2.12)
j=0 cm (i) T)

where b are the coefficients of the expansion (2.4) on M.

2.2 Functional spaces, section spaces

We define a few functional spaces, that will be much helpful in what follows.

(i) COD*, wpe) is merely the space of bounded continuous functions on D*,
endowed with the sup norm; notice that the reference to the metric, needed
when considering bounds on derivatives, is superfluous here.

(i) Let U C X be an open set. The space C*(U, wy,) is defined as the set of C¥
functions on U bounded up to order k on U with respect to the metric wy, and
endowed with the natural norm:

kU, ws) = {f € C*UY : 1 fllck oy < oo},
with
I fllck @ wsy = sup |flex(x),
xeU

F1er) = (114195 flog + -+ 1V flog ) @), 213)
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Bergman kernels on punctured Riemann surfaces 963

(iii)

(iv)

V¥ being the Levi-Civita connection attached to wy.
In the same vein, CK(U, wyx,, L?, h?) is the space of C* sections of L? on U
such that the following norm is bounded for o € CK(U, wx, L?, hP):

— > DINS
|U|Ck(hp)(x) - <|O'|[1,D + |Vp O’hp’wz + -+ ‘(vp ) o hl’,wg> (-x)(sz 14)

||O||Ck(U,wz) = Sup |U|Ck(hp)(x) < 00,
xeU

with V- is the connection on (7 £)®¢ ® L? induced by the Levi-Civita con-
nection associated with wy, and the Chern connection relative to i”.

For k > 1, the space Lk (X, ws, L?, h?) is the Sobolev space of sections of the
line bundle L” endowed with the Hermitian metric 4” over ¥ that are L? up to
order k, with respect to wy, and i”. This way, elements of Lz'k(E, wy, LP, h?)
are sections o of L? with LIZ(;]CC regularity on X, such that:

2 2
”U”Li’k(h) : /;: (IUlh,, + ‘V . 4o (V5o hry ) 5 <

(2.15)

Alternatively, L**(2, wx, LP, hP?) is the ||-||Lz k(h)-completion of the space

of smooth and compactly supported sections of L? over X, with ||- | L2y
defined in (2.15). For k = 0 we simply denote |- ||L20 by |- ||L2 ) and the
corresponding inner product by (-, +) .

When we apply this definition for the trivial line bundle C endowed with the
non-trivial Hermitian metric |log(|z|2) |Phg (the trivial Hermitian metric being
ho), we get the space L**(D*, wp+, C, [log(|z 1%)|”ho) and the norm || - ||L2,k(D*).

4
We also need in the localization procedure below some weighted Sobolev spaces
on (X, wy) (resp. on a double copy of (X, wyx)). We first define the weight
function p on X as a smooth function, equal to 1 far from the punctures, to

|log(|z j|2)| near the puncture a;, and everywhere > 1. Let now k € N, and

q > 1; the weighted Sobolev space L? td(E wy) is defined as the space of LY
functions f on X such that:

1oc

1= [ (1714 1D, os <00 210

q.k
Lwld

Notice moreover that ¥ x X is the complement of a simple normal crossing

divisor in a compact Kéhler manifold, namely ¥ x ¥ = (fZ) ~DwithD =
(D x ) + (¥ x D). This way, the natural product metric wy xy is a Kéhler
metric of Poincaré type on ¥ x X (see e.g. [2, Definition 0.1]). Analogously,
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qu’t];(E X X, wyxy) is the space of Lﬁ;f functions f on ¥ x X, endowed with

the product metric wy xx (¥, y) = oz (x) + wx (y) such that

A i o= / p(X)p(y)(If(x,y)l”+~~+I(szz)kf(x,y)IZ)ZXZ)wz(X)wz(y)
wtd

(x,y)eEEXX

2.17)

is finite.

Lemma 2.6 (a) We have Liv’?d(Z, wy) —> CU), i.e., there exists ¢y > 0 such that
forall f € Liv’t?j(E, wy) we have

1£lcos.om) < coll Fllg13 @.18)
(b) There are continuous embeddings
L2E(3 x B, 0pxz) = C"( X %, 05xx) (2.19)

for all k, m such that k > m + 2.

Proof (a) is from [6, §4.A and Lemme 4.5]. For (b), after noticing that the proof of [6,
Lemme 4.5] remains valid close to the divisor D C X x X but far from the crossings
(aj,aj,) € ¥ x ¥, we work around one of these, just as in the proof of [2, Lemma
4.4]. More precisely, we choose two small punctured discs Dy, and Dy, around aj,
and aj, in each ¥ respectively, and cover the product Dy, x D in ¥ x X with help
of (self-overlapping) holomorphic polydiscs:

. * *
Cbgl,gz . De X ]D)e —> Drl X Drz

11 lﬂ _oto ﬁ
e 1—v
9

(u,v) — (e I-u

with £1, £ > 0, and 0 < € < 1 fixed independently of £; and ¢,. This way,

Dy, x D, C UZO,(ZZ:O @y, ¢, (De x De), and we can even assume that Dy, x Dy, C

UZ),ZFO @y, ¢, (D2 x Dej2). Moreover, for any (¢4, £2),

(@ 0" idu Ndu n idv Adv (2.20)
w = =, .
R S R E) R SR ST

which does not depend on (£, £2). On the other hand, (®y, ¢,)*p(x) = 201+l | }i ,

u
—Uu

which is of size 261! for |u| < e, with derivatives (at every order) of the same size
for @, and similarly for (®, ¢,)* p(y) with 262+1,

SetU =Dy, x Dy, C X x X, s0 that DY x D = U ~D. Take w € L%t (3 x
3, wxxx),q > 1,k >0,and pickm > 0,m < k — § so that w € C™ (U ~. D); what
precedes thus yields:
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q
”wllcm(U\D) = . SZP>0 ”(q)f] @2) w”Cm(Ds/ZXDe/Z @)

o
w014
< D0 @) Wit kb
£1,8,=0

o0

1
_ L1+L2+2 * q
= . el 1(@er.)* WliEn o oo
£1,8,=0

o0

~ Y e @ (@i iw)|!

cm(D De /o,
B0 (Dej2xDe 2, )

IA

2.21)

@) (p@ 7 o1 w)[

L9* (D¢ xDe, )

1
¢ Z Yo+t

£1,4,=0
by the fixed usual Sobolev embedding (or, more exactly, continuous restriction)

LIK (D, x De, @) —> C™(De2 X Dep, o)

1 1
applied to all the (®y, ¢,)* (,0 (x)1p(y)e w). Now, observe that our choices provide

1 1 q
o0 (s
(Pee)” (PIT P W) b o

> 1
> som

£1,0,=0

= c@ |(p@7p0r7w)|"

LK (ExZ,05x5)

(2.22)

since the number of self-overlaps of ®y, ¢, (D x D) is of order 26462 and since
each @y, ¢, (De x D¢) overlaps only a finite number of other @Z/l A (D¢ x D), this
number being bounded independently of ¢; and ¢,. Hence

1 1 q
q 7 q
W || ~m <CH</)xq0 qw)‘ s
I ”C (U~D) = (x) » LI*(Ex3, wzxz) Cllw ”Lq‘:i

and one concludes by specializing to ¢ = 2, and gathering such estimates around the
crossings (aj,, aj,) with analogous estimates along the divisor D C ¥ x X and far
from the crossings, and estimates far from the divisor. O
3 Bergman kernels on the punctured unit disc

In this section we give a detailed description of the Bergman kernel on the punctured

unit disc. We first obtain an explicit formula in Sect. 3.1 and then in Sect. 3.2 we get
precise asymptotics near the puncture by using a natural rescaling.
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3.1 Expression of the Bergman kernels on the punctured unit disc

Let p € N* and let

HE (@) = HY, (D*, wpe, C,

tog(lz%)["ho ) (3.0

be the space of holomorphic functions S on ID* with finite L?-norm defined in Sect. 2.2
(iii) for & = 0. The purpose here is to study of the Bergman kernel of H(g) (D*), as
p —> Q.

Lemma 3.1 For p > 2, the set

-1 1/2
{(m) z‘:zeN,ezl} (3.2)

forms an orthonormal basis of H é) (D).

Proof Let HO(ID, C) be the space of holomorphic functions on ID. By [27, (6.2.17)],
we know

Hj, (D*) ¢ H'(D, ©). (3.3)

Note that for p > 2, € > 1,

_oid dz
/ llog(1z%)|P o = f llog(z2)[P 2 =L
D* D* |z

1 dr 3.4
:/ 2p_1d9/ |logr|P2— = o0,
St 0 r
and
- idz A\ dz
/ 12" *log(1z%)| o = f llog(1z1)]" 225
D* D* |Z|
1
=/ 2”_1d9/ r* ! logr|P~* dr 3.5)
St 0
27(p —2)!
=2'm- 20" T(p—1) = —n(giﬂ )

By (3.4), (3.5) and the circle invariance of wp+ and |10g(|z|2) |”hg, the set (3.2) forms
an orthonormal basis of H(’;) (D*). m]

Remark 3.2 Notice that a similar computation shows that the elements of H (02) (%, LP)

are, for p > 2, exactly the sections of L?” over the whole = vanishing on the puncture
divisor D = {ay, ..., an}.
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Back to D* and according to Lemma 3.1, the Bergman kernel of H 2 (D*), for any
p > 2,is thus

. 1 =
B}?) (x’y) }0g(|)7| ;|)‘ ng 1 Z—f (36)

Here the metric dual of the canonical section 1 with respect to hg is identified to 1,
hence the metric dual of 1 with respect to |log(|z|2)|Ph0 is 1*(z) = |log(|z|2)|P1.
Specializing to the diagonal, we get in particular the Bergman kernel function of
H(’;) (D*) forall p > 2,

. I -
BE) (Z) |Og((|Z| )2|)' Z P l| |2E (37)

This readily provides the behavior of B?* far from 0 € D.

