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We give a formula to compare the Quillen metrics associated to a branched covering from

holomorphic line bundles.

Introduction

The Quillen metric is a metric on the determinant of the cohomology of a holomorphic
vector bundle over a complex manifold. It is the product of L?-metric and the analytic
torsion, which is the regularized determinant of the Kodaira Laplacian. By Quillen,
Bismut, Gillet, and Soulé, we know that the Quillen metric has very nice proprieties.

Let i : Y < X be an immersion of compact complex manifolds. Let n be a
holomorphic Hermitian vector bundle over Y. Let & be a holomorphic resolution of n over
X.Bismut and Lebeau [11] have calculated the relation of the Quillen metrics associated
ton and &.

Let 7 : W — S be a holomorphic map of compact complex manifolds. Let & be
a holomorphic Hermitian vector bundle over W. Let R*7, £ be the direct image of &. Let
A(&) and A(R*n,£) be the inverses of the determinant of the cohomology of & and R*x &.
By [22], A(§) ~ A(R*n,&). If 7 is a submersion, Berthomieu and Bismut [2] have compared
the corresponding Quillen metrics on A(§) and A(R*x,§).

Suppose now that W, S are arithmetic varieties over Spec(Z). Let & be an algebraic
vector bundle on W. In [14], Gillet and Soulé conjectured that an arithmetic Riemann—

Roch formula holds. In [15], by using the Bismut-Lebeau embedding formula for Quillen
Received January 24, 2023; Revised September 12, 2023; Accepted September 13, 2023

© The Author(s) 2023. Published by Oxford University Press. All rights reserved. For permissions, please
e-mail: journals.permission@oup.com.

20 14dy gz uo }senb Aq /8¥962//9099/8/720Z/3I01He/ulwWl/Wwod dno-olwapese//:sdny Wolj papeojumoq


https://doi.org/10.1093/imrn/rnad233

Quillen Metrics and Branched Coverings 6607

metrics [11], they proved it for the first arithmetic Chern class. By using Bismut's work [5],
the family version of [11], Gillet-Roessler—Soulé [12] show that the arithmetic Riemann-
Roch formula in higher degrees holds.

In [3], Bismut has conjectured an equivariant arithmetic Riemann-Roch formula.
In [4], he was able to show the compatibility of his conjecture with immersions. In [23],
Kohler and Roessler have obtained a version of Bismut's conjecture by using [4]. For more
recent works in this direction, cf. [21, 24, 28].

In this paper, we will compare the Quillen metrics on A(§) and A(R*x,§) in the case
that 7 is a branched covering from a holomorphic line bundle. For any holomorphic line
bundle over a compact complex manifold S, we give a general construction of a smooth
submanifold W c L (cf. (1.1)) from holomorphic sections of the powers of L on S such
that 7, : W — S the projection from W on S, is a branched covering. We obtain the
analogue of the result of Berthomieu-Bismut [2,Theorem 0.1] and its equivariant version
[25, Theorem 3.1] in this situation. In fact, our first result, Theorem 3.4, is compatible with
the arithmetic Riemann-Roch formula. Our second result, Theorem 4.1, fits perfectly well
with Bismut's conjecture.

This paperis organized as follows. In Section 1, we construct a branched covering
from a holomorphic line bundle. In Section 2, we describe the canonical sections of
determinant lines. In Section 3, applying the Bismut-Lebeau embedding formula [11,
Theorem 0.1], we calculate the Quillen norm of the canonical section. In Section 4, using
the Bismut equivariant embedding formula [4, Theorem 0.1], we calculate the equivariant

Quillen norm of the canonical section.
1 Branched Coverings

Let S be a compact complex manifold. Let L be a holomorphic line bundle on S.
Leto; € HOYS,LH (1 <i<d,d>2deN*. For (x,t) € L, x € S, set

d
F)(x,t) =t + > o;x)t?,
i=1 (1.1)

W= {(x, ) eL:Fa)(x,t) = 0].

We suppose that W is smooth.

Let V = P(L & 1) the projectivisation of the vector bundle L & C, here C is the
trivial line bundle on S. We identify S with {(x,(0,1)) e V:xe€ S} Cc V.Letnw : V — S
be the natural projection with fibre Y. The complement of P(L) ~ S in V is canonical
isomorphic to L, so we can identify W to a sub-manifold of V=P(L @ 1). Let ry, : W — S
be the projection induced by . Then W is a branched covering of S of degree d.
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6608 X.Ma
Let & be a holomorphic vector bundle on S. Let
g =mpk (1.2)

be the pull-back of the bundle & on W. Let R*my, &, R*my,, Oy be the direct images of
Ow (&), Oy, the sheaves of holomorphic sections of &', and of holomorphic functions on
W, respectively. By [17, Theorem 2.4.2], R*1ry,, Oy = ROy, Oy is locally free of rank d on
S. By [20, Exercise 3.8.3], we have

R*my& = R7y,,, O ® E. (1.3)

Let H*(W,&) = EBJd:iI{lWHf(W,S/), H*(S,R%t},,£") be the cohomology groups of Oy, (£') on
W, Og(R%7y,,&) on S, respectively.