Proposition 3.3 Forany 0 < a < 1 and any m > 0, there exists c = c(a) > 0 such
that

H BD*(Z) _r-1 =0(e"P) as p — +oo. (3.9)

CM({a<lz|<1}op*)

2

More generally, forany0 <a < 1and0 <y < %, there exists c = c(a, y) > 0 such
that

and if b € (0, 1),

« -1
BY () - ——
@ 27t

-0 (e—w“y) as p— +00, (3.9)

Cm({ae=PY <|z]<1},wp*)

H B,H,)*(Z) _ L = O(pfoo) as p — +oo.
21 lNem(gpe-r'2oen ™ <jz<aer" ane)
(3.10)
Proof Let us recall the celebrated formula from complex analysis:
1 1
) = Z ﬁ on C~#Z.
sinw = (w — k)
Thus for ¢t > 0,
1 t/2 _ t/2 -2 —Lt
— = 14 . 3.11
gz: T En a Z ¢ G-1D
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Combining (3.7), (3.11) with an easy induction on p > 2, one gets the identity

(p—1 [log(1z1%)|”
_ 5 Z

i 2
& @ik + llog(zP)])?

—1 log(|z
- (p271 e 2 (2ik7|r+g |{o|g<|z|2>|>ﬂ
keZ, k#0

2)’p (3.12)

To obtain (3.8) for m = 0, from (3.12), for p > 2, we use

[log(z1%)]”
ik + [log(|z|?)|?

keZ, k#0
-2 00 2
ofiy @0 7 [log(1212)|
llog(1z1%)|? o k)% + llog (1212

}log(|Z|2)’p < 2|10g(|z|2)|17 i@kﬂ)*p for e 1/2 < lz] <1
12ikm + |log(|z)[1P ~ =1 - |

for0 < |z| < e_l/z,

keZ, k0
(3.13)

For m > 1, by considering separately a < |z] < e V2ande 12 < |z] < 1 as above,
we get again (3.8) from (3.12).
For ae™?” <|z] < e~ Y2 from

(2m)? i
log| 1+ > > Cp 2,
( llog(z1»)|*) ~ Nog(lz®)?
R Ll M <
= (2km)* + |log(|zM* T = Qkm)2 + 1

and (3.13), we get also (3.9).
Note that log(l + x) > x — % for x € [0, 1]. From this we know that for
he—p'*og p)~! < |z| < ae ", the analogue of the above equation is

(2m)? c e
I 1+ - ey |
Og< “‘)g('le)!z) Z Mog(zP)2 = p o8P

i |10g(|Z|2)‘2 . i M.
0 Qkm)2 + log(lz?)|” o ko7 + 1

From the above equation and (3.13) we get (3.10). m]

Observe that the expected behavior for an Einstein metric of scalar curvature —4
such as wp+, at least on compact subsets of D*, according to (1.8), Theorem 2.1 and
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Corollary 2.4, is B?* (2) — ’72—;1 = O(p~*°). From our explicit description of BD" we
hence benefit an improvement, namely the existence of regions of exponential decay
of the remainder, such regions extending up to the exterior boundary 91D of D* on one
side, and exponentially close to the singularity O € D on the other side; we also get a
first estimate on how close to 0 the usual O(p~°°) remains valid.

3.2 Asymptotics of the density functions near the puncture

We are also interested in a global description of B?* up to the singularity 0 € D,
especially in the geometric context of Theorem 1.2, and such a description requires
another angle of attack. Let us simplify notations: for p € N*, set

by (y) = og | VN 0.1
p()’)—m; y- fory € (0, 1),
(&) =e&|logé| for& € (0,1), (3.14)

v(p) = Qup)!2pPeP(ph~" —
Note that by Stirling’s formula and (3.14),
v(p) =0(p~" asp — +oo. (3.15)
By (3.7) and (3.14), we have
BY, (2) = bp(lz*) forz € D", (3.16)
Motivated by the observation that at fixed y, the index of the largest term of the

sum y o 4P y! is determined by y!/?, we further proceed to the change of variable
x = y'/P_and focus on the function fp 1 (0,1) = R given by:

|log(xf’)‘pJrl ad

Fpo) = by = Y Zzl’ rt

= pp;—zepllogxl Z <€XZ|10g(x€)|) (3-17)
= (£)" 0+ v o 3 (o))"

=1

The smooth function ¢ maps (0, 1) to (0, 1], withp(§) = 1 iff§ = e~ . Thus, for ¢
fixed, x — (¢ (xb))? heuristically converges to a thinner and thinner Gaussian-shaped
bump of height 1 centered at e V¢t and |log x| Zf’;l(go(xl))” can thus be thought

of as a series of these bumps centered at e~!, e~1/2, ¢=1/3, of respective heights
1, 4 3 (because of the factor |logx|) and so on; this actually holds for x in “low

reglme” (x<e? 5, 8 > 1/2, say), the “tail” (x > e~ 7 8, 0 < & < 1/2) consisting
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p=10

— p=300
— p=1000

0.8 |

0.6

04|

0.2

0.2 0.4

Fig. 1 The scaled functions (27”)3/2fp on (0, 1)

in an agglomeration of such bumps mixing up with one another to follow an almost
constant behavior near x = 1: see Fig. 1 below.

We develop in the following lines some elementary analysis that justifies these
heuristic considerations. First, set

Up () = (pe™6))" = ePI=EH20 for ¢ > 0,

gy 3 en (3.18)
Go(n) =e , Gl =ne for neR.

We prove in the Appendix A the following estimate, linking ¥, to the Gaussian-type
functions Gy and G :

Lemma 3.4 There exists C > O such that forall ¢ > Oand all p > 1,

C
< .
T p+p(l=0)?)

‘I/Ip(;“) —Go (VP(1 =) + %gl (vVp( — C))'

For p > 1 and x € (0, 1), set

Gy (x) = [logx] (Z o (/71 +10g(x)1) ~ 5= 36 (m1+1og<x‘~’>1)) .
=1 \/ﬁ =1

(3.19)

Remembering that we are looking for an approximation of |log x| Z;’;l (@(x")P and
keeping in mind the relation (3.18) between ¢, p and v, we state:

Proposition 3.5 There exists C > O such that for all p > 1 and x € (0, 1),

c
p+ pllogx|’

=

(3.20)

fogx1 Y (#:9)" = G (x)
=1

@ Springer



Bergman kernels on punctured Riemann surfaces 971

Corollary 3.6 There exists C > 0 such that for all p > 1 and z € D¥,

< ; (3.2

<2n>3/2<1+ (P) ' BYL () — G, (1217P)
—_— V ) — Z .
) P2 Pp g P+ 2[log |2]]

In particular,

. 32
sup BY () = (%) +O(p). (3.22)

zeD*

Proof of Proposition 3.5 We set:

1
8p(0) = ¥p(0) — Go (VP —0)) + ﬁgl (Vp(1=0). (3.23)

Forall p > 1 and x € (0, 1), by (3.18), (3.19) and (3.23),

logx1 Y ()" = G

oo
— llogx| |36, (—1og(xf))‘
=1 =1
o0
<flogx| Y (5,, (—1og(x@)) . (3.24)
=1, t£[logx|-!

this takes into account the vanishing of §,(¢) at ¢ = 1. By Lemma 3.4, the latter is
bounded above by

o0

¢ 1
pl Z 2 (3.25)
P £=1,0#|logx|~! 1+ p(tlogx +1)

we can thus conclude if we bound this quantity above by an expression of type
c
p(I+[logx[)”
If 0 < [logx| < 2, by bounding the terms associated with £ = [—(logx)™'],
|—(ogx)~!] + 1 by 1, where we note |u | the integer part of u € R, we get

> 1 1 o da
> <2+ /
pt 1+ p(Llogx + 1)2 [logx| Jo 1+ p(a—1)2
t#[logx| ™!
1 e d
<2+ / :
llogx| J_ oo 1+ pla —1)?
_2+ il
/pllogx|’
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Thus by (3.24) and (3.25), for 0 < |logx| < 2,

> P Cllogx] € C
llogx| ) (#(x)) —Gplx)| < +—=5 <. (3.26)
; ( ) P p P32~ p
L C 1 1
and this yields the upper bound as —. This way, the

p(1 4+ |log x|) 1+ |logx| — 3
estimate (3.20) is proved on the region {0 < |log x| < 2}.

£|log x|
Let us assume now that [logx| > 2. Then for all £ > 1, £|logx| — 1 > ————,
thus
£%|log x|?
(Elogx + 1)* = (fllogx| — 1)? > %
and
0 2 o 2 2
1 1 2
3 |log x| Z Iggxl I (3.27)
P 1+ p(£logx + 1)2 — p(f [log x| ) 3p
£#[log x| ™!
In other words, by (3.24), (3.25) and (3.27), on the region {|log x| > 2},
o0
p C
1 ( ¢ ) — G| < 3.8
llog x| ; oY) PO = (3.28)

and this upper bound yields here again an upper bound , since <
p(1+ [logx|) |log x|

———— when |log x| > 2. By (3.26) and (3.28), we get (3.20). |
21+ Jlogx]) [log x| = y (3.26) and (3.28), we get (3.20)

Proof of Corollary 3.6 The first part of the corollary follows at once from Proposition
3.5. The second part is an immediate consequence of the estimate

sup Gp(x) =1+ 0(p~17%). (3.29)
xe(0,1)

To establish this estimate, let us prove first that

1< sup |10gx|Zgo< 1+log(x@)])—1+(9(p*1/2) (3.30)
xe,1) =

As putting x = e~ ! in |logx|> {2, Go (/PI1 +log(xH)]) gives 1 + 372,
go (f[l + log(x%)] ) 1, we get already that the sup in (3.30) is bounded below by
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Now we have

|—(ogx)~'|+1 ) )
o e rttoent < g mPUEDTA it |fog x| < 1, (3.31)
t=|—(logx)~J

and as a function of s > 0, e PU+s 10g)” increases when s < |—(logx)~'] and
decreases when s > |—(logx)~!| + I, thus

[—(ogx)~']—1 0o
) Go (VP [1+10gxh)])
=1 t=|—(logx)~"|+2
nggo (VP [1 = sllog(x)]]) ds (3.32)
C
= /Rgo (—/Psllog(x)]) ds = m,

_ -1
where we just omit the sum ) %:(IIOgX) J 1, if [logx| > 1; the transition from the
second to the third line simply comes from the translation s < s + |logx|~!.

Now |logx|e,’_1’(1+l°g")2 = (| logx| — l)e_l’(“"g)“_l)2 + e~ P(llogx|=1)? By using
that the function n — ne’”z/z is bounded on R, we get from (3.31), (3.32) that for

x € (0, 1),

llog xI Y Go (V/pI1 + log(x)]) = inf(1, [ og x|} + O(p~'73), p — +o.
=1
(3.33)

With similar methods, one proves that

sup [logx| Y G (Vpl1 +1log(x)]) = O(1), p— +00.  (334)
xe€(0,1) =1

From (3.30) and (3.34) we get (3.29). O

4 Elliptic estimates for Kodaira Laplacians on D* and 2
In this section we establish a weighted elliptic estimate for Kodaira Laplacians on

(D*, wp+) with weight |log(|z|*)|? such that the estimate is uniform on p, and along
D*. This is a major analytic input in comparison with the compact situation.
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Let 5”* be the adjoint of the Dolbeault operator 51‘1’ on (L?, h?) over (X, wy).
Then the Kodaira Laplacian is defined as

O, =@ +3° "2 =3""3"" +3"3"" . @09z, LP) - @Oz, LD).
@.1)

We denote by Dﬂg* the above operator when (X, ws, LP, h?) is replaced by

(D*, wp+, C, |log(|z]?)|”ho) (recall that & denotes the standard flat Hermitian metric
on the trivial line bundle C).

4.1 Estimate on the punctured disc D*: degree 0

Note that the Poincaré metric (1.1) on the punctured disc can be written as

wpr = —id3 log (— 10g(|z|2)) . 4.2)
Recall that the norm |- ||, 2.2 @+ Was defined in Sect. 2.2 (iii). In what follows, we
P
adopt the notation L for the trivial line bundle C over the open unit disc D, thought

of as endowed with the singular Hermitian metric hp+ := |10g(|z|2)|ho; similarly, for
p > 1, L? will implicitly refer to (C, [log(|z]*)|”h¢) = (C, h]ﬁ*). Notice that with
these conventions, (4.2) can be interpreted as:

—iwp~ is the curvature of (L, hp+) (and thus — i pwp~is that of (L7, hﬁ)*)). “4.3)

We prove in this section the following basic elliptic estimate on the Kodaira Lapla-
cians DE*, associated to the data (D*, wp+, L7, hﬁ*).

Proposition 4.1 Let s > 1. Then there exists C = C(s, hp+) such that for all p > 1,
and all o € L3 (D¥),

N
. . 2
012250, < € 2 P77 | o
j=0

oy’ Aa.4)

Our strategy is as follows. We will write the detailed proof for s = 1 and the proof
follows then by induction on s € N* we get it for s > 2.

For s = 1 we first establish an estimate analogous to (4.4) for the Laplace—
Beltrami operator Ag of wp+, instead of the Kodaira Laplacian D]B* associated to
(D*, wp+, L, hP.). Then we deduce (4.4) by Kihler identities.

To facilitate the computation, we introduce first new coordinates on D* and explain
some basic geometric facts.

For z € D*, we will use the coordinates (¢, 0) € R x (R/27Z) with

t :=log(—log(|z[»), z=zle". 4.5)
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We denote also % by 9;, and % by dp. Then we compute

- 2, 0 Ly - 2=l = L -
zlog(|z| )a—z=a,—§e 9y, (zlog(|z|9)) dz=§dt+ze do. 4.6)

Thus we have

_ 3 1 i 1
I=din = <§dt +i e’de) <a, - zefag) L= di— ie 'do. (4.7)

From (4.7) we obtain the following useful relation
wps = —e~'dt AdB, |log(|z1)| wps = —eP~Vdr A db, (4.8)

and the metric associated with wp+ in the coordinates (¢, 0) is

%(dt)z +2e7%(dO)?, 4.9)

thus (ﬁa,, \/lje’ dp) is an orthonormal frame of wp+.
Let V2" be the Levi-Civita connection on (D*, wp+). Using (4.9) and the equality

Vi 36 — Vi, 9 = [0, 0] = 0,
we compute that
* * 1
<Vg'@; %, a,) = —<v‘§j %, ag> = =50 (8. 39) = 2¢ 7. (4.10)

From (4.10) we get

VY =0, Vi dp=4de i,

VY 06 = Vi 8 = —0p. D
From (4.11) we get
V4o =d6 @ dt +dt @ do, V™ di = —4¢7*'d6 ® d6,
Ag = —2(8;3 — ;) — %e”agag. (4.12)

Let 9 (resp. ng*) be the adjoint of @ on the trivial line bundle (C, ko) (resp.
on (C, [log(|z|>)|”ho)) over (D*, wp+). By (4.6) and (4.8), we have the following
expressions in the coordinates (¢, 6),

—LPx

9 =3 = p@tA)* and (BrA)*dzZ = (dz, 91) = Zlog(|z]?). (4.13)
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By (4.6) and (4.8), we get for f € C*°(D*),
1Py — a
3 (fr) = —2 log(1eP) 5/ + (1= p)f.

_ _ a
0 (fdz) = ~ [z log (|1 - f (4.14)
Thus the Kodaira Laplacian associated with (C, |log(|z|?)|”ho) has the form

02 =35 4+90 " =30+30 — p@@EA) + @1A)D)
1 (4.15)
_ _ BYS) * a *a
= 2A0 p (0(0tA)* + (0:7)*9),
where we used the Kihler identity 39+00 =1 Ay for the last equality.

Proof of Proposition 4.1 Notice that since the Hermitian line bundles L” we consider
here are powers of the line bundle (C, |log(|z 12)|ho), the Chern connections V7 acting
on the sections of these bundles, which are functions, are given by

VP f =df + pfat, feCOD* LP). (4.16)

Therefore, for these f and p > 1,

— 2 2 2 2\|P
112 e —fD* (124197, PRIV o 1) log(lz) | wpe

< 2/D* (0 + DIFP +200, 71 + 3100 £ ) [log(121) " 0p-,
4.17)

and, similarly

11322 N/ (P*1712+ P20 S 12 + 1600 £ 1)
D (4.18)

1022 + 10,00 £ 12 + 16293 112 [log(lz*)| o,
with the constants understood in < independent of p.

We will compute everything by using the coordinate (7, 6), then [ means fR «(R/277)

and sometimes we identify S! to R /27 Z. We will work separately the real and imagine
part of f, thus we assume now f is real. Thus by (4.8) and simple integrations by
parts, we get

[ 1eaur ozl "o = [ et Pet” Varao
ID)*

= / (82 f) fe'P~Vdrde, (4.19)
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and
/ 190 £ 12[log(1z2) P ewope = — / O f) P~V drdo
D*
—1)2
+% / £V gr4p, (4.20)

This way, by Young inequality, we obtain for every ¢ > 0,

/D (13, £1> + le" g £1H)]log(121%)| " wp
_ 2
< (a‘#%) / 2PV grde (4.21)
&
+3 / (10772 + 103 £17) e~ dras.

2

Taking ¢ = p~“ we get

/D PPUBFI + L' B 1) log(12) | e
< 2/ <p4|f|2 + (182 71> + |e2’a§f|2)) PV g1dp. (4.22)

Thus, from (4.18) for f € L3*(D"),

1£1%2n, . S PR+ 10217 + 1€ 3,80 f I + le¥ 87 £17) P~V drde,
Ly 09 ™~ Jpe
(4.23)

with the implied constant independent of p.
By (4.12),

[ @0 flogtiz e
=4 / ((a,2 PP+ @)+ (59 f)z) P~V drdy — 8 / O )@ feP~ V" drde

+8 / @2 ) (S92 [)eP~V" did6 — 8 f @ f)(5-03 e~V drdo. (4.24)

We deal with the mixed terms as follows:

e —8 f(aff)(at f)e(”_l)’ dtdf: an integration by parts yields:

-8 / B2 )@ )P~V drdo = 4(p — 1) / @ )P~V drdn, (4.25)
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and we do not provide more efforts, as this quantity has the favorable sign already
— remember we want a bound below on the L?,(]D)*)—norm of Aof;

e 8 f(B?f)(eTZt 892f)e(P_1)’ dtd6: exchanging 9, and 9y via integrations by parts, we
get:

8 / (aff)(%ag eV drde

= 8/(%8t89f)2e(p_1)’ dtdo —8(p + 1) /(a,f)(%agf)eu’—“’ dtde,
(4.26)
and collect the extra term —8(p + 1) f(&,f)(%agf)e@’l)t dtd® together with

the left over right-hand-side mixed term in (4.24), i.e. we deal with:
2t
o —8(p+2) [0 )05 feP~ V' didb:

—8(p+2) / (@ ) (202 e~ dede

> -2 /(%agf)ze(l’—”’ dtd6 — 8(p + 2)° /(atf)ze(p_l)’ dtdo,
(4.27)

By Cauchy—Schwarz inequalities and (4.20), we get
—8(p+2)° /(8;]‘)26(”_1)’ dtde
> —2/(3,2f)2e<1’—1>’ drd®
- (8(p +2+4(p - DX(p + 2)2) / PV drdo.
We sum up what precedes as:
fD o2 rogteP) | wpe = 2 [ (@20 + (G853 £2 + (G £P) 0V dra

- (8(p +2* +4(p - D2(p + 2)2) / F2eP D grde,
(4.28)

By (4.23) and (4.28), we get
2 2 4 2

for some C > 0 independent of both p > 1 and f € C3°(ID*) with real values; by
density, this readily generalizes to f € L%Z(D*) with complex values, as A is a real
operator.
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We now carry out the replacement of A by DE)* in (4.29), to get the desired estimate
(4.4). By (4.13) and (4.15) we have the following identities for operators action on
functions defined on D*,

1 9 i .9
0% — —Ag— pd withd =71 — = — — ¢ 4.30
p =500—pd wi og(|z|) =55 (430

Let f € L%z(]]])*). Using inequality (4.21) with ¢ > 0 to be adjusted, (4.23) and
(4.29), we have:

/\Ef\ze(!’—“fdzde < 2f(|atf|2 + 1580 f1%)e P~V drde

< (29—1 +p°+ st4) ||f||i%®*) +eCllAof lli;,@*y
4.31)

From (4.30) and (4.31) we are led to:

18013 e, = [2(CF +53) £, <8100 £ )+ 892 (37 3 00

LZ]D)

D* - 2 4 2
<8I0} 13 ey + 897 (267 + 97+ 6CP*) 1F 12

+8p%6ClI A0 flz2 - (4.32)
1
Take ¢ = to conclude that:
16Cp?
180/ 172 ey = 16105 F 172 ey + 24P 1/ 72 (4.33)

with A = 256C + 9, say. Plugged back into (4.29), this estimate gives exactly (4.4),
with a (new) constant C > 0, uniform for p > 1 and f € L%z(]]])*).

The proof of Proposition 4.1 for s = 1 is completed. Continuing by induction on
s € N* we obtain the assertion for all s € N*. O

4.2 Estimate on the punctured Riemann surface X : degree 0

We now consider the geometric situation of a punctured polarized Riemann surface
(2, ws, L, h), satisfying moreover conditions («) and (8) of the Introduction. Let
a € D. By assumption the following holds: there exists a trivialization of L around a
such that in the associated local complex coordinate z € D, we have h = |log(|z|*)|ho
on some coordinate disc D, centered at a and of radius r € (0, e~"). This way, the
curvature RZ of & coincides with —iwp+ on D¥ := D, \ {0}.
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Proposition 4.2 For every s € N* there exists C = C(s, h) such that for all p > 1,
and all o € L%* (h) = L** (S, wy, L?, h?),

4(s—J) J
o720 < CZp 1@ olga g, (434)
]_

where [, is the Kodaira Laplacian on X associated to wy and h?.

Proof Again, we do it for s = 1.

In the situation of the Proposition, we denote by / a smooth Hermitian metric on
L on the whole ¥ such that it coincides with # on £ ~ D, 2. It is an easy exercise
to construct % so that i x its curvature, @ say, is Kdhler over the whole (compact) 3,
which we take for granted until the end of this proof. Notice that wy, and @ coincide
on X N\ D, s.

Now the principle of the proof is to glue estimate (4.4) to the analogous estimate
for (E, L, E) that states the ex1stence of C > 0 such that for all p > 1, and all
o€ Ly*(h) :=L**(3. o, L7, 1y,

DZ
o122 < (H

This estimate, as well as its generalization for o € Lf;zs (E), s > 1, can be found for
instance in [15, (4.14)] or [27, §1.6.2].

We denote V”* the formal adjoint of V¥ acting on A(T*%D%) ® L?. By
Lichnerowicz formula [27, Remark 1.4.8],

L% TP ||o||Lz(,,)> (4.35)

20, = VP IS _ pRE(w W) + @pRE + RTE) (w, w)w* Ady,  (4.36)
and w is an orthonormal frame of 79 . By (4.3),
Rlw,w) =1, RT""CZ(w, W) =-2 onV =V, U...UVy. (4.37)

From (4.36) and (4.37) we have for any o € L32(h),

1975013, = 2(0p0.0),| < Cpllol - (438)
Let x be a cut-off function supported near a; assume, more precisely, that
x € C*® (f) , 0=<x =1, x |ﬁ,/25 1, x |2\D2r/35 0. (4.39)

Let p > l,and o € L3?(h) = L**(Z, oz, L, h?). Then (1 — x)o € L3*(h) and
on its support, i coincides with /; likewise, xo can be interpreted as an element of
Lf;z(]D)*) and on its support, i can be regarded as hp-. Therefore,
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01322, = Ix0 + (1= 001320, < (nx 1322050, + 101 = 2001 22(h))
=20 (|5 00| o, + 51O~ 001,
( 0 3 g, + [ FFT0 =00,
4 2 2
+2Cp <|IXGIIL%7(D*)+II(1—x)allLi(h)> (4.40)

where C = max(C (hp+), CLE)), v_vith C (hp+), resp. C(h), the constant from (4.4),
resp. from its analogue for (X, L, h). Thus deﬁned, Cis independent of o and p.

Now l1x0 13, = 10132, < 013, and 10 =000 135 g < ol as
el —
L2y and||D [(1 X)o]||L§(E)aredone1nthe

same spirit, but require a little extra work For instance, we have on Dy, /3, by (4.15)
and (4.16),

well. The treatments of ||D]D’ (xo)|?

ok * —_ s -— — 1
05 (o) = 0y o = (3%, V)00) = (80, 01) e + (Eon) o
(4.41)

hence

[mpAe )\

= 2
Lz(hD*) (HX P +|||8X|30“L§,(hw)

+[10x197) 0

L2 (hp

2
o+ 1G8000],.)

2
=4 (HXDPGHLZ(h) + H|8X|8o ”Lf,(h)

+ |1ax10v7 )10

2
oy HIdB000 153, ) @2

with the Li(h@*)—norms, resp. Li(h)—norms, for 1-forms, resp. 1-forms with value in
L?, computed with wp+ ® h]g* on D*, resp. with wy ® hP.
Consequently,

D*
=

2
) <4C (” D;ﬂ”Lﬁ(m + [ v O’HLQ w T ||0||L2 (h)) (4.43)

with C = 1+max { |} 20 |20
From (4.38) and (4.42) we get

= 12
ooy 19X [ O™ wpe) }. that does not depend on p.

o7 ol
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for some C independent of p and o. Similarly,

0% @ - 0o

2 2
2w =© (”DPUHL%(};) + pllollLi(h)) (4.45)

with C again independent of p and o.
In conclusion, it follows from (4.40), (4.44) and (4.45), that there exists C > 0
such that forany p > land o € L?,l(h), we have

2 2 4 2
IIGIILi,z(h) <C (||Dpa||L§(h) +p IlallLi(h)> . (4.46)

The proof of Proposition 4.2 for s = 1 is completed. The proof for general s € N*
follows by induction with the help of Proposition 4.1. O

Remark 4.3 We made the assumption that & polarizes wy, on the whole X to fix ideas.
It is actually superfluous here, provided that & polarizes wy, near the puncture(s), and
has curvature bounded below by ewsy, on the whole ¥; both of these are automatically
implied by conditions («) and (8).

4.3 Bidegree (0, 1)

This subsection will not be used in the rest of this paper, we include it here only for
completeness and its independent interest.

To prove that Propositions 4.1 and 4.2 still hold in bidegree (0, 1), or, namely, for
o asection of T*ODD* @ LP or T*D2 ® LP, an easy procedure is to observe that
the following diagram:

_dz
®Elog<|z\2>

C(D*) Cse (D, T*0-DD¥) (4.47)

Dp—ieti)gi \LDF

C5e(D*) Cceem*, T*O-DD¥)

®Elog<|z\2>

commutes, where the horizontal arrows are isometries under hﬁ* and (hp+)? ® wp+.
Indeed, by (4.6) and (4.7), = 9t, and by (4.7) and (4.14), for g € C*°(D*),
we have

dz
Zlog(Jz%)

——LPx - — P x— _ 2 3 2 8 —_
99 (at):[a dg +zlog(z|") —g — zlog(lz )—}at
g g 2(|z] P 2(lz] L (4.48)

= (O,g —ie'dpg)ot.
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Proposition 4.4 Let s € N*. Then there exists C = C(s, hp+) such that for all p > 1,
and all o € L3> (D*) = L** (D*, wpr, T*OVD* @ 1P, wps @ hi.),

CZP4(Y )l H(DD*)/' ‘

(4.49)

o s = .
013 32 2o

Proof Indeed, take 0 = f = for e C°(D*, 7*0.DD*y Then for instance,

dz
Zlog(lzP)
(V)20 = (VP f @0t +2V7 f @ V2ot + f @ (VP")?5t

where VP is the Levi-Civita connection of wp«. By (4.7), (4.9) and (4.11), 9t is
uniformly bounded at any order with respect to wp+ on D*, we get that

J.

independently of p. By Proposition 4.1, we thus have

J.

for p > 1, with C independent of p. By (4.47), we have

Py2 2 < p P2 2
| on s [ (\(V 2| 419772 + 11 ) on = 111252 5

2
(VYo wne < cC /D (190rL + 24157 w0ne (4.50)