For a complex vector space E, the determinant line of E is the complex line

detE = A™¥E. (1.4)

Definition 1.1. Set

,I)H—l

16) = @ (draw,e))

1

(1.5)
. o (71)i+1
MR, = Q) (detH’(S,R nW*E')) :
i
By [22], we have the canonical isomorphism A(§') ~ A(R*my,£'). Let o be the

canonical section of A(§") ® k‘l(R'ﬂW*s/)-

Example: Let CP" be the complex projective space of dimension n. Let
(zy,- - ,12,) = (2y3,2) be the homogeneous coordinate. Let S = {z, = 0} — CP". Let W
be a hypersurface of degree d, which doesn’t contain the point (1,0). Let 7 : W — S be
the projection from (1, 0). Let L = Og4(1) be the hyperplane line bundle on S. By [18, page

167], we can reduce this to the situation (1.1).

Remark 1.2. Let 7 : S; — S, be a finite mapping of Riemann surfaces of degree n.
Let M(S;), M(S;) be the meromorphic function fields on S;,S,. Then 7 is characterized
by the finite field extension M(S,) — M(S;) [27, §2.11]. So S;, w is constructed by an

irreducible polynomial
P(T) =T"+¢;T" ' + .-+ ¢, € M(SyITI. (1.6)

So our construction contains a large part of general maps of Riemann surfaces.
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Quillen Metrics and Branched Coverings 6609

Let: : S - V,j : W — V be the natural immersions. Let Oy (—1) be the
universal line bundle over V. Let O (k) = (’)V(—l)@‘k. On V, we have the exact sequence

of holomorphic vector bundles [6, (1.21)],

n*L @ C
00— O0y,(-) S r*LoCcE ——2~ 50
v Oyp(=1)

Let 7ig)(y) € (”*L—@C) be given by
y

Op(-1)

T (¥) = a, (0, —1). (1.8)

. . . JT*LGB(C
Then 7[5 is a holomorphic section of OveeD

5?3% induced by the projection from 7n*L @ C is an isomorphism on L ¢ P(L® 1).

Under this identification, 7jg is the tautological section of 7*L on L. We have

which vanishes exactly on S. The map 6 :

T*L —

Let ofg be the canonical section of [S] on P(L @ 1). Then a[gll ® 1(5) is a nonzero section of

—1 *L@(C . . . *L@(C . . . .
S ® %m We identify the line bundle [S] to %m via this section. In particular, we

get
[Sl|g = L. (1.10)
The exact sequence (1.7) induces also an isomorphism

[S] > 7n*L @ Op(1). (1.11)

Remark 1.3. If the linear system |L¢| hasn't any base points, then for the generic
elements «; € H(S,LY) (1 <i < d), W is smooth.

In fact, let v be the holomorphic section of O (1) defined by (0,1) € (z*L @ C)*,
then

div[v] = P(L). (1.12)

By (1.8),forc € C, o; € HO(S,LY) (1 < i < d), put

da
Gla,0) = ety + D o;xnitd (1.13)

i=1
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6610 X.Ma

then {G(x,0) : «; € HOY(S,LY,1 <i<d,ceC}is alinear system of [dS] on V, and the base
locus of this system is empty. By Bertini’s Theorem [18, page 137], {G(«x,1) =0} C P(LSH 1)
is smooth for generic elements «; € H 0(s, LY). If we identify 7n*L to [S] on L as above, then

G(x,1) = F(a), so we obtain our Remark.

2 Canonical Isomorphisms of Determinant Lines

By (1.1), we can extend F(«) to a meromorphic section of 7*LeonV.Lett: L — n*L
be the tautological section of 7*L on L C P(L & 1) = V. Then t extends naturally to a

meromorphic section of 7*L on V. Set
f(a) = F(a)/t%. (2.1)
Then f(«) is a meromorphic function on V, and
div(f(e)) =W —-d-S. (2.2)

Let 8y, 85y be the currents on V defined by the integration on W, S. By (2.2), we have

39 9

We will identify the line bundle [W] to [dS] via f(«). Let 7y, be the canonical section of
[W] on V, then

T = Fle)rd. (2.4)

Let TY = TV/S be the holomorphic tangent bundle to the fibre Y. By (1.6), as in

[18, page 409], we have an exact sequence of holomorphic vector bundles on V,
0->C— @#T"'LeC)®Opy(l) > TY — 0. (2.5)
Let Ky = T*Y be the relative canonical bundle on V. By (2.5),

Ky ~7*L7' @ Oy (-2). (2.6)

Proposition 2.1. For k > 0, we have canonical identifications
Rz, 0, =C, Rz, 0p(=k) =0,

R'7,0y(-1) =R'7,0, =0,
* V( ) * 'V (2.7)

k
R'm,0p(-(k+ 1) =PI
i=1
Proof. The first two equations are trivial.
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Using the Serre duality [20, page 240] and (2.6), for m € Z, we have

R'7,0,(-m) ~ (H(Y, Oy (m) ® Ky))*

(2.8)
=L® H(Y,0y(m —2))*.
The second equation of (2.7) and (2.8) implies the third equation of (2.7).
For k > 0, by [18, page 165], we have
k-1 )
HO(Y,0p(k— 1)) = Sym* /(L& C)") = PL ™ (2.9)
i=0
By (2.8) and (2.9), we get the last equation of (2.7). |
Proposition 2.2. We have a canonical isomorphism,
-1
Ry, O ~ P L. (2.10)
j=0

Proof. By [17, §2.4], we can identify R%ry,, Oy as the sheaf of polynomial functions
along the fiber L with degree < d — 1, thus we get (2.10). |

Using [20, Exercise 3.8.3], (1.11), (2.7), and (2.10), for k > 2, we get

k-1
R°7,0,(1-kS)) =0, R'7,0y(-kS) =L,
P (2.11)
d-1
ROy &' ~ @L—J ®E.
j=0
Note that we identify [W] with [dS] via (2.4), by (2.11), we have
-1
R°7,0,(I-W)) =0, R'm,0,(-W)) =L~ (2.12)
j=1

We have the following exact sequence of sheaves over V:

0— 0,(-wh ¥ o, > 5,0, — 0. (2.13)
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By (2.7) and (2.13), we get the following exact sequence of sheaves on S:

0 — R%7,0y -5 ROy, O 2 Rz, 04 (—W1) — 0. (2.14)

Proposition 2.3. Under the canonical identification (2.10) and (2.12), the exact sequence
(2.14) is canonically split. Let § : @?;11 L7 — R'7,0y,(-W]) be the map induced by &,
and (2.10), then under the decomposition L' @ - -- ® L~%*!, we have

1 *
8t =(ay = ) (2.15)
0 1
Moreover,
a;=aj_; if j>1i,
1 if i=j, (2.16)
0 if j<i.

Proof. Clearly, under the identification (2.7), ; is the canonical embedding of C into the
factor C in R%my,, Oy, so the exact sequence (2.14) is canonical split.

To prove (2.15), we use Cech cohomology. Before prove (2.15), we explain the
compatibility of (2.8), (2.9), and Cech cohomology on CP".

Let (Xy,---,X,,) be linear coordinates on C™t1, and let {x; =X;/Xy:1=1,--- ,n}
be the corresponding affine coordinates. Let U; = (X; # 0) C CP"™. Let K = A" (T*CP")
be the canonical line bundle on CP". By [18, page 409], we have an exact sequence of

holomorphic vector bundles on CP"
0 — C — Ogpn (D)™ — TCP" — 0. (2.17)
By (2.17), we have
K X Oppn(—(n +1)). (2.18)
We trivialize O¢pn (1) by (1,0,---,0) € Cntl* on U,. By [18, page 409], on U,, we have

v(dx, A---Andx,) =1€ Ocpn(—(n+1)). (2.19)
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By [20, Remark 3.7.1.1], there exists a canonical element a € H"(CP", K), which defines

the Serre duality u. On ﬁ;.":OUi, consider the cocycle, we have

(2.20)

1
a=———dx; A---Adx,,.
T x 1 n

Xy n

By [20, Theorem 3.5.1], using Cech cohomology, on N  U;, H*(CP", O¢pn(—n — k — 1))

=01’

(k € N) is generated by the Cech cocycle
n
oty =27 W @0 S < e WL
i=1
Also HY(CP", Ocpn (k) (k € N) is generated by

n
{By.0, =5 DL <kl e N
i=1

on U,. By (2.19) and (2.20), we have the following commutative diagram:

H"(CP", O (—n—k—l))ﬁsana YLLKkl eN
[Ad®20 p Iln =14 X MY

" L MH1
HO(CP™, Ocpn(n+k+1) @ K)*

Qv

HOCP",Oom (k) Y L <kl eN
( ’ (c]pn( ) span :3l1~~~ln : Zz:l i S K€

*

(2.21)

Thus, the map u, is such that

My gy ) By ) = 8y 1)

Now we are ready to establish (2.15). Let (v,u) be the local homogeneous
coordinates of P(L @ 1).Let U; = {(v,u) e PL®1):v#0}, U, ={(v,u) e PL 1) : u # 0}
with affine coordinate ¢ as a function on U, with values in 7*L. We will identify U, with
L,then U; NU, =L\ S, t"! is a section of 7*L™! on U; N U,. As explained in the proof of
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Proposition 2.2, on U,, for x € S, we have

d-1
Ry, Opp)y = { Syt ye OS,X(L’l)}. (2.22)
i=0

We recall that from (1.11) and (2.2), on V,
W] =7*L"¢ ® Oy(—d).

By (2.7) and (2.21), on U; N U,, for x € S, we have

d-1
R'7, 0y (WD) = { D va it t vasy € Os,@ ). (2.23)
j=1

On U; N U,, we have

d
T[W](yd—jt_J) = yd—j (td_J + Z(Jli(X)td_l_]).
i=1

d

The function )/d,j(td_j+zi _lj_l a;(x)t%~"J) is holomorphic on U,, Vdfj(zgl:d—j a;(x)td7i)

is holomorphic on U;. By the definition of §,, we have

d—j-1
81 ()/dij(td_J + Z Oli(X)td_l_])) = yd,jt_]- (2-24)
i=1
By (2.22), (2.23), and (2.24), we have (2.15) and (2.16). |

We also have an exact sequence of sheaves over VV

d d—1
0 — Oy (-dsh & 0y — 1,05(PL ) — 0. (2.25)
i=0

By (2.7) and (2.25), we have the following exact sequence of sheaves over S:

d-1 d-1
0 - R%7,0, - O5(ED L) > R'x,0,(-ds) = O5(P L) - 0. (2.26)
i=0 i=1

Proposition 2.4. Under the identifications (2.11), the exact sequence (2.26) is naturally
lit, and &'| na-1,_; = Id.
split, and §'| oL L
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Proof. We use the notation in the proof of Proposition 2.3. On U; N U,, we have
d —j d—j
5 (Va—jt ™) = va_;t* 7. (2.27)