/ ||:|p(7|f) wp* 2/ |Dpf—i6139f|i wp*
D* D*

. (4.51)
S Y ey e
2 Jp P
By (4.21) with ¢ = 29 5 (4.28) and (4.33), we obtain as in (4.31),
2 (p—Dt
f [e'9a f|" et P1d1d0 < Cp2If 175 ) + i 2||Dpf||L2(D*) (4.52)
As [pe o3 wps = [p. [ f15 @p+, we get from (4.51) and (4.52),
2
/ Oy f], @p- < 4/ 10,05, wpr +Cp2/ 0|2 wps.
D* D* D*
This yields, coming back to (4.50),
2
/ V"0 wp = C / (IDpoly + P10 ) . (4.53)
* )4 D*
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Consequently, we get for p > 1,

2 2 4 2

Now by induction on s, the assertion of Proposition 4.4 follows for all s € N*. O

Using moreover the same gluing procedure as in proving Proposition 4.2, we obtain
the analogue of (4.49) on X, when wy, and £ satisfy conditions («) and (8):

Proposition 4.5 Let s € N*. Then there exists C = C(s, h) such that for all p > 1,
andallo € L3* (2) = L** (2, 0z, T*OVE @ L, s @ h?),

2
(4.55)

N
2 2 4(s—J) H J ‘
(o) <C p [l O .
|| ”L%Zx(z) = ] - ( p) L%():)

5 Spectral gap and localization

We follow in this section the localization scheme based on the spectral gap and finite
propagation speed [27] and show that the Bergman kernel localizes near the singular-
ities. As a consequence we obtain a first rough estimate, which will be improved in
the next section.

Let (M, wyy) be a complete Kihler manifold. We will denote by R9°! the curvature
of the anticanonical line bundle (K*,, hXi), where KXW is induced by wyy.

Let (E, hE) be a Hermitian holomorphic line bundle on M. Let 3" be the formal
adjoint of 9 with respect to (-, +) (cf. (2.1)). Let OF = 379 be the Kodaira Laplace
operator. By [27, Corollary 3.3.4] the operator (1F : Co°(M,E) — C*(M, E) is
essentially self-adjoint and we will denote its unique self-adjoint extension with the
same symbol [JF. Note that the domain of this extension is Dom(df) = {o €
L*(M,E):0F¢ € L*(M, E)}.

Consider now a Hermitian holomorphic line bundle (L, /) and denote by [, :=
(%" the Kodaira Laplace operator corresponding to (L”, h?). By [27, Theorem 6.1.1]
and its proof we have the following.

Proposition 5.1 (Spectral gap) Let (M, wy) be a complete Kdihler manifold and
(E, h®) be a Hermitian holomorphic line bundle on M. We assume there exist ¢ > 0,
C > Osuch that i RE > swyy and i R%t > —Cwyy. Then there exists ¢ = c(C,e) >0
such that for all p > 1 we have

Spec(Udy) C {0} U [cp, +00). 5.1

Corollary 5.2 The spectral gap (5.1) holds for the Laplacian [, in the following
situations:

(1) (M, o) = (D*, wps), (E, k") = (C, [log(|z|*)|ho);
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2) (M, wy) = (T, ws), (E, hE) = (L, h) as in Theorem 1.2.

Indeed, by (4.3) and i R = —2wpy, the hypotheses of Proposition 5.1 clearly hold
on D*. Combining moreover with the condition (8) on X, we know that i RL > swx
and i R%' > —Cwy, on X, for some C > 0. We can thus apply Proposition 5.1 to get
Corollary 5.2 in both situations.

We assume here, without loss of generality, that the puncture divisor D in X is
reduced to one point a. Let e be the holomorphic frame of L near a corresponding to
the trivialization in the condition ().

By the assumption («), (8), under our trivialization ¢ of L on the coordinate z on
D for some 0 < r < e~!, we have the identification of the geometric data

(2, wx, L, ) |py = (D*, wp=, C, hp)|px- (5.2)

We set:

e [ isthe normalized Fourier transform of a smooth cut-off function as in [27, §4.1],
namely

-1
F(u) = (/ f(v)dv) /ei”“f(u)du (5.3)
R R

with f : R — [0, 1] a smooth even function such that f(v) = 1 if |v] < €/2
and f(v) = 0if |v] > € for € > 0. Thus F is an even function in the Schwartz
space . (R) with F(0) = 1. Let F be the function satisfying F (u?) = F(u) for
all u € R. We consider the function

bp R —> R, ur—> Liep ooy (lul) F(u) (5.4)

where ¢ > 0 is defined in (5.1); let K, := ¢,(0),) and let K, (-, -) be the
associated kernel; we denote by f), (-, -) the function associated to K, (-, -) via
the doubled trivialization around a used above; for x € D}, we set f, . for the
one-variable function y > f,(x, y); then

Kp(x,y) = fpx, y)e? (x) ® (e (y)", (5.5)
and (e” (y))* is the metric dual of e” (y) with respect to h?, thatis, e” (y)*-eP(y) =
e” (3)[7,-

e x a cut-off function as in (4.39);

e p: % — [1,400) is a smooth function such that p(z) = |log(|z|?)| on Dy,

Proposition5.3 Forany {,m >0, y > %, there exists Cy ., > 0 such that for any
p > 1, we have

o o) Kpe, D cmny < Cemy ™" (5.6)

in the sense of (2.14).
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Proof We proceed as follows. Take p >> 1, and pick a and b two real parameters to
be determined later; then by definition of f, and K, :

2
lo eI X IX ) £ 90

L2(ExX)
= / P()% x (x) wx (x) / oM X2 fpx, M 05 ()

xeh* yeD*

= /p(X)Z“”X(X)2</<Kp(x,y),p(y)2””x(y)zfp(x,y)e”(y)>h,, wm(y),e”(x)> wpr (x)
3

xeD* eD* %
D*

= / PP 0 (Ko™ fpe?) e, () wop ().
1]13*
xeD*

(5.7)
As |e/’|h§)* = pP/%, we have from (5.7),

2

Hp(x)ap(y)”x(X)x(y)fp(x,y) LExs)

, (5.8)
= / i PR 02K p (027 1 fp e ()
xe*

WP W* (x) .
D*

Now for all x € D;r/3’

K07 12 fpae) ()

< p(x)'/? Hp_l/zKp(pzb_”xzfp,xep)‘

h O3, 3)
1/2

1/2

/0_1 |Kp(/02b_pX2fp,xep)|iﬁ;*

= p(x)

)

COm3, )

(5.9)

and thus:

2

oo xx |,

172
wp+(x).

1-p
< / ()27 4 (x)?
rep* O, )

,0_1 |Kp(,02b_pX2fp,xep)|iﬁ*

(5.10)

2 P
hEs
Liv’sj(Z, wy) —> CYU(Z, wyx) (cf. Lemma 2.6(a)), that gives, taking supports into
account:

We momentarily set g(z) = |Kp(p2”_1’)(2fp,xe1’)| (z), and use the embedding
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23) =

1o~ gllcows, . < co /D*p()p*‘g\ o [V ) s

< a% [ (gl + 17 el o 510
D}

with A = 1 + ||d10g,0||cz(m which is finite by log p = log(—log(|z|?)) =t

and (4.12). Moreover,

L wp*)?

lgl+ -+ 1(VE)g

<C (|Kp(p2”—f’x2fxe">|§ﬁ* +o |(v"’2>31<p<p2”—f’x2fp,xe">|iﬁ*) :

(5.12)
We obtain from (5.11), (5.12),
-1 2b—p 2 2
I~ gllcos ) = € [Kp™ 1 fre6M) [ s, - (5.13)
P

By Propositions 4.2 and since 5.1, (5.4) and since Fes (R), we have that for any
fixed ¢, there exists C; > 0 such that for any x € D, p € N*,

H Kp(p%*pxzfp,xe”)‘ <Cop~t Hp”’”’xzfp,xep‘

, 5.14
ey 19

L3 ()
and thus (5.10), (5.13), (5.14) yield

2
Hp(x)”p(y)bx(X)x(y)fp (x,y)

L*(ExX)

_ 1-p _
<Cep ’3/ X (0)?p(x)*+ 2 Hp”’ Px? fpoxe?
xeD*

) X
L2 D+ (X)

1

1
2 2
<Cpt (/ szzaf"“cum*) (/ X)) | 2 PP fpae? | wD*(X)>
D* xeD* L])(h)

1
2
<Cop ( fD * xzpz*‘*”‘wm*) [o®p 8 xx ) £, y)

L2 (=x%)’

(5.15)

since

2
2b—p 2 P
P X fpx 20

wp+(x)

/ x(x)?p(x)*
xeD*

= / X ()20 ()P op« (x) / PP x (D £ (x, ¥) Fops ()
xeD* yeD*
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< / X ()20 ()P op« (x) / PPy (021 £ (x, ) Pops ()
xeD* yeD*

2
205

- Hp(x)ap(y) X x ) fplx, y)‘

L2(ZxT)

Moreover, [p. x?p** P wp- is finite as soon as a < L. Fixinga= 5§ —6,8 >0,
Jpe x20%2 P ope = [1. x20' " Pops = [p. x> 2'dt dO < oo is independent on
p, and consequently, the previous inequality reads:

[P0 X X0 . )| <Cwsp™  (516)

LY (Zx%)

forall b < % by using p(y)Zb_% < p(y)?, and with C¢.s independent of b, hence in
particular for p > 1,

<Cusp . (5.17)

[P0 520 XX 0 £y, )| )

With the same techniques, we extend this estimate to higher orders, namely for any
k>0,

<C -, 5.18
Lkzxy) = CokoP (5.18)

[ (0@Pe) 5 X @) £ )|

Observe that by (2.13) and (4.12), dlog p = dt is C" (X, wy) bounded, and the

factor p in the definition of L\z)v’tkd, thus (5.18) implies

< Coryp ", (5.19)

Ly
[p oD ET @ S )| o

Withy:ﬁ—l—% > %
By Lemma 2.6(b) and (5.19), for every £, m > 0, y > % there exists Cy ., > 0
such that for all p > 1 we have

p_ _
[ 0PN E XX fp . )| < Conpr™s (520
Cm(LxY)
which can be rewritten in the sense of (2.14) as
[P o XX DK, Y| cnny < Cemyp™" (5.21)

Such an estimate is already well-known far from D, = ({a} x £) + (¥ x {a}) in
Y x X, where the weights p can be omitted, cf. [27, §6.1]. We moreover prove the
analogous estimates on
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(]D)’:/2 X (T~ ]]]),/3)> U ((E N Dy 3) x Dfﬂ)

along the same lines. We thus come to the conclusion that (5.6) holds. O

Estimates (5.6) might look a bit disappointing, as these are stated with negative
weights; so far, this does not even tell us that K, (x, y) is bounded near the divisor
(fa} x ) + (£ x {a}) in ¥ x ¥ for the product Hermitian norm, which contrasts
with our knowledge that the Bergman kernels of L” do vanish along this divisor.