In (2.25) as in (2.23), we have identified 1, Og(L™) to {y;t' : y; € Og(L™)} on U,.
By the definition of 8’ and (2.27), we have Proposition 2.4. |

As in Definition 1.1, we define the complex lines

L@*E) = ar*E) ® 27 H([-dS] ® n*E),

(2.28)
(&) = ARB7,0p ® £) @ AR 7, (-W]) ® £).
By [22], (2.13), and (2.25), we have the canonical isomorphisms:
-1
AE) =~ Ay (T*E), x(@ L' ®§&) ~ Ay (r*8). (2.29)
i=0

Let 74,0, be the canonical sections of )\*1(@?:701 L8 ® Ay (&) via (2.25), AIE) ®
Ay (*£) via (2.13). Recall that o is the canonical section of A(£") ® A ROy, E).

Proposition 2.5. Under the identifications (2.11), we have

c=0;'®1, (2.30)

Proof. Let v; be the canonical section of
AR [-WI® &) @ MR'7,[-dSI®&)7!

induced by é in Proposition 2.3. Let p, : @?:_rl L7t — @?:_rIHL_i be the canonical
projection. Let 8, : @f:_rl L7t — @f:_rl L~ be the map defined by the matrix (a;) as in

(2.16), then we have

-r d-171—j pr d—1 —j
0 L @j:r L7 —— ®j:r+1L — 0
lm |+ [
R VR
j=r j=r+1 ’ (2.31)
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By considering the long exact sequence from (2.31),

0 —> HOS,L"®¢) —= HOS,PE LT ®E) L HOS, L LT ®E) —s -
! r\Vj=r ' \Vj=r+1

1d l 5 i Or+1

0 —> HS,L"®&) — HOS,PEL7T®E) i> HS,PEL 1T ge) — -
4 r\Vj=r ' \Vj=r+1 !

(2.32)

as dg_; : L=4+1 5 [~4+1 5 the identity map, by recurrence, we know the canonical

section of

d—-1 d—1
MPriesner ' @PLies

j=r j=r

induced by §, is 1 for all r > 1. We conclude in particular that

vy =1. (2.33)

As in (1.5), we define the complex line A(§) for & on S. By Proposition 2.3, (2.14),

and (2.27), we have the following commutative diagram:

81

0 —— R%7,0, Rz, ;0 R'n, O,([-W]) —— 0

T

0 —— ROH*OV e Os(@}i;ol Lij) - Rln*OV([_dS]) 0. (2.34)

Let vy, v, be the canonical sections of

d—-1
W ROy ) @ ayw®), AHEPLT ©8) © 1) ® AR 7,0y ([-dS) ® £)
j=0

induced by (2.14) and (2.26). By (2.15), (2.33), and (2.34), we have

vl = VZ ® V3 = Vz. (2.35)
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In our situation, the Leray spectral sequences [19, §3.7] associatedtoxr : V — S
and the considering vector bundles 1 (7 = [-dS] ® 7*&, etc) are degenerate, as Rz, = 0

orR'zm,n=0,so0

HV,n) ~ €D H'S,R'z,n). (2.36)
i+j=k

Then by (2.13), (2.14), (2.26), and (2.36), we have the following commutative diagram of

long exact sequences:

0 — H'(V,7*¢§) ———— H'W,npyé) ———— H'(V,[-WI®7n*§) —— -

8

0 — = HOS,6) — = HO(S,R%1y, 0 ®6) — = HOS,Riz,[-WI®E) — > -

*

1d 8

/

0 — = HS,E) — HOGS, D) LY ®8) — = HOS,Rlz,l-dS| @) — = -

Id

0 —— HOV,n*t) — HOS, @J‘?;Ol L7®& —— HY(V,[-dSI®@7*E) — -

(2.37)

Let t be the canonical section of )»:[1 (7*&) ® Ay (§) induced by (2.36). The o (resp.
7) is obtained from the second vertical map (resp. the rest part of the vertical maps) of
the first two lines of (2.37). The o, (resp. v;) is obtained from the first (resp. second) line
of (2.37), and v, and 1, is obtained from the third and fourth line of (2.37). Finally, 7 is
also obtained from the first and third vertical maps of the last two lines of (2.37).

By [7, (1.3)], [22, Proposition 1], (2.13), (2.25), and (2.37), we have

7eT =0 en. (2.38)
r:v2®rd_1.

By (2.35) and (2.38), we have (2.30). [ |
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For 0 < i< d—1,we have an exact sequence of sheaves over VV

sl

0 — Op(I—@{+ 1)SD) = Oy (—iS]) — 1,04(L7Y) — 0. (2.39)

By (2.39), we have the exact sequence of sheaves over V

d-1 d-1 d-1
0— Pl-G+DSler*s S Pl-isl@r*s - 1,0s(PL ®&) — 0. (2.40)
i=0 =0 i=0

Let A 4(*€), Ay ([—kSI ® 7*€) (k > 1) be the complex lines

hq(m*E) = M@ -iSl @ n76) @ AL (@, [-iS] ® 1),

(2.41)
Ay ([—kSI @ 7€) = A([—(k — 1S @ 7€) @ A~ ([—kS] ® 7*¢).
By [22], (2.39), and (2.40), we have the canonical isomorphisms:
MOESLT ®E) = ag(m*E), AL @&) Ay (kS| ® 778),
(2.42)
Ag(r*E) = Ay (T™E).
Let ¢, pg be the canonical sections of
VT @) @ Ay (—kSl@ %), ATH@LILTI @ &) ® Ag(r*E).
Then
d
pa =) ¢:- (2.43)
i=1