We see in next part that this rough estimate, together with the vanishing property,
suffice however to estimate sharply Bergman kernels on the whole ¥ x X.

Remark 5.4 The embedding Liv’fd < (€Y does not hold on the whole D*. Now

Proposition 5.3 still holds on D* x D* near {0} 4+ {0} and, more generally, far from
0D x 9D, as functions with supports in D} or D7 /3 in D* can be thought of as functions

around the punctures in X, to which Lemma 2.6 applies. More precisely, let K E’* (x,)
be the kernel of ¢ p(D[B’*) on D* with respect to wp+; then for all 0 < r < 1 and all
£,m>0,and y > % there exists Cy i,y = Cg m, (r) > O such that for all p > 1,

<Comyp b (522

H P (T XX WK, (x, y) ‘ Cm (e XD

6 Proofs of the main results

In this section, we will establish the results stated in the Introduction. We first complete
the proofs of Theorems 1.1, 1.2 and Corollary 1.4, then that of Corollary 1.5, and finally
give the details needed to establish Theorems 2.5 and 1.7.

Theorems 1.1, 1.2 and Corollary 1.4 will be a consequence of Proposition 5.3.
The principal idea is to combine Proposition 5.3 and the holomorphicity of sections
associated to Bergman kernels, together with the fact that for p > 2, L? holomorphic
sections of (L?, h?) over (¥, wy) vanish at D, and similarly for the holomorphic
sections in L2(]D*, wp+, C, hﬁ*), which vanish at 0, as already noticed.

Let us fix a point @ € D and work around this point, in coordinates centered at a.
For x, y € D¥, under our identification (5.2) and convention after (3.6), we write

BY (x,y) = [log(ly®)|" By (x. y):

6.1)
By(x,y) = [log(ly[»)|" B (x.y).
where, by (3.6), ﬁ?* is a holomorphic function of x and y, namely
1 o0
D* —1 =t
)= — 24 , 6.2

which vanishes along {x = 0} + {y = 0} = {xy = 0} C D x D. By Remark 3.2, (2.2)
and the convention after (3.6), ,BE is a holomorphic function of x and y vanishing
along {x =0} 4+ {y =0} Cc D, x D, and
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Fig.2 In (6.6), F([@p)(x, +)
depends only on the restriction
of 0p to a geodesic ball of
radius Lz around x, and
vanishes outside this ball (the
circles {|z| = r/2} and {|z| = r}
are at Poincaré distance

1 log?2
i log (1 — logr) from each
other)

" p/2 p/2 *
By = B, )| = fog(e®)|" Joe(yP)| " |8 — B )| (63)
Proof of Theorem 1.1 By (5.4), we have

F(O,)(x,y) — Bp(x,y) = ¢p(0,)(x, y) = Kp(x, y),

F(O) o = BY o) =6 (OF) (o) = K3 e, ). 9

By the finite propagation speed for the wave operators [27, Theorem D.2.1], we have

supp F(0,)(x, +) C B (x, i) and F(O,)(x, )

V2

(6.5)
depends only on the restriction of [, to B <x,

%)
%)
Here B(x, \%) is the geodesic ball with center at x and radius of Lz for wps+.
Thus from (5.2) and (6.5) (here we fix € > 0 such that € < dp+(0D,, 9D, 2)), we
have
F@p)(x.y) = F(@O) )(x,y) forallx,yeD;,. (6.6)

We have from (6.4) and (6.6),

By(x,y) — BY (x,y) = K} (x.y) — Kp(x,y) forallx,y eDi,. (6.7)
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Note that by (4.7) and (4.12),
‘Iloglzlzl”‘ck =[]k < Ciple™. (6.8)

By (2.13), (2.14), (4.7), (4.12), (4.16), (5.2) and (6.8), we infer that for any k € N
there exists C > 0 such that for any p € N*, x, y € D /2» We have

]D)*
B — 5,

2 *
(. ) = CpFflog(x 172 log(lyP)|”/2 |80 — B

X, ¥,
Ck(hr) o &)

* — 2 — 2 *
1B = B3] . e 3) = CpF o )| "2 logy )| |B) ~ B,

k) (x, ).
(6.9)

By Proposition 5.3, (6.7) and (6.9), we get for x, y € ]D);"/z,

B 8

_ —n/2 —n/2
o 6090 = Coyp™ Jlog(x )" log 1y )| (6.10)
Our task is thus to refine estimate (6.10) by working directly on ,3?* - B 1)7:' We set:

By E=p) — B 6.11)

As ﬂ?*’z is a holomorphic function of x and y vanishing along {xy = 0}, one can
write

BYE(x, y) = x3gp(x, ) (6.12)

for some smooth g, holomorphic in x and y. Now for ¢ > 0 small,

swp gyt vl = sup lgplenl=e"" sup [BYE(x, )]
x],lyl<e!/? [x|=|y|=el/2 |x|=]y|=¢l/2
(6.13)
by holomorphicity of g,.
From (6.10) and (6.13), we get:
sup  |gp(x, )| < Coyp~te ! loge| 7T, (6.14)

|x],|yl<e!/2

From (6.12), (6.14), for |x|, |y| < e~”, we have

B2 F 0w < Ixllyl sup Igp(x )l
Il Iyl <eP (6.15)

< Cppyp te®P2p) P x|yl
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Pick @ > 0. As the function u +> u(—log(uz))gw is increasing on (0, e’g""],
hence on (0, e 7], thus

o

x| < e P@p)EHelog(xP)| 2 if x| <P (6.16)
We thus convert (6.15) into:
B, )| = 22050, pm 20 log(e )| E 7 Jlog(ly )| TE 4 (6.17)
on |x|, |y| < e~ ?; up to increasing ¢ and adjusting the constant, we thus have

B2, )| = Crap™ o) 72 JlogyD|F 7 (6.18)

on {|x|, |y| < e~P}. Notice that such an estimate holds on {e 7 < |x|, |y| <r < e~}
as well, since then | log(|x|?)|, | log(]y|?)| < 2p, and thus (6.10) gives for any 8 > 0,

* — —-B—p/2 —B—p/2
187 % 0| = €y @2 logx D) log (3PP 6.19)

We conclude by the case |x| < e™P, e™? < |y| <r < e L fixing y, by the holomor-
phicity of x and (6.10),

1 1
-, T (x, y)' = sup |8, T(x, y)‘

sup
[x|<e—P |x|=e—P
=" sup ﬁ?*’z(x,y)(
lx|=e~P

< ePCpyp~t@p) B |log(y?)| T (6.20)

so that
* _ _P _r
By, )| = e Copp~t@p) T IxlflogyD| T 62)

on {lx| < e, e < |y <r < e '}. Now on this set, [log(|y[})[2” <
(2p)"‘+”|log(|y|2)|’%’“ by (6.16) and (6.21), we get

* _ _P_ _pP_
187 E (x| = 2200 ¢, pm 2 log (11D flogy DT (6.22)
on{|x| <e P, e <|y|]<r<e !} . Thisholdson {|y| <e™?, e < |x| <r <
e~} as well by symmetry.

We get from (6.18)—(6.22): For all £ > 0, « > 0, there exists C¢, > 0 such that
for p > 1,on D} , x Dy 5,

B = B, )| = Coap™ flog(xP| 5 logyD[ 57 (623)
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From (6.3) and (6.23) we get (1.6) for k = 0.
Observe that by (4.5), (4.14), for any k € N, there exists Cx > 0 such that on D},

k
‘log |Z|2’ck = Ck )log Izlz‘ v lzler < Gk ’10g Izlz‘ |z]. (6.24)
From (6.12) and (6.24) we have

By E )|, = Celxllyl Y2 [lo(x )| flog(y D [gp(r )]s

k1+ko+k3 <k
(6.25)
By (4.6) and (4.12) we get
’gp(x9 y)‘cl
N 24 J2y o min(l,j1) |« ymin(l, j e
<C Y |log(x)] [log(ly[?)|* x[minth1) |y mind. 2 .—;gp<x,y>‘.
L= axi19y)
J1t+p=j
(6.26)

Thus from (6.25) and (6.26), forany k € N, there exists Cx > Osuchthat forx, y € D,

‘,BD*’E(x )‘ < Culxllyl[log(x )| [logyP)|* Y~ o
p @), = Crlxllyl[log ey 2
J1t+i2<k

ng(x,y)‘.

(6.27)

Now we can combine the argument for (6.23) and (6.27) to get (1.6) for k > 1. The
proof of Theorem 1.1 is complete. O

Corollary 6.1 Forany{,m € N, e > 0, and § > 0, there exists C = C(£,m, &,8) > 0
such that for all p € N*, and x,y € Vi U---U Vy, d(x,y) > &, with the local
coordinate x;, y;, in the sense of (2.14), we have

_ -4 -6
1By iy Y| ey = € Nlog(xi )| logly; )]~ (6.28)

If x € Vi U---U Vy, with the local coordinate x;, y € ¥ ~ (Vi U---U Vy), and
d(x,y) > ¢, then

_ —5
By Gt )| ey + | Bp s %0 gy < €™ Jlog(xi )| (6.29)

Ifx,ye Z~ WM U...UVy),andd(x,y) > ¢, then |B,(x, y)|cmnry < cpt.

Proof Pick ¢ > 0 (small), and, if needed, replace the € fixed in Sect. 5 by this new .
Asd(x,y) > ¢, by (6.4) and (6.5), we get

—B,(x,y) = K,(x, ). (6.30)
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We explain now in detail how to establish (6.28). The argument of (6.9) implies

|Bplcrry (x. y) < Cp¥llog(1x )17/ log(y1)IP/2 187 | cx (x. ¥).

B - (6.31)
1BY |ex(x, y) < Cp*llog(lx )72 [log(Iy )|~/ Bplck iy (x. ¥).

By Proposition 5.3, and (6.30), we get the analogue of (6.10) in the situation of (6.28),
that is, for any y > %,

— —p/2 —p/2
BE| v = Copp™ flog(x I logyD "2 (632)

By the argument of (6.19)—(6.27) and (6.31), we improve then (6.32) to (6.28). The
same argument as above works for the situation of (6.29). The last part of Corollary
is from (5.6), (6.4) and (6.5). m]

Proof of Theorem 1.2 This follows immediately by taking x = y in Theorem 1.1. O

Proof of Corollary 1.4 By Theorem 1.2, Proposition 3.3 and (3.22), we get

3/2
14
su B,(x,x =—>+0 as p — +o0. 6.33
|x|§r£€*1 | pt )|hp (2)3/2 ?) u ( )
Combining (1.8), (2.3) and (6.33), we obtain the desired conclusion. O

We turn now to the proof of Corollary 1.5. Let ¥ be a compact Riemann surface of
genus g, let D = {aj,...,an} C T beafinitesetand & = = ~ D.

The Uniformization Theorem, see [18, Theorems 1V.5.6, 1V.6.3, 1V.6.4, 1V.8.6],
readily implies that conditions (i)-(iv) from the introduction are equivalent, taking
into account that x(¥X) = 2 — 2g — N and the degree of L equals —x (X): from
[18, Theorem IV.8.6] we see first that (i) and (iii) are equivalent, and combining [18,
Theorems IV.6.3, IV.6.4] we know that (iii) implies (ii), since the Riemann surfaces
with universal covering the sphere or C, are the sphere, C, C* or the tori. This means
that (ii) implies (iii). Finally, by [22, p. 214], (ii) and (iv) are equivalent.

Lemma 6.2 Let X be a compact Riemann surface of genus g and D = {ay, ..., ay} C
faﬁnite set suchthat2g —2+ N > 0. Denote ¥ = Y~ DandL = K+ ® O5(D).
There exists a metric wy, on % and a singular Hermitian metric h on L, such that
(2, wy) and the formal square root of (L, h) satisfy the conditions («) and ().

Proof Since x(X) =2—2g— N < 0, the universal covering of X is H and X admits a
Kihler-Einstein metric wy, of constant negative curvature —4, induced by the Poincaré

metric wyg = f‘TIZT/\Zdé on H. It is a classical fact that every @ € D has a coordinate

neighbor@od (U,, 7) in = such that in this coordinate wy is exactly given by wp+(z)
onU, = U, \ {a},seee.g. [8,p.79, (6.7)]. o
Note that wy, extends to a closed strictly positive (1, 1)-current ws on X. Let hk=
be the metric on Ky, induced by wy. Then we have
|dzl kg = |27 log*(1z*) in (U4, 2). (6.34)

nks

@ Springer



Bergman kernels on punctured Riemann surfaces 995

Let o be the canonical section of &5(D). The singular metric hos D) on U5 (D) is
defined by |U|i,,f(m = 1. The isomorphism

Ky — K @ Ox(D)|ls =Llz, s—>s5Q0

over ¥ and the metrics 7X= and h?=(®) induce the metric / on L |x. The curvature of
the line bundle (L|x, k) is given by —2iwy. Since % is a holomorphic frame of 05 (D)
onU,, dz ® % is a holomorphic frame of L on U,. Then |dz ® %|%l = (log(|z|*))?,
and thus (X, wyx) and the (formal) square root of (L, ) satisfy conditions («) and

(B). ]

Let I' = m1(X¥) be the group of deck transformations of the covering H — X.
Then I'\H = ¥ has finite hyperbolic volume and I' is a Fuchsian group of the first
kind without elliptic elements. We denote by 7 : H — I'\H the canonical projection.

The space Mg » of I'-modular forms of weight 2p is by definition the space of
holomorphic functions f € ¢'(H) satisfying the functional equation

fr) =(z+d)*’f(z), ze€H, y= (‘CZ Z) erl, (6.35)

and which extend holomorphically to the cusps of I' (fixed points of the parabolic
elements). If f € ¢ (H) satisfies (6.35), then fdz®P € H'(H, Kﬁ) descends to aholo-
morphic section ®(f) of H(X, K2) = HO(Z, L?).By[30, Propositions 3.3,3.4(b)],
® induces an isomorphism @ : /\/lgp — HO(Z, LP).

The subspace of Mg » consisting of modular forms vanishing at the cusps is called

the space of cusp forms (Spitzenformen) of weight 2p of I', denoted by Sg - The space
of cusps forms is endowed with the Petersson scalar product

(f.g) = /U FOTDEY dv (),

where U is a fundamental domain for I" and dvyg = %y‘zdx A dy is the hyperbolic

volume form. The Bergman density function of (S,

2p (+5 +)) is defined by taking any
orthonormal basis (f;) and setting

Sp@ =Y _Ifi@P@*, zeU.
7

Under the above isomorphism, 821“ » is identified to the space H 0(5, LP® ﬁf(D)’l) =
HO(Z, K% ® O5(D)P~1) of holomorphic sections of L” over ¥ vanishing on D.

If we endow K with the Hermitian metric induced by the Poincaré metric on
H, the scalar product of two elements udz®”, vdz®? e Kﬁ’z is (udz®?, vdz®?) =

uT(2y)?P. Hence, the Petersson scalar product corresponds to the L? scalar product
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of pluricanonical forms on X,

(fr ) = f2<<1><f>, S, frgeSh,
The isomorphism & gives thus an isometry (see also [13, Section 6.4])
S, = H° (E, LP ® ﬁf(D)—l) ~ HY (S, KD) = HY (S, LP),  (6.36)

where H(Oz)(E, L?) is the space of holomorphic sections of L” that are square-
integrable with respect to the volume form wy and the metric 2” on L?, with h
introduced in Lemma 6.2. Moreover, H (02)(2, K g) is the space of L2-pluricanonical

sections with respect to the metric hK S and the volume form wy, where we denote
by X the Hermitian metric induced by wyx on K. We let now B,l; be the Bergman
density function of H(Oz) (X, LP), defined as in (1.4). We have

S,(z) =B, ((z)), z€U. (6.37)

We thus identify the space of cusp forms Sg » to a subspace of holomorphic sections
of L? by (6.36) and its Bergman density function S; to B; by (6.37).

Proof of Corollary 1.5 In view of Lemma 6.2, this follows immediately from Corol-
lary 1.4 applied for the even powers of the square root of L = K5 ® 05 (D), and from
(6.37). Even if the square root of L is a formal line bundle we can apply Corollary 1.3
to its even powers, i.e., to L?, which has the effect of scaling p to 2 p. This explains the
occurrence of p/m in the leading term of (1.10) and (1.11), as well as in Theorems 1.6
and 1.7. O

Proof of Theorem 2.5 Since we have the same Sobolev constants for M /T and M (cf.
[27, Theorem A.1.6, (A.1.15)]), the proof of [ 15, Proposition 4.1] or of [27, Proposition
4.1.5] shows that forany [, m € N,ghere exists C7,, > 0 (independentof I' C 1 (M))
such that forany p € N*, x,y e M/T

KU (x,y) — B (x, <Crmp . 6.38
p (X y) =B, (x y)cm(ﬂ/r)_ L.mP (6.38)

By the finite propagation speed for the wave operator, for d(x, y) < €, we have
Ky (x,y) = 7K (e (x), 70 (). (6.39)
From (6.38) and (6.39) we conclude Theorem 2.5. O

Proof of Theorem 1.6 For a subgroup I' C T’y of finite index let 7y : T'\H — To\H
be the canonical finite covering. We will add a superscript I for the various objects
living on '\H. We fix 0 < r < e~ ! such that the ends Vi, ..., Vy of I'o\H are of
the form (DY, wp=, C, hp+). Now for any finite index subgroup I' C I'y, the ends of
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I"\H are the connected components {Vir},- of nl?l(Vj), j =1,..., N. Moreover, if

V[.F is a connected component of 7 1(Vj), there exists n € N* such that the map
ar Vl.r — Vj is given by ]D);‘l/u — D¥ @z " (cf. [19, Theorem 5.10]). Let

Vi =vinap @) (=D)). (6.40)

On (M\H) \ |UY; V,Fr /40 the Sobolev constants are the same as the ones on (I'g\H)
U Vj.r/4, where Vj /4 = D}, under the identification of V; and D}