Proposition 2.6. Under the identification (2.11), we have

'L'd = pd . (2 44)
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Quillen Metrics and Branched Coverings 6619
Proof. For k > 1, consider the complex of Oy,-sheaves on V
0 0 0 0

i

1 1 , 1
0 51,0558 1, 05 @k L) —1, Og@F 1L - 00
T

1 g 1
0>  0- 0,5 Op— 0= 0 (2.45)
1 (i s 81T 0 )
0— 0—  Opl—(k+1SDH =0y (kS - 1,05 L7%) =0
I\ T T I\
0 0 0 0.

In (2.45), the rows are exact sequences of sheaves. The second and third columns
correspond to (2.25).
By [22], (2.29), (2.42), and (2.45), we have

Tl;l ® Ty1 = Prt1- (2.46)
By (2.25) and (2.39), we have also
By (2.43), (2.46), and (2.47), we have (2.44). [ |

3 Comparison Formula for the Quillen Metrics

Definition 3.1. Let PV be the vector space of smooth forms on a complex manifold V,
which are sums of forms of type (p, p). Let PV'? be the vector space of the forms « € PV

such that there exist smooth forms g,y on V for which « = 98 + 9y.
If A is a (g, @) matrix, set

Td(A) = det ( ch(4) = Trlexp(4)], ¢, (A) = TrlAl. (3.1)

=)
1—e4)
The genera associated to Td and ch are called the Todd genus and the Chern character.
Let P be an ad-invariant power series on square matrices. If (F, hf') is a holomor-

phic Hermitian vector bundle on V, let V¥ be the corresponding holomorphic Hermitian

connection, and let RF be its curvature. Set

_RF) (3.2)

Fy __
P(F,h )_P(_Zin .
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By the Chern-Weil theory, P(F, hf) is a closed form that lies in PV, and its cohomology
class P(F) does not depend on h¥.

From now on, we use the assumption and notation of Section 1 and S
is a compact Kéhler manifold. Then V is Kéahler. Recall that we identify S with
{(x,0,1)) e V:xeS}CV.

Let Ng,y, Ny, be the normal bundles to S, W in V.

Let hTV be a Kdhler metric on TV. Let h™, hTS, hTY be the metrics on TW, TS, TY
induced by h™". Let h"s/V, hN/v be the metrics on Ny, Ny i, as the orthogonal comple-
ments of TS, TW, induced by h™V.

By (1.8) and (2.4), the maps

NS/V - [S]|Sr NW/V - [W”W, (3.3)

Yy = 9,7 Y = 0, T

define the canonical isomorphisms of Ng,, =~ [Sllg, Ny, =~ [W]ly. Let RS (resp. A™)
be the Hermitian metric on [S] (resp. [W]) on V such that the isomorphisms (3.3) are
isometries.

Let hl=%S! be the metrics on [—iS] induced by h!S! and let h” be the metric on L
induced by A via (1.10). Let h="! be the dual metric on [-W] induced by AW!.

Let hé be a metric on &. Let k¥ be the metric on & induced by hé. Let h®™w:§" be
the metric on R%ry,, £’ induced by h’, h* under identification (2.11).

Let || ey !l 1i®rw.er b€ the Quillen metric [26], [8] on X&), MRy, £). Under
the identification (2.11), all complex lines considered in Section 2 provide with the Quillen
metrics.

Let ¢(s) be the Riemann zeta function. Let R(x) be the Gillet-Soulé power series

[14],
Rx =Y (%JFZ});(%)%. (3.4)
n>1 j:l
nodd

We identify R to the corresponding additive genus.

Let PT‘A’, be the set of currents on V, which are sums of currents of type (p,p),
whose wave front set is included in N;II/VR' Let P;,'O be the set of currents « € PT',’V such
that there exist currents g8,y on V, whose wave front set is included in N7, such that

W/V,R
o =0d8+ ay.
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Let (¢, V), (§,, V) be the complexes on V

Twl

& v): 0> [-Wlen*t - 7" - 0,

d-1 Lod-l (3.5)
Ev): 0> Pl-G+DSIers = Pl-iSl® 7"t — 0.
i=0 i=0

Let hé! (resp. h%2) be the metrics on &, (resp. on &,) induced by A"! (resp. hlS!) and hS.
Let T'(§,, h%1) € P}, T(&,,h*2) € PY be the Bott-Chern currents constructed in [9,
Theorem 2.5]. The forms T(&;, h%) verify the following equations:
39 16, héty = Td-L(yy . YY) oh(E', B )5 h(g,, h®!
20 &, B = Ny v )ch(&’, h° )y, — ch(éy, b))

= Td~! (W], A" 7* ch(g, h) (81, — (W1, ™),

= d-1

39 ot 1l

ET@Z, hf2) = Td™! (N, KV/7) > ch((—jS], i) ch(g, h¥)s g, (3.6)
j=0

— ch(g, h)
1— e*dX
— [S]y . * & [S]
= () @81 h* chie, 1) (515, — €y (151, A
Over W, we have the exact sequence of holomorphic Hermitian vector bundles

0— TW — TV—>NW/V—>O. (3.7)

Let Td(TW, TV|y, hT) € PW/PW0 be the Bott-Chern class constructed in [7, Theorem
1.29], such that

30 ~—
FTol(:rw, TV|y, h") = TA(TV, h™) — Td(TW, ™) Td(WNyy yy, K17, (3.8)
T

Over S, we have the exact sequence of holomorphic Hermitian vector bundles
0— TS — TV — Ng,;, — 0. (3.9

Let TA(TS, TV|g, hTV) € PS/P50 be the corresponding Bott-Chern class of [7]. It verifies

the following equation:

gﬁ(m TV|s, k™) = TA(TV, h™) — TA(TS, k™) TAN,,, AV5/V). (3.10)
T
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The following result is a direct consequence of [13, Proposition 1.3.1] and the
observation that Td~!(F, hF) ¢, (F, hf) = 1 —ch(F I, hF ") for any Hermitian holomorphic
line bundle (F, hf).

Lemma 3.2. For a holomorphic line bundle F on a compact complex manifold Z, and

hF, kY two metrics on F with dual metrics nF hf_l on F~!, we have in P?/P%9,

—ch@F L, hF ' RE) = Td N (F, hE, hF)e, (F, hE) + Td ™V (F, hE)é, (F, hF, kD), (3.11)

P

with EE, Td !, C; the Bott—Chern classes such that

%EE(F—I,hF_I,hf_I) =ch@®@ 1, h{ ) — ch(@ 1, ),
gTd—l(F, K", ki) = Td™(F, hY) — Td~'(F, h"), 912
J

99 _
ﬂcl(F, hf, hy = ¢ (F, hY) — ¢, (F, hF).

Note that by [7, Remark 1.28], we have

hF
G101, k", hY) = —log .1 (3.13)

We define

TR, W) = Td= (W), h™) log 7 |1 2m

—Td~'(1dS], K% log | 7 245 — ch([—dS], hI=95, h=W) - (3.14)

Lemma 3.3. In PT‘/’VUS/PTZ,’BS, T (RS, kW) does not depend on the choice of hS!, AW, thus

we denote it as 75y, and we have

53 . N 1 _ e—dX N
o Tsw = Td™ Wy B8y — (T)(Ns/th )85y (3.15)

Proof. By Poincaré-Lelong formula and (3.3), we get first (3.15).
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Let h[IW] be another metric on [W] such that (3.3) is an isometry. Then by Lemma

s \74 V,0
3.2, we have in Py, ,¢/Py;is,

T(h[S], h[W]) _ T(h[S], h[IW])

= (Td~ awl, ™) — Td (W), KM 1og llTg 1w

B h[W] ~ B
— Td~ (w1, A" log W + ch([-ds], K=", p-W))
=Td ' (w), K", ™5, =0, (3.16)
as hW! = plWl — pNw/v on W,
By the same argument, we know also 7 (h!S!, h["!) does not depend on A'S, |

Theorem 3.4. The following identity holds:

10810113 ey g1 Rrgpaer)) = /V TA(TV, k™) Tg y 7* ch(é, h®)

- / Td™! Wy, KW/ TATW, TV |y, BTV) ch(E’, h¥)
w
1— —dx _
+ / (L) (L, SHTA(TS, TV|g, h™V) ch(s, k)
S X

+ / TA(TS)R(TS) ch(R°* 7y, Oyy) ch(€) — / Td(TW)R(TW) ch(£"). (3.17)
S w

Proof. Let | |3 (r¢) D€ the Quillen metric on 17 (7*¢) (2.28) induced by hW! RS, and
d
RV, Let || ”/%d(n*é) be the Quillen metric on A4(7*§) =~ A/, (7*¢) (2.41) induced by hlS, hf,

and h”Y. By the anomaly formula [8, Theorem 1.23], we have

1%
MyorrE)

log - / Td(TV, hTV)ch([—dS], A=), h=W)) 7% ch(g, Kf). (3.18)
14

2
e

By using [11, Theorem 6.1], (2.13), (2.40), and (3.5), we have
2 _ TV &
10g(||(71||;\&(ﬂ*é)®)\—1(s/)) - \/;/Td(TV,h )T(Ellh 1)
+ / Td~! (Nyy 1, RV/¥) ch(€, hE TA(TW, TV |y, hT7)
w

—/ Td(TV)R(TV) ch(£)(1 —ch([—W]))+/ Td(TW)R(TW) ch(¢’), (3.19)
14 w
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10g(||pd||§d(ﬂ*s)®)~71(R.ﬂW*§/)) - _/VTd(TV, hTV)T(gzr hSZ)
+ / Td™ gy, KY/V)TA(TS, TV|g, h™Y) ch(R* 7y, &', ®;h" " ® hf)
S

—/ Td(TV)R(TV) ch(¢)(1 — ch([-dS])) + / TA(TS)R(TS) ch(R*mry,.&).
v S

By [10, Remark 3.5 and Theorem 3.17],

T(&, h) = 7*(ch(, h%)) Td (W], A" log ||ty 12w in Ply /Py,
T(£y, h?) = 7*(ch(&, b)) ch(@ ) [-iS], ®h ) Td ™ (IS], b)) log | |74 4 (3.20)