As the curvatures on I'\ H are pull-backs of the corresponding curvatures on g\ H,
we see from the proof of [27, Theorem 6.1.1] that the spectral gap property, Proposi-
tion 5.1, holds uniformly on the set of subgroups I' C I'y, i.e., there exists cr, > O,
po > 0 such that for all p > pg, and all subgroups I' C I'p, we have

Spec(0),) C {0} U [er, p. +00). 6.41)

Using (6.41) and arguing as in the proof of Theorem 2.5, we see that for any k € N*,
there exists Cr,x > O (depending only on I'g and k) such that for any p > 1,
xe (MH)NU; Vi

r 1 1 —k
B,(x)=—p+5=| =Cropr . (6.42)
T 2 cm
Now on Vtrr we have
(V' orm, L, h) = (D}, opr, C, hps). (6.43)

From the proof of Proposition 5.3 and (6.43), by using (6.41) in (5.14), we get that
forany {,m > 0,y > %, there exists Cy ., > 0 such that for any p > po and any
I' C I'p with finite index, we have

< Cg’m,ypfe, forany x, y € Viljr. (6.44)

-y vkl ‘
ORIICORESAE] F-

Finally, from (6.44) and the proof of Theorem 1.1 we obtain that for any ¢, m > 0,
and every 8 > 0, there exists Cr,, > 0 such that for all p € N* and any I' C T'g with
finite index,

* _ -5
|8 - BY| | @ = Crop~tflog(zP)| ™ for ze UiV, (649)

C”l
Now it is clear from Proposition 3.3, (3.22), (6.42) and (6.45), that (1.13) holds. O

Proof of Theorem 1.7 As in the proof of (6.38), there exists C; , > 0 (independent of
I' C I'p) such that for any p € N*, x, y € (I'\H) \ U; Vfr/4,

K, (x.y) = B, (x,y) o = Cim p. (6.46)
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Note that the property of the finite propagation speed of solutions of hyperbolic
equations still holds on orbifolds, as shown in [26, §6.6]. Hence (6.46) implies that
(6.42) holds for x € (M\H) ~\ (lU; Vil;/4 U Uj n;l (Ux;))- Moreover, on each end the
argument (6.41)—(6.45) goes through, thus we get the uniform estimate (6.45) with
the constant Cr,, depending only on I'g and independent of I' C I'y.

Now on each component of 77~ L, ;), observe that the stabilizer group I AT of x;

acts in the normal coordinate around x! in H by rotation, with x; being the unique
fixed point. We denote by Z the (real) normal coordinates around a point x € H. By
[15,(4.114),(5.21),(5.23)] (cf. [27, Theorem 5.4.11], [16, Theorem 0.2]) for the 2 p-th
tensor power of (L|1~\H)1/2 = K;/\ZH, there exists Cop > 0 such that for any k,/ > 0,
there exists N > 0, Cx; > 0, depending only on I'g, k, [, such that in the normal

coordinates around x; in H, we have when p — oo,

k
1 -V
53,5(2, Z) =) b(Z2)2p)

v=0
3 ' 6.47
=Y et Y K 2pze iR (6.47)
v=0 I#yelr
J cl

-1 Vror e
< Ck, (P_k_l +p T (1 ypIzI) e COPIZ') :

where /C\,(Z) are polynomials in the real coordinates Z. Note also that b, are given
by (2.11). By [15, (4.107), (4.105), (4.117), (5.4)] (or [27, Remark 4.1.26, (4.1.84),
(4.1.92)]), we have Koy = %, K1 = 0. This implies in particular that (1.15) holds on
-1
e (ij)~
The above arguments yield (1.14), (1.15) and (1.17). To obtain (1.16), notice that
by our choice of go, all factors /%7907 in (6.47) are 1. Thus (1.15) implies (1.16). O
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he would also like to thank Michael Singer for inspiring conversations. G. M. acknowledges support from
Université Paris Diderot—Paris 7 (now Université de Paris) where this paper was partly written and warmly
thanks the project Analyse Complexe et Géométrie for hospitality over many years.

A Proof of Lemma 3.4

We prove in this appendix the existence of a constant C such that for all { > 0 and all
p=1,

p(+p(1 =P8, < C, (A.D)

where we recall the notation from (3.23):
8p(¢) = er(17H0e0) _ (= BA-07 (1 Py gy,
3
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Clearly, (A.1) holds for any fixed p, that is: for any p > 1, there exists Cj, such that
forall¢ > 0, p(1+p(1— {)2)|8p(§)| < Cp,. We thus want to show that the C}, can be
chosen independent of p; this we do arguing by contradiction: we hence assume that
there exists a positive sequence ({p)p>1 such that, up to passing to a subsequence,

p(1+ p(1 = Z)2)18,(¢p)] L= o (A2)

Up to passing to a subsequence, (£,) converges in [0, co]; we first distinguish the
three cases ({,) — 0, (£p) — o0, and (£,) — £ € Roo.

1. (¢p) — 0:here, p(1 + p(1 — ¢p)?) ~ p?, whereas eP!=¢rF1028) < ¢=7 for p
large, hence

P+ p(1 = gp)P)elirloess) — o

likewise, e~ 20-9 < o= % for plarge, and (1 — £(1 — 4“)3) ~ —£ hence
P+ p(1 = gp)He™ 80707 (1 - §(1 —¢)’) —o. (A3)

This way, p(1 + p(1 — ;,,)2)|5,,(;p)| — 0, which contradicts (A.2).
Pép

2. (¢p) — oo:one has p(1 + p(1 —¢p)%) ~ ng“g and eP1 =4 H1028) < o= for
p large, hence

tp
p(L+ p(1 = ) Her=trHlostn) < 2,255 g, (A4)
o
moreover e~ 7 1=6)* < e~ for p large, and (1 — £(1 — o)) ~ %(;, hence

P+ p(l =M 8007 (1= L - g)%)
p _pép 1 _Ptp
S 5?36 = F(pé‘p)Se 0.

Here again, p(1 + p(1 — {,,)2)|8p(§p)| — 0, and (A.2) is contradicted.
3. (¢p) — ¢: one must deal here with the dichotomy ¢ # 1/5 =1

(@) £#£1L:p(1+ p(1 — §p)2) ~ (1 —=€)?p* andas¢ — 1 —¢ +log¢ is strictly
convex and attains 0 at £ = 1, e?U =6 H1028) < o=¢P for p large, with some
g > 0, hence

p(1+ p(1 = gp)HePdrtloels) < (1 — )2 p2e™P —s 0;
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p1=0?2

furthermore, e~ 2= < =25 for p large, and (1 — £(1 — ;,,)3) ~
%(1 — )3, hence
p (140 =) e 807 1 - B — g,

3
< P
~ 3

p(1-0)?

—¢Pe” "7 —0. (A.5)

Once more, this yields p(1 + p(1 — §p)2)|5p(§p)| — 0, and a contradiction
to (A.2).

(b) £ = I: setting z;, = {,, — 1 — 0, we must one last time distinguish between
three different cases: |pzf,| — 00, pz?, — n =A% e R*and pzf, — 0 (up to
passing to a subsequence).

(i) |pz3| — oc:in particular, pz2 = |pz3 |3 p'/3

— 00. Here p(1+ p(1 —

2
Cp)z) ~ pZZ%, and 1 — ¢, +logsp, = —zp +log(l 4+ z,) < —% for p
large, thus

pZ% \pz;,\z/3pl/3
p(l+ p(1 = )2l 7rHost) < 2220 ™ 5 = pPrie™ 5

< p? Z e~ UpspPREpt) p /3e_pl/3|PZ?a|2/3e7|pZP|/ — 0,
(A.6)

where the last inequality holds as soon as p'/3 and | Pz 3123 > 6. As for
the other summand,

P+ p(l =) )e—*\l—” i

Ipz %|2/3p1/3
2

4/3 5/3,—

.2
3.5, 2P
~1pgle= = = p*ipzl
_ 2/3, .1/3 2/3
P43 (pz323+p ) = pH3em p! Ipz 13 —Ip5 PR, .

(A7)

35/3
pz,lTe

(the last inequality holds as soon as p'/3 and | Pz 312/3 > 6).In conclusion,

p(1+pd— §p)2)|8p(§p)| — 0, in contradiction with (A.2).
(ii) pz; - U= 23 # 0, that is: z,, ~ )»p’l/3. First, p(1 + p(1 — ;,,)2) ~
pzzi ~ A2p*/3; moreover 1 — ¢p +logey, = —zp +log(l +zp) =

%% —4/3
-+ 4 +O(p~™""), hence

Pé% PZp

3
+0p~P _ 4 Pop

p(L+ p(1 = £)D18,(Cp)| ~ 22 p*e™ 3

L’e“ﬁ—l—%‘—)Q

(A.8)

< )‘42 4/3
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a contradiction with (A.2).
(iii) pz;, — 0: In this very last case, where again pz}, = pzy -z, = 0,

8p(Lp) = e_p? ep(éJro(Zi)) —-1- gzi
) r3; 2.6 4 P 3
—e 7 (14 5L+ 00 <1+(9(pzp)>—1—§zp
=7 (0025 +0pzy)) (A9)

hence

7:’2 22 22
(p+ pzzi)sp(gp) =0 <p3z?,e_12p) + O (pzz‘;e_ = ) + O <p4z§e_p7p>
=0(1) (A.10)
)
independently of the behavior of pzz%,, asz > ke 7,k =2,3,4, are

bounded on R. In other words, p(1 + p(1 — CP)Z)SP(CP) = O(1), and
this final contradiction of (A.2) ends the proof of Lemma 3.4. O
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