= 7*(ch(¢, h*)) T~ (1dS], h'%) log ||7&||34s in  P¥ /P

By (1.10), (2.11), and (3.3), we have
i 1—edx
Td ™! (Ng)p, RVS/7) ch(R" 7y, &, @R @ BE) = (T)(L, K ch(g, hf).  (3.21)
By Propositions 2.5, 2.6, and our identification of A ;(7*%) to A, (7*£) by (2.35), we

have

2 _ 2 -1
11 ener - e = (011 ey @1 6)

%
2 d(ﬂ*é)
. ||'0d||Ad(ﬂ*§)®A71(R'ﬂW*E/) —” ”2 . (322)
ra(T*E)
From Lemma 3.3, (3.18)—(3.22), we deduce (3.17). [ |
Remark 3.5. From V =P(L & 1), as holomorphic vector bundles on S, we have
TV|g=TS®L, and TY|g=Lx>Ngy. (3.23)

Starting from a metric on L, by using the first Chern form of O} (1) and a Kéhler metric
on S, we can construct a Kdhler metric on V such that (3.23) is an isometry with induced

metrics on TS, TY. Under this assumption, (3.9) splits with metrics as in (3.23), thus

TA(TS, TV|g, h™) = 0. (3.24)
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4 Comparison Formula for Equivariant Quillen Metrics
In the sequel, we suppose thatfor 1 <i<d—1,0; =01in (1.1). So

W= {(X,t)eL:td+ad(X)=O}. (4.1)

Let G = Z/dZ = {0,1,--- ,d — 1}. In this case, the group G acts naturally on V.
The action of G is defined by: for g = 1, (¢, u) € L & C, the homogeneous coordinate of V.

g-(t,u) = @27/t y). (4.2)
Then G preserves W, and S = W/G. Let G act on Oy by

g-fO)=f@'), for geG, feOy.

Let G act trivially on &. Then G acts also on &'. Let G act on L by following: for
g=1,tel,

g-t=e?"/, (4.3)

Then it induces also an action on L™, 7*L.

If given W € G, Ay, myy are complex lines, if A = @y ghip, 4 = Byecahy, Set

=Py, reu=P rw@ny. (4.4)
WeG WeG

Let Ag5(&), Ag(R*my, &) be the inverse of the equivariant determinant of the
cohomology of ¢’ and R°x, &’ on W, S [4, §2]. Then A;(&') (resp. Ag(R*my,£")) is a direct
sum of complex lines. As in [4] and [22], we have a canonical isomorphism of direct sums

of complex lines
A€ = Ag(R . E)). (4.5)

Let o; be the canonical nonzero section of 1;(§) ® kal(R'nW*S’).
Let h™V be a G-invariant Kihler metric on V (cf. Remark 3.5 for the existence).
We provide the G-invariant Hermitian metrics h!S!, k! k¢ on [S], [W], & such that
(3.3) are isometries. Then they determine the G-equivariant Quillen metrics || ||, cE)

Il 15 gRenyeer ON the equivariant determinants A;(§"), Ag(R* 7y, &") [4, §2a)].
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By our constructions, (2.13), (2.25), and (2.39) are G-equivariant exact sequences

of sheaves. And the splits of (2.14) and (2.26) are also G-equivariant. Set

My o(T*E) = dp(*8) @ A (-WI @ *6),
(4.6)

hg o(T*E) = dp(@L, [-iSl @ 778) ® A5 (@4 [-iS] ® 7*¢).

As in [22], [4, §3Db)], by (2.13), (2.25), and (2.39), we have the canonical isomorphisms of

direct sums of complex lines
h(E) = My (T7E), Ag(R* Ty, &) = Ag(@LJ LTI ® &) x by o(T*E). (4.7)

Let 0y ¢, pg g be the canonical sections of kal &) ®M, (%), AEI (EB?Z_OIL*‘QS) ®Arg g(m*E).
We denote by ¥ = WNS = {x € S : a4 (x) = 0}. As we suppose that W is a manifold,
we know that ¥ is a submanifold of S and d«;(x) # O for any x € . For g € G, set

VI ={xeV:gx=x}, WI ={xecW:gx=x)}. (4.8)

If g #0,then V9 = SUPL), W9 = .

Let ng(TV,gTV) be the Chern-Weil Todd form on V9 associated to the holo-
morphic Hermitian connection on (TV,h™V) [4, §2a)], which appears in the Lefschetz
formulas of Atiyah-Bott [1]. Other Chern-Weil form will be denoted in a similar way. In
particular, the forms chg(§;, hf1) on V9 is the Chern-Weil representative of the g-Chern
character form of (&, h%1). Also, we denote by ng(TV), chg (§;) - - - the cohomology classes
of Td,(TV, g™, chy (&), hé1) ... on V9.

Let R(6, x) be the power series in [3, (7.39)], [4, (7.43)], which verifies R(0, x) = R(x).
Let Rg(TV), --- be the corresponding additive genera [3, §7¢)], [4, §7g)].

Let h™> be the metric on T induced by h™. Let h"*/s be the metrics on Ny g
induced by hTV. As smooth vector bundles on X, we have the following G-equivariant

orthogonal splitting:
TV|y =TS & Ny,s ® Ngy = TS @ Ny 1y & Ny, (4.9)

as G acts trivially on TY, Ny, /s7 and nontrivially on Ng v Ny, we conclude that

hNZ/S — hNW/V,

N I
Ny /s = Ny,y, Ny, = Ng;y, h'=W =h"S/" onX. (4.10)
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Theorem 4.1. For g =j (0 < j < d — 1), the following identity holds:

log(|loglI* )(9)

A6 (EN®A G RrwsE")

= /S TA(TS, k™) Td, (N, K¥5/7) Td~' (W), %) ch(&, h¥) log |la gl 2

— /)S Td_l(NW/V,hNW/V)ng(NS/V,hNS/V)ﬁ(TE,TS|E,hTS) ch(g, hf)

—_~—

+ / TA(TS, k™) Td, (N, A7) Td ™ (N, hl4S! pNwivy ch(g, hé)
)

6627

+ / TA(TS)R(TS) ch(&) chy (R*myy, Oyy) — / Td,(TW)Ry(TW) ch(¢). (4.11)
S )

Proof. By the anomaly formula [4, Theorem 2.5], we have

[ AP
log (—zd )
” ”A‘d(”*é)

By applying [4, Theorem 0.1] to (2.13) and (2.40), we have

2 _ TV £
V081161, yvtygizt )@ =~ [ TaGTVHIT, 6, )

+ / ngl(NW/Vl hNW/V) Chg(él hs)ﬁg(TW|Zl TVlZI hTV)
z

__ / Td, (TV, h7V)hy(1—ds], k=95, AW chig, B).  (4.12)
SUP(L)

- / Td_(TV)R,(TV)x* ch(€)(1 — ch,([—-W])) + / Td_ (TW)R,(TW)ch, (£). (4.13)
SUP(L) g g 9 5 g g g

2 _ TV 3
108 (160,011 gy )@ = = [, TOaTV R T 6 B

+ /S Td, ' (Ng,y, RY/V)Td, (TS, TV|g, k™) ch(&, h¥) ch, (R* 7y, Oy, ®RS)

— / ng(TV)Rg(TV)JT* ch&)(1 - Chg([—dS]))
SUP(L)

+ /S Td,(TS)R,(TS)7* ch(&) ch, (R 7y, Oyy).
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In this case, since the identifications in Section 2 is G-equivariant, as in (3.22),
we have

)—1

2 _ 2
loelseneng! @mmwen@ = {(”"LG”Agl,cm*a@xgl(s’)

[
2 Ay (r*E)

| . (414
“’Ole“)Ld,G(n*E)@AEI(R.ﬂW*E/) ” (g) ( )

2
”)»d(ﬂ*é)

Note that by (1.11), g = j acts on [S] as multiplication by e/27/4 on S = V9N S, and
g acts on [W]|g as gd = Id. By [4, §6b)], [10, Theorem 3.17], (3.5), and (4.8), on S = V9N S,

we calculate easily

T, (&, h¥) =ch(&, k) Td~ (W), ") log [lag| 2w, in PY/PYC, w5
Tg(fzrhgz) =0 in PS/PSO, .

In the second equation of (4.15), we use 75y = 0 on SY9 = V9 N S, thus the form
Try[gNy; exp(—C2)] in the definition of Ty(&,, hf2) does not depend on u, and automatically
Ty(&,, h%2) vanishes.

As explain above, on SUP(L), g acts as identity on [dS] = [IW], and by the argument
in (3.16), and (4.10), we know in P%/PS'O,

Td! (w1, h[W]) log [lay| |Z[W] _ alg([—dS], h[de]’ h[—W])

— Td (W], h'%)) log ||og| 2 as

—~

— Tdfl([W], h[dS], h[W])(S{E} — Tdfl([W], h[dS], hNW/V)S{E}. (4.16)

On P(L), by (1.8), g acts on [S] as identity, and by (1.7), we have
By using [4, §6b)], we have also

Ty, h*) = EE([—WHM), hCv, h[*W]) ch(, k) in PP /PFO0,

d (4.18)
T, (& h2) = ch([—iS]|P(L), pl=G-Ds], h[‘iS]) ch(, hf) in PP® /pP@I0,

i=1
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From (4.17), we have
d - . . —
Z Ch([—iS”IP’(L)I RG-S h[_lS]) + chy([-ds], pl=ds] pl-wly
i=1

= OB ([~ Wllpry RV, W) in PPO/PPE0. (4.19)

From (4.17)-(4.19), we see that the contribution from P(L) in (4.14) via (4.12) and (4.13)
is zero.

Since g acts on Ny, = [W] on ¥ as Id, we have

Td, " (Nyy )y, KN/7) = Td™ Wy, RY"/7) on X, (4.20)

The restriction of the exact sequence (3.7) on ¥ is split as in [4, (6.8)] to two

following exact sequences:
0—-TY—TS— Nys—>0, 0— Ny,;y > Ng;y - 0— 0. (4.21)
By (3.6), (4.10), and (4.21), we have

Tdy(TW|g, TV|5, k™) = Td, (g y, YY) TA(TE, TS|y, h™)  in P¥/PE0,

Td,(TV,h"") = Td,(Ns,y, R¥/7) TA(TS,h™) on . 22

As (3.9) splits G-equivariantly and isometrically, as in (3.23), we get
Td, (TS, TV|s, k™) =0 in PS/PSO. (4.23)
By (4.12)—(4.23), we have (4.11). |
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